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CHAPTER 1 SCOTT'S ARGUMENT.

The teme of NUis es=ay S Doma Scott’s workc ow
providivg o mothemolcal Sevmouacs £or  pragvoummiing,
lomguages omd  Cousbuddag a wwodel for Churdds
toamdedow codaudus, leading b twe Aeovy af cowtbumows laddies.

e guwiding question & whok & wmeomns to perfoaur am
infincke Ao ONL e A funite coimput&". Por exaumunple,
o say Mol m=Il4lsd  is ploiwly false, bubm if we build a
Mocine  whids prts ouls successive decwmal dugiess of T
andh whith s such twat we o guowarkee thakt eadn
digc Wil eveubuclly ‘e priwted, we cam say ak
s Calcwlatzyg T, WWOA 1S i Ssome semse e wwiae Of
Me portial veuwks odmuned after all flnite twes, each qf
WWR WE com SoN IS am  agprostmatzont to T8, Move
precisthy, 314159 weons tee  atpraximakiow [3.14159,33410) omd
1= [3,61n031,32]) n(3.163151 n (3.0 302] A .

Taws Scotk [990 ] postlotrd. ok o data-type, D (i duis
cose tre veads, Dg) swould. be cowsiderd, to be a seb
() pardally ovdeced, oy S ( qapvovination)
(i) with « \eost elewment | (bottows: no iformation )
W) Closed umder divecredt subs,
SucM v adevwe Is codhed @ W..@_@Q@_M(cpé‘l

In Ang exoump\e adooye, Dg s Me colecion of cosed
sexs W R, partioly, ordared by reverse wclusion, so D 2 (L(R),
Mme wuol topology ov R. Tham L=R, T=® (4p) omd swp is
Taborseckion . Aotar exouwp\e we skl contdr is PO, Mg =t
of supseks of o et X rankioldy ordered. by Znclusion | Awyy fmite
sukset @ X s cowpock : il U6 s covendd oy oo direded sk \n NX)
e, % i covered by Swe elomems of Hu seb; owy L e D o
Mais property  (bvviaddy), PX) 1S sakd o e @lgebodl SWice
ey suasek of X s e direcked Swp (Wmowy  Qf YR compack
(fnixe) Seks below (wade) .

We shadl vewa o PO for X=w (e wokuwal
WUMALRS) T e vl caopler, ol o more gevaral
adgeerale  ladies Wy crouprer IL.



Me owdev, XSy, iSto ke Wpreted as ¥ 4as lass
mformation than y, S°o L1 weoums wrasfimeal. T wieoms,
€ amyiing, wot  poarfecr ctformatzon Uk overdclined
ov possibly diconsistent ;, hWoweler we swall see in cuhapters) ¥
VI o it s Mfeut Wore viamal to exadude it
aMogeter. The divecced sup s A8 wlbimate veswlé of
A proesS; w ovagpter W we swolk disauss the  biiowy
sup’ as We vaulk of coggeration Letwesr two poassses.

What com we sy of e waps bexween our dewauss,
D? Wel fust, fhey avre wmovdone. For of x=sy owe
approxdvmokions, v codaulaking  Ay) we woy expect thax
to kmow y s at \eastas good As to kuow X, so £(y)
Ok st asgpod as ), e () s £0y). However § waust
Aso preserve directed sups  (Wwida, inadentolly, twuples
Wowotoiclry). Foc to gek oo Swite omoumk of Wotwalion
Moouk  {(VS) we suoudd veed oy o Fuzcte amourtt odoout
VS, omd  aZ of Yhe wfomokion alout F(VS) sweuld ke
givem by @i e  $0Is f(VS), so FVS)=VL(S) for divected S.
If f sabisfies Muis we call it [Scotb-]cowtmuous * of chso
J(L)=L we sy fis soick.®

We have st wot cougwc Yue wWude of e vieblow of
approrimablity. we stiill weed sowme wobow of fuitely caleulable
WWith is suchv at edewy elewments s e direcked swp of e
Ly calodable Mmngs sde . LA sor which generates ke
lakbice WL XWis sevse owmok is chsed wmder bdrowy wf s called
a asie]. v appeons Yabt o wake suchh o vequrenent
absolutely, e dak e \oiice s algdomic, s too Stroud, so we
Poruulode sum a condibon relatively .

I we kwow arentuaily Mot T s G (314459, 344le]
e certaimiy Sowme Sfuwte calcadodlon WAL tell us s in
(34u1,3.042], but ot wessondy (31615,34416] Botu  ouce
approiipctions, buk ke fowmesr s wove trow@Ww So: e IS o
essattid chawunke [Swoy BA, p.iO?] af e 1r\§0¢wtaktbw. Forvally,
we define x«y (read, s ury below or & relatzived) compace )
§ whenever y<VS for swe diveeted sek S, ten already xss
for scome s€S. Then x&€x W x is cowmpoct. In topology , we
hove UxY for two dpemsets 1 UEV, so W seisec V
Cren @l Curel s,

A cowkiwuous ladice s o cowpleke latlie (a. poseb
with ol sups ama W_-fg) such Yot for ol x,
x= V{u<<x} 9
for fucthor informarion see tue Compendivum L= Gierz et aul. 1980].



Now swce xZx<cysy’ wwphes x'acy’, wewy algewvaic
Losice s cowbwuous, bub Dg suows ot Mae cowvese
is {false. In ok the btopology of o spoce sabisfyging
Some. swikabole Sepaxtion oudown [swdh as vegulanrivy,

11,2, or sobnety, ibid. 1 5.6] isecowtnumuous
lathice i Mhe spoce & locally cowpack?

Scoﬁl:’ (020 1922 ] has @iven twe further fovvudakions
af e wvotion of datll types ae lakbicss, wwich axe called.,

A , negghoouiood,  systews amd infommakion sgstems
In e fower he nooduges an gradmadle funcezon OS
a vedaron betwean elewens (neighoowhoads) . e souxce
omd toxrget as  if you hnow x, them you know at (@ast y
aboukl fx), wion e suows b e eguinidenk to Scott-cowkvuuy .

Cowplere pourtial ocdars hone o topolayy, e it
topolony . W vespect o wWt,. @ wop S comkmwous O #s
Scott-conbiubus . he earlienrsemwse. A set S closed (omd
#s couuplements & Opev) I itS clased wmded  approxdivaunon
omd  duvected. sups, 1€ xsSyEA mples xeA, owmad SEA
drecked. wwples  VSeA . [Cowmpendisum T2.11.

L,

Givew bwo Cowlimmous loktices,; we waay Oomaider Ahe collechiow
of woys bekween fem Swojeck to Me pobwise ovder Twis
Aovwms  onodgc conimmous latkice, wwadh s devwotea [L—LU]

[ Compondivm [2.\6; auso zzfma p.21 1. T & Wmpottomk faade Xuis
s esewsially o vigner Mom L emd L [Gompendivm I 4 2]
becoutse thew & is  pssivle Mok  LELL-L] whidn s wot

\

pssdnie for seks kecowise  af  Coumbors Anerscenn'

Thies evodoles Us & fnd a wmodeh for Me welypar
lomtiador codeaduss . Mast  Lovguages (even FokRAN) allow
funckons 4o we wadned Ov powamedS to procedues anol
owme (swc ao LISP) allow Avew te ‘oe veoumaed oo vesulks.
Thus  wiless we howe vl YR restrickvouws, e Wawe e
proolewy of wnrresétrnicted self- appliation .

Snce we ave doadling W the sewomcics of
Drogvanec S, cedures ao well ao daum
Yypes W,Ls’c‘ybe co:fﬁired FMOSootb (1970a] also oupp Ues e
foceqomg lattice Meowy to Ads. The welod, plovieered ‘o
W oma Mhe lake  Onristopuer Soeuey adso dealswiia
Sde-effects, jwmps omd. amdigwmenks amdh provides tools
for  program - proving 5 dewiW e discussed . Chaptec Y .



Sott desaies an algelora O streught - tlough
(le withouk (oops) Sflowanaxnts , dealig WAMA  Coupos iion
omd condikional, executiown, Approsimiouion s dwen dafaned
as mssing 04t  towts of e Qowcnant. We have a
lakbice of ~ flowcarts W ob wwst 2z comuponents (we
houe to Cowsbruct prodicks omd umiowo of LOURGES) wth
Ao o nested. B|QUEVEL  (cowoder the MO\A& Counstnaciion
& o tensoc Oloelota  Over o vekorshie ) wWlhich Uaws o vaik.
TS conkains oh ouxr Foute Lhwoowts owmd ertpdin
sfancte  owes wwion owe divecked. sups af fdure ones |

Whot do Mese nfanite eewments “O_Q e lattice
wmeo? Cowsdee fhe aoion af o whil™ oo wolidn we.
did vot wcude W Mhe eanller stecfiaakion). Ivi amny
@ctual (terwivnorwng) alodarion, the loop s browersed
o fike womloeer of dwues and en aexated, camd.

WM AMis case the procedure s quivalenks to a (veperikdve)
Stroigut- dwough praceduve. Moreover, unmder e approdmahnon
ovdeving, we hawe am nCreasdng squenae, af wiich we
woy 2y wme while logp & e Uit ®(sup) . Thus

"while E do ' =" = G6E then (MuyM)

Here we hwaue an eXample of o recursiveny-defined
pvqeou.me, anologous to e (mevitoe) examwmple Qg,’(v\g
recursively -dedned  fumcklown

r fact W = ri&' n=0Men i else n*-ﬁ;wh-l)j

S0 e guestlon omses uMeer Suth eqUOLIoUS Necessourilay
hane  solukions.

forawnotely (for we swall e usdig suda equodnows
Lreguenily omd. Wioud  Coummenls) e amswer s Mes, vecause
A TouskUs fixed-pork Mresrew . If £:D-2D is a cowtuous
wap on & cpo, e £ hao a kast fixeodk ponk, given
vy ViFfUL): new], where " denctes repanted applciiont .
Moveoves, it D is & cowmaplete  lathice, Ure fixed -poinks of
f also fomn oo complers  lakbce [Comperclimm O 23], A
gemeralisonon ef s to cokegones will ke glvem
clhagpter IV .

Fonolly, @ wote on  Cowdinolity. For aupplicahous o
Cowmputier sciemce W & wauwal to astume all ouwr loMies
to e coumkalaly kased, amd. Coumtalowiby s aftew
mcorpovabed. W womy  defiunbus. Twus %<,y s @




weouces Aot of XY wWwicn wentious ouly countiole
ourecked sups, omd w-algebrail il W-COULLAOUS

oxe weaker conditlous ow lodbices. We swall wob
empoy Mis couvention, lbub cevtain Mings WUl accosionally
be oopumed.  coumkabe ; howeler s is vowely cruciok
and. wmost of the thoowy gees Mwough denoaldy wika
omy fixed coxdinod b pace of Mo With cowntodouly

owne does wob  geveolyy veed Ahe Adomn &f Qoice, buk

W So four oS sowme Mingp axe allouied to e wicoumtolote
te WL e amumed Hwoughoub.

Coumntalole divected sSwWES axve eowun swoum to be
equANalomly B0 suwps ef w-chains (le wua tevwms tadesed
oy nobwol vumdeas) 1 frequensday  drecked. sups  Cor,in
cokegovies, Rlteed CoOMIKS) axve Mus  relevred to as
Wilows of  Uacuns . GvenlMirs of ol A-omains  for
A= Wwe Aso howe Mo for odivected. systewms of coutlinalaby
ok wust K23, . Tndeed § Mme coaxagowy i swadk (<)
we e howe aM suan  (co)maiks .



CHAPTER T LAMBDA CALCULLS AND THE Pw MODEL

Lawlda codewdus deals wih fumckions under ggploation
volier Mot compasitiont as A Gbegon theon), The Laskker
suggests o Strong Gpung  disdplive | in wiith we oegdn Wik
some loosic type(sd omd \adld up sums, producks  ouncl
Suncion spoces  recursively oS cltdcz ypes, so Mol (iw
portlcdlor) o fumckion can never be applied to Lbself. Whdst
ME s o lowdavle prgramming practice, it teuds wot- to
be whar & actua\\ permeittecd, omdl agoimst the
Mok eveny epasedvt hao a (uique) norwal forwe [Bar 561
is seb e (gquivalent) disadvamboge Mak ke s wvo  fixed-
-point- operor, Y [ibid. and infral

For me pupases of sywtlaolic kgiic omde cowmpien-
-witing , some cave vk be toutea over e Sy of
A-expressions, in particdosr over wund omd  free vawicdoles
[Box. 22-35 & 535-9 ;, Sty 53-67] but sudh pedanbny s
inappropicde here. The mpoctame wotlowt (s dwat of
abstrackion : MMMS U f(X) IS some ewpressiorz i Ahe
ree) vomickole %, we Wawe Me functiornn x> £(X), whitten
Ax. f0). Stnwe e forwmer wotoddion S pexfecidy adequate
for MWis funckion', the "A" Wl be idecrpretzd here as a
device wwe toues e Sfwictzon x> (X)) amd Gies &
A rzanmee Alxr £(x)) M owr ovigval uwnivesse , sinee  we
inkemdt to hane e Fuuctzons F:0-D as elements AfeD
Mme dowmaour D. Twus

A:[D-D]=—D (¥)
where [D-D)] s e fumuion space oo cowdamoRd W Ahe

previous dhopter; we alss Wowe DD wwWi e componanbuise
ovder, so Mok [DxD'—D"]1 2 (D-LD'—*D"1] (Compemdium 1210).

In order @ fore injedovity, we sholl panvoe A with
o post-imvesse, £, covcesponding Under dag  adjunckion
jus wenbiovied.  (wwiom s called  cwrrying) to  application, €,
wweve  £.0P[D—2D) omd £:DxD—>D. Then

e( ALF), x) = $(x) (®R)
(Ax. MIN =M [(x:=N]

boxn vepresemt the oxdow of B-veduckion, wwere M (x:=N]



devores M withh each fre ocwece A % veploced oy (N).
(Bow.23;Stoy 66]. If (D,A,£) sabisfies (B) we swaMk cail
tt'a.Aﬁvwooket we swalhk diseuss dhe strowger condiklown ok
(D-DIaD, caMed (), in chapwer .

Ax. Mx = M ()

Formallny, A-expressions owe built wp owdiively from

Coumtolowy vmomy) Vowviodo\es  x,Y,%,--- by

G xeN

() MeA 3 (Aax-M) e A

(i) MNeA = (MN)e A
The sek of suOw eacpms&onsm.s deowly countoble ; a A- expr&SSm
wWwdh  has wo fee vaiaddes will ve called acom\a»naba«*
omd. ne seke of thevn oeneted No. We howe oo vule; of
purely Syvkackic siawificance , thak x. M) =(Ay. M(x:=y]l),
wiich s colled ()5 4is s Of cowse sulgece tothe
Oovwus self-discap\ne over vomoloes. The swlkstawmkcive
wes (B) omd (v) haxe already ‘een weubloned.

Tn me wplewentakion f wost pragroumming Law\gu.a.ges
eoo\,\,ojmwvgum&\bs f o fumckion & ewluored

oy odkewpt s wade to G\.p\dg%\effu.y\c‘kwv\,eumﬁ,s:me
orthL of M oMguments oxe wunused;,dus is callech
applicokive oder evatluokion. The alfemakive is ool order
(or Lozy) evcdudkion, wwich veduces out expresdion to ks
(wigue ) vovwad (ie B-w‘educ.\b\f«\ ‘fo‘(M I & hao owne,
applying qs) WA dne  Refewiost  owaddaus\e p@.o.s:e_f_eox
3.-5;, Soy 63-8] Here au caloulohon s pexﬁa«wed oww‘
when %&cﬂdx,}, vequired | o Mok A progromn Ao
stlukion  af a- povem  way sajely ke wvitew to_?w\ﬁ\
W\e fzm’c‘ d} a(( mesduwoom MMM

e question o ounses Qb o Wheer o
exprons\ovt wmawy Mowe o distinel newdd forws, or twe
XPEOOND WL dUSTALE  WMEOMAMGO WAy e Mbercowersiole .
ForoumadRly, e omswer s 70 lecoune o} e, G- Rosser Yugoron
bOW\. @ and (Bn) Sokdsty e dhowmond pmpe/(tg[saxS'Sb‘saéS]

Mmok if M vedumces 4o eaom of M, M, then ey each
vediuce %0 some awwmon Mj.

Some vessSions, suth as  (Ax.xxYAxxx), howe no
nowod fow @ LA Mds cone (B geks us nouwwere and (w) s
MM.WCQM Uk AMs awe vroXr Wke Syrtactic



SIS T Hingd Com oe substituted tn e frowmt oudside,
buk ey com wnever W  Broken wp. We sow ok om
exevessvon hao o Wwod vorwmal fores I & & cowvertide
to ove Uke Ax.yMMa... My, amd we waous oowadex
othes exprexslons ao smeaningleS [ Bar.ui-3).

Howeder Mae cowbounakoe
Y = Af. (Ax, fFON(Ax, £(xx)

is Qur fron woAesSs, sivce it yrekds  (leosk) Axak polaks,
as oy e vevijed by veducing F(YF). The reason
(rodner fuom e proof) wWhwy Yhey oxe faasé (s ok
(bt W= (Ax. FO(AX. F(xex))  Y=AF W EAL FWEIf f(FW=.. s ALF L,
In e Fo medel, Y is i o e \eaot fixed. poink
operadne, amd where s is so n gened  is essevblly
reloked +to e woklon of a sevsible wodel, ie wwere alk
meingles presSions  (SWAM a5 (AX. XXXAX.XX)) one
donsfied wim L, eang thwe leosk fixed. pownt af the
wlenkicy -
By repeokadiy reducing expvesdions to sowe head

novwmol  fot  (of L none exdAStS) we waaw  rejpraeut

o A-emorasdion oy a Bl tree wwose leowes awe
vamaioes or L. B kvees woy e yutiolly ordored

by amputabion omd hewe fom om  algeloraic cwo, B,
e fimie brees loeing e Conupck elawmenss. B is e a.
A-wwodcel .

In e loumodo caladus we choose sowe S&guemce
af compnakors, 01,710,721 | callel wwmenpls o vepreseuk
Me nobwol nuwders, IN. These we vequive to be gewerated
by O anmd Suwe, where Sue™' =T+l . Thew, to siow
Mok Me A-codlaudus s aceucdy whok s needad foe
Couputotion, we. woue [Row.39-u0) a. fumckion §: NE—IN
e A-dehwmolde, 12 Xaeves some cowdodnotor Fosuwh thak
F'no . e ST f(Moseeuien )’ , UE § s vecuwsive, hewce ff

TwWo combinabrs of pouioudoxn wwpertamce are
K= Ax.Ay.% amde  SFAxAYAR X2 (y2)
stae ey Qenerake all of Mre ofler coudd mabors by
applicotion. [Bar612]. If %,y owre Qiven 'wypes p,q nem
Ywe bupe of K boacomes
P=*(q=p) ;
Wicewise  If x9& hane +ypes p=(q™r), p=q and p then



Swvwas kype
(P=(g= v N= ({ p=~q) = (p=>r))
which, after de-tuurymg owmd some  veowvamgement, becomes
P AP A(PAG=IYV) v
Bodh of Mese are well-knoww rukes of propasitionol
logic. NoXice also Mt 1= Axx = SKK. The cowldolnasoss
com w fockt Ve gemerated by one eewnent , X=<K,S K),
wih  K=(XX0X owd  S=XXX),

As a practicol dewowsbalion o e  \odidioy o%:
e foregovg vewoues, Clovke ecal. [1R01 have buit
a wackwine called SKIM wluae wses e S KL
combactkora  w, place af o were cowdenkional wacung
ode M3 ounbwv. et

B, Mme set of B brees, aFords oue wodel of e
A-colaums W terws of o algeltauc Cpo, bul we shall
Comoder me gaph wwodel Pw, wwh (o previousiy rewawkad)
is oMl algeoouc fattice. The aduwonzge s wot y
merely Mot we haue a Mmeowy of data bypes, e WUl
be discumed. tn  captec I. The veswodndar ) AUils chapeer
IS due to Scott; [19%5, pp522-63u] buk see also [Bow 461-UT5) amd
(Stoy 115-132) for altesmodtine auccoumts

/

Hevre (o= 20,1,2_,...§ omd o s ks powerser; wwike Pfco
for e (countnide) set of finite subsds of w, Scott Wheiprets
ewments K Pw as  msullgple ddegers, wvkrg, eg,

{0,513} = OuSul?, where Hre cowstuents paves cogperare. Thus
Q=L omd w=T i conbrowt to Mhe dowain € veals, Dg 5 the
dMstiverion T vweaming \oebween Aree buo exouuples will
e duscussedh fwdmes e Chapter VL.

Pw s Qwen dhe Scott topolagy, wwchh s the co-fod
on 2=10,13 viot wiwh e ddscarete topolayyy ,

{8,108,43,:043 but mme Siecpimsicl dorology, §8,145,10,111.
Twus W Pwd ke open secs owe Awose of farte character,
s xel g sowme fimire ysx has yeUl omd a fumckon
covidnmous T W presenses dwected suaps, so S gven by
WS vodues ow fivibe elewmemis x e (o wWnilda & weed. ovly
be wovotone).

We weed o waraduce expluit Dijecklons
WxWRwW by  wm) = Sneminemr i) +w "
wePw by n > {kil=en WMek¢<k,<~—$k,,,.aMﬂ=,§n 2"

So Mk pairs omdl  fiale swoseks wmow e cauovieoddiy
Mﬂa weges. Then f:Pu—>Pw s cowbmuouws ™ o



)= Ui f(en): ens %3
(Scott 525) and s viewce determunad oy
gvraph (£)= { th,m) 2 e Flend
swee func(groph(fFd=Ff where
Funchn) : % —> fvns Fensx : (nmdeu
for wefo Moveover U< grapnl fumccud?

Twus gropWw angk fumc one o AL from. ML
to e combmuous fumckous L[D—+D]—-D omd D—~Lo>D]
AMewselves, wh D=Pw. Pw s wow a AR-wwcdkel stwcr
it sotisfies [(a),] (R) amd (E). For we. hawe

U= f vwa: Fensx @ (v, menn}

AX.T)= § n,m) 1 met(en)dl.
We nwow wase Mot all LAMBDA-defiable fumcraus owe
covlbimuous [ Scor 529-530), omdk auy Coubmmaus Ffumckown
£.D"aD cam e wixten as

J(Xo,...,xk_,)""' M.(.Xo)(x,)-..(.%k-|3
for wme UePuw. Scott [531-9) Mewm goes o to duscuss

Ane  relakionsMip Yo cowpubbbiiky .

A sec of ntegers s reaursively evumeralde U e
e vamge af some recusswe (ie A-definolde) Lumckion . There
are Coumbploly wouy such sets and ey awre Clased uumdes
applicoion. amol  odastrockion, heuce Aowming oo sulo-A-waded
of P, They do wot,Wwoweves, foxm a cpo. This s exacky
e semse . wWWa we Sud T © cowpukolde W chaypter 1.

Concerning fixed ponss, the funckiowod
fix: [D>D]—>D oy f+— UH"(.L):newz

elda Me Leost fixed pounk af § Cby Towski's fheeeud)) owmdh
i self cowbmumous . The cowdbdinadnd Y alo ydelda fixed
poks and mraly % ougwl to Qe e farst such . In
our wadel it does W 4ok [ve  Y(grapw(f) = Fix(F)l ouk tve
poof Uxs dhe edplick Wijeckiows  wxwwxPw choen
odoove. [ Scott 631 amd SkS-70) ; e same also holds n Scotts
D, wmodels [Bar u93-4] buwr Huis agawn depends on the
E:a/dculam projeckhows chasem. Do will loe  discussed. I clhogpter

Wiy Snodddl we  wws  daxst fixed ponES QuArWAYS
Cowsider Stoy's [19-80] example e

fo0=(1{ x=0
£(3) x= |
$(x-2) oHeomse

for wwida ove would  wabuwally  souy,



]

F(X)= 1 X euven
undmed  adummise
buwe ove woy equally well gwve oy owlbkrang value
a foc odd Mguments, so Wiy shoutel  owy Solbiow ke
better Mo amy otagn T Cleowly W choose e forst
becouse b Sags so more 4dham e oiginad dafivution,
e & s e et solution .

™Me A-codowdus 1§ vewy weak ow Me Ppreociphom

of equolicy. For Wstowce, e funckions
An)=v amdl GW = if n=o then O else gu-)+]

awidered o5 §,00 N>IN owe  deawly equal , but Mgy
one "ot mteccowerole. In Mis sevse Me A-calculus
foils ‘o desaioe mputotions ©F koot af exipress Lews
wWilloub @ Uowrk forwt) s & s possiole  for -two
expressions w0  belhowe (A.ka:\cauké buk for oue
d. dem Voo o Wowe a vovwal  forw . mmrmii%]
discusses o woiont of  approdamare nowaed  formn  amd
hWow Do pwvides exactly wwoti & vegudrecl

e Jusbficokion for using Puw heve Ues ™
(= fv,oo(%‘{aczd omd  categonical properties, wwih
Wil be dlscusied. W e vk loyged. Fivss, euvewy
coumpatduy -\oosed " T-space com e ewdcedded. v Puw by

| x—> fn: xelky "
where  {Uuvtews 3 s e \asls. Second, Pw is njecone. ,
e tf  £:X=2Pu is & cowbmumous Wop amd XSV (ol
2 sulbspoced , tem  meves Swme GV Puw witm gl = f
[Soott 527) . 1uus ondwming ouwr dowmait e a
cowntodoly-ooned T, topolgical spoce, we waowy
veseick oun aMtembon o suksprces of Puw ; wworeover
Mg couklmuouws  waake DD wda D,D'c P way
e ansumed.  deimed.  on Ro-+Pw . We woup  yiew  <he
Moice of a Cololgual Spie oo belng  foved own
w by e vecessity to cub dowa  Ae fumcrion S
(for caxdinodiry veouous) wmovdar 4o geb a AB-wwedel .

Ro is not odove i eing Mjective. [lowpendlim L83].
For A Serpwsiki Space, 2={0,13 wun topolagy i8,113,80,133,
s ey swown Yo we so [ e I3.3]1. Moveover e <ottt
amd prduck topolagies owvt 2F (wwere K is an axvb itawy
wpnlre cwdinal) agree omd oxe injective, Finolly, evevy
jeckne spge, X, is o vebrowt &f sWh O powevset, i@
Mrered Some conumanus £:2%02% Wi Fi=F amd  wfEX . Suda
reracks (oo ladices) alse dossify Me  cwcuaous loutbces,




CHACTER ML THE. RETRACT CAMCULUS oF DAFTA TYPES

Tn s dnager o Meony af dedo, types is
mb(ducaslg Typed A«ialcuhls was weationed at e
begning of chovpter I 5 Us  ypdg vules owe so
skrong okt mere s e jacilky  Jor e mamdpuladion
Qf types or cowveswow bebneen Aremt: omy  akbewpt ok
tye Wtz vasuMs W Ype brazkuyy. Twe eternal
type heon) of s chapber, e Ahe oter~ homd, even
hos o (maed)  Gpe o types. The main Soulces owe
Scot [1976 ] anadl e Guaendivwm [ie Gierz etal. 1980] |

Ac e end of Ahe previous Clhiadpter we foumd
Aot o topdgical space iS(Lamd]Mjeotiye off
(s o rebract s sowwe. powerset WuA 4he Scott eopolagy,
It is aise oue [owp I ule) thatr o latbice &8 cowrumous
W e S a rebrack of sowme Powesee umder  clusion-
Tis reswlk enables us to fmd a apy o Mhe ategow
of Countobly msel cowdnwous \oUlices  sorae D=Pw
by covgdeing its (wmovoid af) endoworpWsws.

Io s of wurse wot jusk oL Conaadonse thak Comkinaous
ladlices amd  wectve To spaces showld  houe e ume
Clostificornon . The topology owising  fom Ahe Loddice is
e Scott bopolagy ouad dag order on Me  “opclagiead space
s e SpeciolMeahion order, x<y & (el D yelU) for ald
open SBS U . TWS (s ovkisymmeric (e XSYysSX S x =y ) e
e spoe S To omd discrere I oS T, . The Scott topolany
oML e specolisahion  ordov give vise te om equivadenc®
bebneen Ccoubpumows ladkices amd  wjective Gspowes
(Conpp. L3B]. For e Wfomotion see ala Scott (1932 ]
oumd. Johmsove [19%3 M &1].

It

Por amy wewoid (here e funedion space [Puw-Pw)]
WAded couyposition), e hare Ahe Kowouwbiom caktegon
lKim) whwase ovjects awe e dampoteuts aeM - a*=a
o whete Worphisms  uta—b are Adewenks of M such
Yrokt Gu=u=ub. The propeties of KM) wid e
discwssed. further in, AR et choypter. We shalk
Wi Cyy= K ([AW-Pw]) Hor Mwe cokegony wWwWih amses
thus from Pw omgl  CONT,, for e @kegow of
couwmkaloly - vosed conbmuous lokhices omd Scot -
“CouBMMOUS  Ways.




Mese o  categowes |, Cw oamd CoNTw , O
equivalant , omd  aloo caxtesmm closad . First, Jor a,e‘Gw
(ie a:D->D st. @®=a), put A=ima = §xed: x—xi which
s & conbuupus labb.c.e[CompIZu-&] which. is dearky
Coumtatoly -laosed . Connersely, enewmy couunbaloly-loasad,
contivuuous lotbice oamses (up to sowworblam) i LALs
woy [Cowp. T uie), so e Motnr Cow = CONTL; by
a*—-»a ocomd u— U= u|~'° (where l danotes covestickion)

. swqedi/e Ie s ale Al ond  fadhfud,
fofLG F. &2 B n CONTL, put' u=pafig (where
Ph=a: D»a owmd izl b‘—’D owe e wabwal projeckion
oM. emboedding wiagps) hen  G=Ff ao reguived. .

Now 4o caxtestiom clasure, first af CONTL C
CouL swuwe AMs s a m@ono:u property amd Guw2ONT,
we oy wead to check one, bur we sholl dizuss o).
Gwen o coubivuous latbices, AR, e Scott -conbimuoux
s bebueen Mhemt cue Wmﬂgovdmedpomnmse,
a5 sudh  fomm a  cowkbbwwouws lakhke, [A—R]).
The proof of s wilk v gwem . aptee I. The kol
ogect s e Hiviold C(oune-poink) \atlice amd e produck
\sﬂ««e contesion product widi e cowvpovenhwise ovelér;
(W conbast to the well-known %,wqo(e.sw\
R") componenbrse amd WML Coubuity codncide
[Cowp. L 2.9). We tren howe the sowmorpWism
cunwy (AXBC) — [A->(R>C]])
which venders  CONT,, cavtesiom ol [Comp. T 2.10].
o cownse we albo hane
eval: [APRIxA — B
GS & ContMDUs o,

In order 40 do e Somae fuag wWillia Pw  we fust
el the ‘techwicod devies of covditionals omd powrs,

L U =2=1
& thenxelsey=)% i 2=0
if Ofz#1

XUy i Oez#0
<%,9>= Az. of & 2nen x else if z-1 e else 1
™e latler works for ownr  bresent puvpsses, butr laker when
we olscuss  clotuve operadnes e Shall nged L steowl
<x%y>={2n:nex fU {2mtl 1 mey}
U= (N neu’ U =im:2mtleu }
Now we define Me pruduck aQf tao vetraets aw
axb = Au.<alm) ,blu,)?
omd e fumckion, space o
la=b] = Au.Ax. b (wla(x).



My

“Mmese Lfunctions howe alliwe dovwus propevties wWhda
we would ewect af temt [Sott SU2-41 amd vender Gy
Coxtesion closed.. Move wportanmdly (s is fadry cheor)
Mgy cowespond. diceddy o e producks omd fumctlon
Spoce odwveadsy dgdsed n CONT,, for

(axb)” 8 &X1B  La- bz (3->8]

We way adss dofine sums of vRimcks (or
Cowbwumous lattices) The ordegonial sum (coprodinck)
W e disjomk union Qf etupw \atbkes, but wdh
Yop omd lbodowm vespectively idewiified. . Tis & colled
e cadesced sum aud S AoE wwak We usually requie.
For i x=L1,2AcA+B, we do ot last kwow af %
Mar s in A, o it showd ‘e distncte Sowm Lg (which
we kwow to e . B) aud L (about wWhidh we kwow
ting . Accordingly  we detine AR to howe om ertrz
kop aond bodow added ¢ bt In Puw we

a+tb = AU, IF ue Heen €0,a(u,)? ele <1,blu,»
Unfortunakelny (A+BI+C , AtB+C omd At(B+Q) axe all
distbnck, e cuoice being wode ad k.

We hae an oo paxtiod odervig on Guw
Qiven by wmclusdon  in CONTL, . WAt a%b
o= atb=ba [Scott S31]. A retrack with Lesa, e
a:Ll>l | is colled Stick ; cleawly L isthe  o<-Leawok
shack yesrack omd 1 s fhe K-greatest sice 12D

_ The wtepretadion of this W pragoumuing lomguage
bes up e vototion vadher veoklWw { we uxite

X3qd € a@=x & x=aly @y)
for e stoabewent Mok x has type @&, as in,say, PASCAL.
Prevoivelny we wioy Mk 8§ it as  x:=alx), e
whatever % s, reduce it o G/pe a. Twen we have typed
A-ipreddions ke

Axia.fX)tb = Ax. bl#a())
for e fumckion f:d-b . Also

fsla—b) S f: &—b
wherg e wotahionw o Ahe gt s te uwsucd categony-
Mmeovexical ove for maks ‘sewepn obyacks (cowbinuous ko).

Becouse of ScotE argument (chapter 1) amd
e equwolence o G and  ONTe, we ideasify
dod tagpes omd. vebrowcks . Exunples  ncude?
int . x\-—-’%'x/ o cowd (<1
T olhuwiase
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wool: X +—f L of x=1L

o) tf x=0
{42,..3 ¢ O¢ X+ L
T oharwise

oM@ some vepeeutohon for e type real which
Couldh e warkedouks WU pokience amd Mogmurty |

The volue ef s wokokionn and definioen  Ls thak

We waaw, SOWe  doweain Gguations SUWIN Os

tree = Nk + bree x tree
hich delines e type of binouy tiees widn wuapr
leowes . The solbim of s s g leask foed ok
Qf e Ooubwuous Lumchion

f: t —> int + txt
Me @xistence of wwidr s qQuowomieed by me Lixed- povik
Mmeoom (using Y)  omdl we fact ok I f precerves
rebacks, Ffix(f)= Vf;f"‘(_L)‘-VtEoo} \s oddo o vebvack.
(Scoth SuS-b], for whion we wse Me  Scotk-conbmumity af
evol :[D=D]xD>D. In foct we Whave wmoh move
Mom s = 1 f is =-wmonoteve omd. presesves StACEss,
Y(f) admally  performs e  werse (dmie cowstruckdon af
chaptec W . These poperties do W 4t Wold of +X omd—>.
When we oppy e Lheow o bprogroummming lomomagel
M Chaspter ¥ we Soll.  wmake  fregquent use  of
such dlowmaun equatiouns .

Now cowsldar the question @ e edstence of
O fype of types.  Tuis bams cut wnot to e
possivle, bub wot (appwentid) beause of omy Russell-
-shyle poradox. The funcelon

£ U —> ueu

is coubmuous (and stict) amel tts fixecl poinks
(Widh fom o complere  akbice) are cleavy¥ne rebachs
Howexer o s wot dERF o reback swnce us ot i
In foct theve s 0 retrackt whose image s Aue spoce
Of rebouts S ey do vot  fo A Cowbinuous Loubice .
e pvof v dwe to  Y.L.Erswov [Scott SHey, Bow 492]

AUl & wok, however, Last, for we cam reformuloke
e Aueony for olgelorie vakher thom coukmuous lathkes.
Unforaunodly we  theceloy Lose dhe cdlommauin of reals
since Dg is cowtimuous bukwot olgelovaic [supra p.3 1.

Mere vuightk be sowe sutloe wkevwadiote clows,

but & seems wlieely . Scott [559-8651 auso gies a
coudoruckion of uyet aumother owtesan el cakagow
of posbiod quivolence velobiows et Ro i whioh S w



o

GWMMM o fh swWocatkegory |

A coswre opefaxac is o rebract widh azl. The
cowtesiom cased. categony AlGw af countaidwy-loased
olgeloraic ladbices s equivadankt  to e full swaoakegow)
of ©w @ Clesuwre operatocs, essennolly by [oowpIuiS ad
I 2.8]. Algeowmic Latbices amise nauvallyy as subovieck
lakices in  growgs, ringo,etc . [GonppXl to B amd p.95 ),
It s lwgey algebraic goos thak awre useol §or
semonbles : 8B, e seose of B tvees, s one fov
exoump @ [ apra p 21

The deicions of =+ owmd = vequixe slight
Modiicakion, as has alveody beun wvioted Layora p.A3 amd
Scott pp. 509 -551]. The fixed -pomt cowbinater,y, Won

Mok F(L)Z]1 since L is not  itself a claswre opevodot

Allerokively we wayy wae V(1) :vwewi n stead .

The Closwre opeates tewmseles now ot am
algeraic  laMice, givew by Ahe dasure operotod
V=2a.2%.Y(Ay. x Valy)) : av Via": new}
[Scotk S51-2). Thwus V © e requived type af types. Lt
wmay oe viewed an Me internal cadegony A\Gw omd
(e Vs X ALE, X AL, > Al w  owmd
(=1 MG x ALG, 2 ALG. become Cowbiuous WMiyps

VVV omndt hene theuwselves eleneents of Puw. Stnmulorly
Y:(D->D1-D.

Ceron swlocodgovies o AbGe  owise ao F-Suwovekvacks
AV omd fuackrs \c;;mg»\os V-V, The caregony of such
categoies s Qivem wst w oy the we operakor
V?: Aa .Y(J\X.V(au\/%oV)):VfﬁI&W“: new
Of come we cowv  plowy Mls ok repearedly . 1 do
not, Woweer, kwow Me  chawackarisabtion of e suwocategoves
2 MGy LW omnse.

The uefuness & V omd V) s dat we hawe
A syprewolde wau % dealing Wikh fomduies of  operabious
whmtéxmdz{»med W parameine  bypes. Take, for
evalyg: LASBIxA—B.
In oder 0 use Mus we houe to defne oo soporatr
operarort for each Pt af types (A,B). In sStead we

eval.: V xV =2 [[D+D]xD — D]
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. eVal (A,R) ¢ {£,XD—> ([ARIFD (AR

omd. of couwse Meve owe wore  sophisbeated exausples
sy, categoves omde Vi o place of dlowmains amd V.
Such  lhugher  types we way desonoe as Gype schewmes

ypes — bodn aowihe amd sotuckured = omol o Meams
o W et mside Ahe sewamkics . Iwn
e nwak dapwrs we shall puwsue n detoud the
cotegony Meowy which we hawe  enployed.
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CHAPTER IV SEAF-ACTING MoNOoIDS

In Muis chapted Sowme of 4he Consbuckions menkuoved,
breviowdy, wil be veewsd fumconally omd some properties
of wowolds will e discussed . A suidmlde cokegowy of
lakbice modals for Are A-cadlowus Wil e sougut amd
Scolics Diy wadel wilk e consoucked. Fonadly e wethrac
will be gevwalised W o wmamner applicaide to wudkiple-
PVacess  sewdmbics  wWdh s e sualects of  dhagpter V.

A wowold , M, wiauy e vegarded. as @ categowy
WAL one o\geli. Suda O cotegowy ® urlikely to wowe
equalisrs  ome coequalisers L Maclome 19 PpLoO,F0,exc. ],
S W E kel et ol Wdampotedt, ee M sk et=e,
Wil splik , e’ e=pi wuere ip=l. However, vy e
couslomciion. wemkioved. ‘vefoe  [swprz. p.12], v hawe
o codrgoy KM), wWiuese ooyecks owe Ane dauwpstendts
o M, W WWUA MMis does accur. Movever e cowssutkon
B uwnlvesal  (omd Hfumckovial)  In Me sevise Mok T A
1S owmodaer cokegowy WA Split domupoteuts omd F: M2 A
B a fumctor et Heve 1S & wague E:KOUN— A with
Elm=F, w)two. MoarWM) by o I fwiidt Ts o full

-

| Swe K is e vebickhion o wonoids o e QY
afjonk o e Taowston o cotegovien wida spldt idomstenss
W ol cokeqoves, K pvesares colmiks [Maclame 114-5].

L of  wwonolds guz cabegovieds  axg Ut wiovo ud
howw morpWisms (& Dresuvivg  Lanohy omd <O Mposttion) | Haese
e | foudfully o fwaos  preservang U=1, . Genevok
ko Qe @XOCKY ML WMAQES Of SEntcgrigh MOmOmMOTpws
(e jut praserving “mpasiaaw), Taugs w WS aonbext we
swould wot requive e dambby o ke predevedt wierely
0 odsk. Swe owr wowoids owmise ap  endoworpraswi
Spas ©f Ogiecks AWS s vt SwpMsing, shue we swould
vt aper e damkity wap on anm doject 10 \R  sewk
by A  vor-sueckve wap to the donkiry on am wmage .

KWM) vead nov e o sAeletal cokegon) . Mere woy
be olstuck Sowmarpwic ogjedts e, fetc(M). Tis amses UL
Mece ot UNEM  with  wv=e, vu=f, uwu=u amd vuv=v.
Swe @uivalene oises vwwore vaduwroly in  cokggovies
Pom TSoorphism, we wust ewaploy hese  vuoklows trawmolodad



back frow (akrgoieds to wowoids. Ibs vk cleos vnok
(Tf omy) wnivesso)  propevt) u=4u salbisfes n KW
MWW wowld, evnakle wo to cowvent equivalence ko
tSouorplism  Jor sSome  claso ek wwowwods, and ey
omoner - e gquestomi of wheter Pw s wique ae a
wrrerord dowmain . LSampi 8 Pladam 1938, pp.2%-2] .

Givenn, an endomorpiiswm wenold. , tn whak croumstones
CoM owe vecover twe ovigiral obhject T IQ WS o
4oipologreod spac.e,alwsuéo, or e powds & e space

Mewselves an (e twmages of) constasnt wows,
¢ Mase suoh Makx  WMC=C for ol vteM | For Sowme
purposes , suom ap e sowme questiont  app\ied. to veckos spaces,
v 1 wwore  comenkat 1o veploce = by some otlher
reloblon  presaied by walbdplicakion . We say mak
M wag emougw Cowstamks  of

em = cm  forald coustaks ¢ 2 m=n .

e endomorpuwismt wonoled 85 o topologicald space
(Soy W e potwise topolay) acduoys hao emowgh
Cowd tounts, e suwaspace O constamdts s canowically
hWomgowwovpuic wim e givevt Spoce. Ow e over
havd, o cowpact Homador £f topological vowoid wih
EACUQW  Countomlss  canm  be ewdoeddad n Ahe ewdo- .. .
-morpWiswm Space o WS  sSpace Of Conoowmis [enoy prongs].

Now cownidexr Me ladtiee wadels o AR omd
A L sypra pp.6-3] : Whok categony do we hone eX wemS
for comenmiemce, ek us dLline a conkinuous A - loudioe®
o e a oipe (D,AE) cowsistng of < Coubinuous
kbice D amd wops A: (D-DI—D and €:D>[D->D],
wilh £:DxD—=>D  definea w e dovious woayy. Cleowlyy we
sholl womk ouwr waopd to e Soolt-cowbivuuoug  andl

et A omd g. Howeer ‘\n ovdar 1o get o« wap
(D*D)—[E~E] weswall wneed wopsr o J:D—>E
omd Q:E-2D so Mok QP f— ¢fP; W focr we
swall ommse borh (AE) ond’ (,¢0) b0 be audjolak pouvs.

an o witn  Ag=41 amd  AE=d, Ex=1 weopectively .
A projecbion pair (W) DE has ¢pfl amd pp=1, <
Mat ¢ is ek olljoink €0 P, P s injeckive amd P is
swietkive . Thor Mey sweudd. e adjpuk i juocad vy
e fumckoollty of e  Aumckion-space Cowsudnow
(Compomcium IKE3]  ond e fock Aok e colimis o
A syobew &f  @s comddes wwa e L o oo syptew of ps,




@:E->D s vow ouligrd. to preerve all s
an well as  directed SWs stue W is o vigwk adioiak
(Covupemclivum O§3), Se b W s aa howoworpWwisw af
connuoun lakices  coun\dared. an  directed.-disbio utive
comprete  semilloutices (Gonp. 1821 D€ came ke given
e  Llavgon topoagy [Gwp. TE1], wilh vespeck o wwion
PE-D is cowbimuous  Of Te preserves o amd ddrecked
swes”. The condiliom on. @ & now exacky thak v e a
hawsson endedding  wwida s adoo o WwowowovgMswm  of
A, e ek, Cece isom enr of defmahoniere

The lomison topalogy s e coowsed topolagy w
WWOn  Jcolé-opem SUS  rewmain Opem omd alM  princapad
filbers (e sets o} e foom tx= {y=x{ for xeD ) are chasad .
s & Mmem  Cowpnck Hausdocf [Cowup. T LAO] cmol
Cow-ssely O cowplete ladice W wWwiun bnomy waeel S
Scoth-consmuaous amd wiich s Hausdotff . Tt Laussown

gy is awibusws [ 2. 2.9]. Movecver e equivaleus
exvr, i Aions  of totol duscomnectedness omd  Zeco -
-odMensionaliy e exgaxly Whods 8 vegpaiuared. o vendos
Me odtice algeloic omo Xwe topalagy a- Stone Syoce
Ciba. 216 omd Jowmtone 1983 &2.4].

Why do we need ¢ 0 e om ewdeedding (or
v a mjecu“.ow)? Becoumnr o gGomwal  Lowson-Cowlbunuaous
(N, T)- homomorpiism. cdoes wot  precenie  Cowpasition, for
WWidh we vequare, for f.g E-E,

pfPpge = v HP

Condaring condowmk f, tWis s egquivadant 0 PYgP=gap,
for LONMON IE TS AEoN ) Swffeccent dhax pp=1, or
alMonoiiely Mok @ e constoums amdl hence waup the
whole of € Tto e bvol \adlice {TIcSD. We wowy
excude e \oded coue, whwbve tt Wik e swown thak

py=1{ s o wecesary.

Tis cunous condition hao o portal eidplamakion
Wwime A-cadewdus. Por - we Mk of ouwr wedel as
belng genoracar by tose RIms WA oL nowal form, (Ut
redmees to Me condikon  Aat we muwet  ldenkify
oy o ABEIWE  norok forms  Willowk  idemRfying

g, & Hoce Wi wan  SwowA by Bdnmm
[Bar. 252]. It seews remowtolole Mat the same condibion shoudd
onse from cousidedns mowolds, A-coleudms amd e Scotf Countvuckion |
However w wadd be wang +o vequire (B,cp) alse to proceve e
ey, for e veosows gwen ok ¥he tegiwing o MMe clhajptes
oMd also Mak Mew Y=1, so (h,Plsan soworpuism,



Te » ecoweviants here to gwve Mhe long-awaited,
M Atk [p-0) i actuclly o conbmuous latbas, since the
mediad adleo sows the naessiky of @ keing Wjective |
[Cowp. I 206 amd IV4.23). For xeD,yeD define [x=y]:D->D’
by 2y ¥ x<<z omd L oMewise; AWs s ceawrly Swtt
cobous ste Wk esentially Me (Sierpisicit) chawackesstc
fmchion of e Sotbopen set #%. Now f f:R->D’ owmad
Yy f(X) D we have TxIYIKSF n [D>D'] stne for
direcked. S SIO>D]  supSzf UL supis@):seS$y F& forall =,
whenwe s 02y forsome S€S amel S(BY> S()2Y for X<<2
so s [x3y] as vequired . Moveover £(2)=§ (swPix:x«<zl)
= syp 4(X) : ag<<z} = SP $ Y S FOO) € 28= S §D<=>3)J(a3:\3s.{@)§,
so f s swp S M stk {[xd9]:ySFR I omer hemce &
Me lowger se& {9 9(({}. (D>D) s Mus o contuuoun
lokce . Now -+ e wvecesstty ef @e=1 w ordar
Mok PPGR=gP; sdvnce 4 ® & supaf fuckionn e
foron (x29)  amad. edeiiing,  Is Solp-cowtMuowd, Tt s
o oede e for suoa  fumchiow) amd. won-cowstomt op. Buk
2RYIx»yIp= Y UL ><<2PP  cmdd XY=y I x<z2
SO U veqUE X<<BPY & Xxz. Bukuenm sine Uisa
Conkimmows laice. Mals hods UL z=20@ ¢ forallz , an
reouired. Weve also shown thak [D-D'] & countioly based i ©,D'awe .

We shadl wowd dehne e cakegovies Ax-ClL ,AR-CL
omd ALl of cowtimtows Ax,AR omd An \axbxes oo
belng me oiples (DAE) an ddoove W D nonbiviad,
WWh worpiiswms  Hhe  pryjecézon-foiss (P, Q), so Mok Ahe
owow P E-D Wil Wi we howe eeam Workavg 1S In
fock  contraverzant. Obecve ok An-CL <AR-CL “Ax-CL
AS  Fuld swWookegoves ) A falls we shall SWow Mok
M-CL s o coreflecivesubabagon of XrCL owd Wwemce oksc of
A8=CE . We wowy Sawwlonly  dgline the cadRgoves
A-AL AB-AL omd MAL of aipebrat A ,ARowmd An latbices,
Jor Wit e oume = brue .

Eacin Anese  codReQovies Wis filteRd colmits awdl cofiltecsd

Lwuks, essenatt comme MR fumckion-space fumetoe

es emn (omd adso  wjeckiviey omd Swg‘eodv«kg)
Cowmpemdium I 219]. Twhe  coflkered (WMmik of Ane s
s a)so e  fitered ok f Mae op’s ¢ Mals Lot -
COlwrrel cowtccd el WOS SsE rewnonked low Stk (1972 ]
I8 ow ohleck B Me cofitered Unaik of  Fancze
A~ loktices  (Wwidh are tew -brivicdly - algebraic ), we
swall col T profinite. Twere axe, Qf o, wo fouke
AR- or Ay- loRces(by cowdinality, Swce e aue MoVIconSwmE fumckions
as well as comstont oneEs win each value).



Me  Lunckion-space funckor, Fuack s CL—CL
[coww J §3] way ke etended to AxCL-dx-CL i an
dorious wouy ULIMG pre- omol post-compositon wita AT, It
wou o verified. Mok i€ vestricks o AR-CL, AysCL , Ax-AL,
ARAL  owmol Ay-Al, aluough of course on ANl amd An-AL
les Ahe dadby.Je s wot, Wwowerel, Mhe requirgd adjoudt
40 Mg Uncustown of Ay-CL stnce W wov  Wewpotent .

If, Wowever, we toue a Ac-latbiced wih EA=1, we
aMeady hawe o projection Bore (A E) : Funck(D— D , Repaatrd
applicabion f Funck ylelds a  projective Systemw

».3) Ranck(A,B) ~

D¢ Funckld) «— Ak iD)<— --- Funce (D)
wwosee Llimik s a An-laktice suace Awck preserves sua
Unmits [ Comp. T §4]. Rink is then 4e ngWs adfownt +o
e Wdusion (oo cone over Mis  dhagram wawy oe lbull
Wp fom  (P,cp):E—D loy post-cowpasction with  Funct™ (€)).
The condbion Aok EX=1 wow be duopped loy
bowcind Dy = im Egdnas DU Daa]; forow Ag-loskice 4wis
Qmounts  bo  toucing repeobedly Ahke vebackow o Aue
Ametionspace, wwsh s esombodly  wuak we ook oy
solsing e (algebrowc)  dowmodn equokion

Do = 1 + (Dho— D 1

. Cu e wihiich we sholl  velrwn shocdy -

Scols ovigal  Doe model wao obtadgd fowm the
4wo - elawment /'\OL—MCQ-,
A
1 I‘/,l
>
Here Atf > £(L) amd E:%X" Cy, e constomt  Huctlon
Wi value %X. Awy cowtbiwuous Aw-lokkice. WA (P AE
way ke usel b T give am essewdaly sdwllax [Wodewovia
1936, pp.5134] wwadeh, tawwida Y= Af. (AX S0 Focx)) S
e legst foed-poit operodor. 1f some oter chowe s
usdd MR wowy no bonger hold [ 757 omd Bau 493-4).
Fumct does sot howeved presave tWis definition of (X,%),
as woy e seem by e @ouminodion of Stoy's [114]

Magromm  of Do,DiLD;, unmder s ocomduCkon . Thus ik
s Wb obvious Wow  CMONACKRNSR SUC serscble An-wmadals.

- A

r+

ek Us vow rekwn o Ru owmel siow Mok e
Some Veswks wous e odmined using Rxed-poks v
e vexoct cohous. [Sott 545)



Suppose.  preserves € aad Stick vetracts; Menm e
onge of cYF) s tsomorpuic to the  Lmik of 4le romges of
Me  (sbiack) vebracks £7(L) for new Lotk S45] . o by tnduckon
FYEY(F) omd e  vebracks (L) awe dhe Pprojeckiowa st c
owbo e IMS Cno= ML), amd the UC WOop SowopUWl
do e SequeMces dUo My, .. Y Wi UatF (L) omd UpsULw (L
QD VeqUAYEL. for LUWINRSAULTY -

for e algelorois el Me soume appled o long al
eivenr F(LY21 (L is wob & Osure operodo() ov we redbefone the
Fixeol -polnds opeakot  as viF* (1) wewl . Tws o Boudoun
tacing  f=2asV. la=al, Y(f) gwes e Wit of e

Sequence

L, T, (1211, (1111, (T {IsTSI-T1- S0, .
Wi s aearly o algeemic M-oadtice sie aw la~al
s O Cowbwuwous Closuve operalne. This Quwes e Soume
resule as e veflecton of  Ro we Av-AL oclboove .

We wy ahso wimic the D cowsoruckion stouting
from  te bwo-elamenk Ax-ladice. lek a0 Pw=Pw by 1oL
omd xEL = T ;ais & o claswre operator wida e required
woge. Now b ana=lasaul, giving o aecrtzsin
sequence Wik,  Gowo= if an. We wustc cowsider a,elD2DI=D
ol tuce Me  inf as  suchy fortuwmatly A (buk wot €)
W\Bﬁ all \:V\GS Swe A4+E So iwfw.,ma“ =Mba\ﬂ$
amdl Awe(D2D] ag is boumded kelow by Mhe WQ(_
Mo prewous pvodlews , 50 ¥l , buk WS wit Cleor Aok GeBan=Oes
o Mot ab [a—a] is Lowson cowbSwibus®

. & Plokicwn  [1931X%, 19%2] howe qeveralised Awe
Do ocowbugiion by worsing A cakegoies ewichadl over
cp0. Thus e  homrsets axe cpos (posets wi, lotiomn
owmgl odwreed, sws) ound all  fuuckors G pow ticdon
@mpositiovx) are sorck omoh Scotb-Coubwuous (dhey presceree
potowe omd.  alrected Sups). As efere, were pavticudowiuy
Whereed wn pajection. pau 2

The aduwomkiage of Suth o cadRgow, K,isthat we
con Qe dotermine  cofiered wmiks  cXady. for %
we howe o Cofilered dicgram d: 99K of projeckiow. fouvs
omd @ cone (P,)X>3d over k& (so Mok @ is ov cone
frne aweddinge and P for e prejeciions) hen
‘ dep: 9 PojXp) by i i@y
\Ca direted  sek W Rox) wase swp sane  idamkky
T X W Mwie of & (e Umik & e ¢s andAe colwike
g e ')



s of we hawe sple Wamdpotents . € (wiida
S egquivalemt 0 colmuds of ol fvike [Rutered. diovgrownas
or Limits of all finke cofiUered. ongs), MMew from asy
Cong ovar e diogromn we com Comsbuct o wmvarsad one.
In puwbcddow, tf K=K  for some ovdered wmowovd M
s is ooy possilble . Sinee Scotks & vrelodnow coweapovds
? o e edseae of an euleeddNg(a4ler projection),
Miseplodng why e Umit —colmid  coustruChiona  wan
be effected so sy widdn Ro. Notie okt eveny
Lunckoc oubowmaricolly  presenves  Limdes of projgckiov Raus.

We mauy ondume Widiowt loss &f gerunolloy Wats
K lhos o zeco ohiect, 0, (altough we delicentely
erclucleal & from Ax-CL). 1L we alo hawe ks of
wWE choung of tvopcbon poXs, evewy emdofunciee Fif- i
now o Zechiad  Foodgelora (A oL) Qiven, o efore,
b\ém Wit - AF 1F

£ OF «—OF%— -.. < OFFxOF
I I aJ,%
O «— OFe— OF*¢— --- &— OF=A

1 LF ie

This s enm W nobwad. gevevalisonon o e fused-
“pok eorewn o codegories .

In Me vae onapter we shodk  bveodc frowma

b&v\gusk‘ac&c 0 e wovre os, WW\& Plovcin ¢



w\

CMAPTER T  THE SEMANTICS OF PRAGRAMMING LANGUAGES

The puvpme of Mis chopter s 1o skecca vy
biefly Wow dthe Aforegong tweowy s yplied o actuad
prgrommmming  lomguages. e wiain souwvce s Stoy
[1973] buk Suevber, ecovlier amd Move veadakle accounts
owe givew n  Scott & Stractrey (19H 1, Somehey (193] aunc!
Stracmey & Woalswovih [19Fe ). Tt weuld , owever, lbe inappropviate
Wa maftaematiool occowAt to g inko too wuda
eIl oL Mae  (volher AGEloub)  cowrputer vecesee
Wowe.ct'.

T vas alreadyy been eploned Whow owe ceals
WL recunsivery -dgined  fumckiows and while Loops
as solutious < Pixed -pont CQuanovs. 1t s sowewbhak
owic Mok to un  Mmee ave e Jumplest  concpts
and  jumps oMl o iguwmenks  preMt greats cLifficuliues
(20 we “swall see), wwevans Ahe lattec Prwed the breaa
anol bulter £ Ane 1950s FORIRAN  pragromtems’ ,—to whona
Me forwmer weve fovodden . T Some samse the Stracuey
Meew, damonsiokes Ahe formal complertty andocaoked
WUA Me  ubeative cofision  OME™MO fovw A Spagghelli-
tke pragrom  viddled wwa  gotos?

Me [Rist proldlem Is Wow +o el wwla Stovead
vomodoles  Comnespovdiingy ¥ free vaniodohos tn A-codeudus)
e stoce’ Gor wmewmonyd s A fumckion. frowa locotions
or oddiesses  ( outevwokbveiny NoMARs ¢ TdamiBfiers 1 we
sholl. waadce e dustncinen  laka)

Q:L-—)V
These owe of counse ansswmed. o oo Saftt cowoinh .
Tveudoding  dexe of Awe doeds Lo.vx%;,a,%e oy weamns
e dawbifier I we emnvivovwwmenl o. Also ell:=
domotes Me ewroumens ootadnad.  from o by
omomQive e valwe & I o b

Now we ‘uwn +o Mme teipreohion of @
A-aprension B, possiblyy Contoinimd Sree variodo\es .
Mis will be a fumchion  Agucing o ewleonument o
sk o value:

elel: [Lavi-oV
o ot BlEDp  donotes e value ty om esbreswn  wa its



See vomaldes  lboumd n. B Wself s o (coukumuous)
Sfamckion wwose dowain s e ymtmrodic criegory® of
welMl-formed.  eipresdsous, swWosel Qf e spce of
SbAvgp of  Crowockers  defined vecwssively n Backus
-Noure forma  Aus:
<ExpY 1= <Io\e7l (A.<xd.e>.<ap>)l (KExp7< Bp2)
Conebpond g, to AMe  clowmodn eguasnown
Exp = lde+ ToexExp + Exp ¥ EXP.

O course SHhue B v defnad  vesuwrsively, So waust
be €, by egquaxions

El1lo = plll

CL(AL.E)Dp = Ae:V. RLEI(pLI:=¢£l)

el (E.E)]p =(ELEDp vVl )(ELEIp 2V)
wWse CowoistenicM Wi Are cowesrswonn UesS (b= is vwow
necessom to ek,  Ouserve Awek we \Aauecmm.t\mlﬂ
oscen coxe o, e scope vales < A-coloudus @ A
Vomolde © Ln scope for e duwakion  of o A-oclStrachon
ond. weomes aistole  Hox ok of a nested. owe.

Next we break the wmachine state ,deS, wwihh com
be wodified by commamds . Foc e wowment we shold
Guore. e evvivonment.  and aMdume  commaouda cannot e
ctoved . Commands are  (sewmamkicolly) chaomaes of State,
A:SS 5 ey howe  symimx

(il = = <Primdive>| iF <bp) then (Gmd) eise <Cwad |
(Cmd)glCmdd) - - - .
oMok tuee i am  inkerpretarion funciion G Cmd—>[S2S] , ov
votge Co: Cmcl~= [ V1 =[s=S]], suth tat (foc instomce),

C‘“B-) S, ;\(.ﬂ(';lle
— > o,

Co ¥

elnnl
COMMMTES .
Now, swe 5 - 4
Fwhile E do "' = if E then(["; whileEdo[") else
wé lhowe

ClwhileE do "] = (a0 #ELElo thenCrltyo) evse o)
Sucit cowstucks as "until E dol",‘repeat " whilet'  etc. cam
be dealt Wi Vv Weoms of e dbviow traunfovwatious,
wwin Sty [201] calls syntactc seger

So for we Wawe omdumed. ks e edaluosdon
of oM epYEMTON COUNME Vo SIRE ghfect. Of counse a
cubrowkime Wikt cNolModes  an  adpremion s emkitled
B owoke we 4 e waehing piusiicd | resouwnces, buk
amy  reswAlag  cownge wwust e Semaniroaly



wndldoectouole , e e languane wwat ot be sufficlevidi
stooug to  pole, say, e wachive staclk . For wstomee | n
e “adosumce & amyy Siode efect we way S (an wah
emoneouns iy vequired Wt the spedbficakion of M GoLb6o
[Nauwr et @t . 1933):
FifE<E thenTelse [ '= '[0°

for omuy, well-dofined. erpression E. Howewed if E  causen
a stide efecx M, e veswt s ab best T5RT bee
possivlyy  evew TV siace fhe second evoduodion wmowy
gwe o dikferons vewlt se W depemds on de Stode.

We orporode  side-effecks it owr theswy by wiaucivg

e wolue of CLElps o pair cowdistivg of o volue
ol o wew state oMl dgne a W  agplcation
o perator
vt *: (s-[v>[VxsIx[s>[yxS1l - [s>Lyxs]]
so Mot we hove o Ao of L-reduction WWh todkes
accoumt f side - effects:

el c;\z.e)a.]sg(“é [a1.eJp)* (ELETp).
Our vew  intenp w fumction  Whan

€: exp—> [[L>V]=>[S—[VxS1]].

& wodh shewdd ke souid here bor Ane  distimetion
LeoNeN  enviivnnrent  amd. SErRZe . The fomev  Qlves
Ane { af. e cmvenkly-free vowmoddes; iE com ke

wuloted. ok  cowypletbme oumd s copadale o
eing sawed. aud.  recalled.. e stote, on e othar hand,
Comot e restoredl to o fovwer vadue, amdl s owlik
owaiioble o nwun-twme. Te gives , ovwongt other AMinga,
Ve Vodues ok Qivent  locodlous nXiestore (amd s hwewe
OO 0 OLAGAMEAL)  WOWRNEAD Hne  emMioamedt qives
We  laofown  cewespondivg to A gdvenm wdentifFion,

Now we wduce fumctions omdl voulbungs . Heve
for Ane Lrsk Bwme  our value dowmains become esgplicidiyg
vocuNsive  Linowuding Huctirns on LSl amde nhensR
we wouce accmal we f W fxed-pounk  Wmaeineny
Aor counsonucking Aowaans .

Mt ew  symkox _ ,
(Expdsi = function T.E | E,(E)| routine <und
Zemdy= .. call <Lex

sved (o o eloment of Mhe value domain V) e
?A . I—E ; applies Me Gumcton-valued) exoransion to
bo Ane eprevow £, ; gives (an an lament of V) dhe
Commtond. ' amg  executes e (cowumanek volued) expramiont .



Assuoming @zl by vatue, wWe wow e vesudts Wice
F(function T.ENED = T(ALENE,)T

and T call voutine M7= 7T

of Coudse we also Whawe Voubme - vaed.  fumctions an

elements :  Function l.routine'! and o ow.

Nadt we povde {or e earecwtzon of a |
commaomd. ' to affeck Ahe Svalualoon of on exovedion

E, Mus:
<exp = valueok (M resulkis £)

whase Wkevprebodkiont (S ST e cowpasie
El valueof (1M resul;:mp:ri EEEIP(CEF’]}QG).

We howe owitted. o pvovide Hor  vecurswely delived
fumctionr omd. voubines. Twis s wualy deoae by adouse of
swope omd  Gssigwremk , bub (e we  do, it proyasd by -

<Exp>:'= recursive I, function 1, .EI
recursive I, routine [”
{Cwd )= recursive I, procedure [’
Where e \aot s gymonymowy  wikha call recurstve Iorouti_ner' .
Of coudise he Onbevprekfiont af Ahese 1S e soluhown
of e obviouws fixed-ponk equakious .

The Aoregomg, tweowy is (reodkively) Aeoun andl
sboudgMiforwowd,,  buk e ntroduckon af jumps ond
(lodec) amiguments  wodkes it Siopificoniday wore owigen
Wesholl deod fivst with oo restricked ~ cone of  jumaps wwada
Sty (244 ) calds ha,c>$‘.6

Sumwé odd Me Cowmmowmd  cowsknuck
mady= begin Lt [;; goto £
I,: M ;gotok,;

IV\-'O" Pﬂ"\ '79°tOEn-| ’

Iv\ - r:\', end A
So Mak we howme blaks & codo ‘Rgiahg wit a lodeel
omd  (except M lowt) ending wida oo jumup o amotiaxr
lodel i dhe suwsre blocie . fhewm dfining o cose
Statment (AL olbvious way using wdblple conditbovals,
s s Mg soume oo

call (recursive F function J.routine case ] of
begin I, : [,;call F(E);

Taa: Gncall FEE);
Ia: Ty end D(I5)
For wwich we perhopps oughk @ hoae e sywtax
recursive Pwith T1=T. wvracedure ||



auyway, e hop esselliglly Works oy weans f
oM wkvprebes  which begis i stode Lo,1.7 and
exeudes  successively e  statemewbs Ty according G
e previows lakel-poawt of e Stnte, umbll  Wdoel T,
5 veoched, rather  analogowsly © a  Maudwov  dacin .

The bevprebafion  §,wot swpisings, the solubiont of
o fied.-poiat equaliont WWollig oL kedndk of  permsutzetron

s webod, wWwida s oeady vsuder cowpcaded
comwt deal wilt  Jummps o ov euk of o nested
souckure. Aso, we remadl ovlged- t® comy Huwough
while (loops 4o Meir couclsion, anmd  resultis way owiy
oo as e st sokewmenks of a valueo§ block. To
povide extewsions overcoming mgse verticklous we musst
employ  ou cowmplRtely new  Were o wmackineny  calked
o cowbnuasaon -

The &sSewbial prodem € Wwak Ahe equation
CKF\.IIP/, o, '\\@‘&r;]xp

Gor C[r‘,;f‘zlpr 62.
provides o weans foc e stokemeut [ o preveac
e execubon of M, , except by logplag or cvasung, as
We vequire I W & a jumap. Becowwe af s
we olamdow anmy olteupt 4 Wterprer  Stakewmeats
ndividuolly  aud eex  wstead. o Mbevpretadien  fov e
whole of =~ e (emander of Me) progrome.

ket us odume Mot we kwow Ave  Merprekodnon , Ap
A commmaund. 0:[S-S), of Mhe stakewments whwih woutd Hollow
" dmamecaly , Givan ok U s not a Jump. Then fMhak
o D tgetmer wih e fllowing sotemenks  is

i

Ca ‘Gﬁf‘;...]‘p7 0, R
ie GIrlpeD. However { ™ & a Jump, & S
Mok of the stokewents Hollowing e ool o whida &
oduakes (we {dewbify e ol wWuih e Stodewents),
andt s indepardlent o 9.

Tus O st now e incuded aun ow ON‘@\LW\M
of %, wimon wow han fumcklonality (taking adCoumk
oW of Mme  diskinchion pelween  idewlifies and locakious)

0 : Gmd - ([Lde-V ] = [[5>S] »(Ss1])
Tne equakions for € oue W Stoy [258-91. Stae epprens ions

har Se-effects possilyy manding juwawps, they also wust  hawe




combvations, bup we sall weglect the daaus o dhese.

Unforoamately, ,we ore doliqed v alouate O
backwawdls Srom e (ynamec) end. of ML progroum,
ad- where looes owmdl wore CowupeX (eg sbuckure-
brecdc Q) jumms occux,  Fixed —poink metuds  ane
aoplicidy vequired. . In addivion to  goto statewtents,
we oy wplement break aud rveturn o adt frow
while loops amd routines presvobnely We Wwowe Ahe

eguokon nﬁy 8.\\*&‘( r,3p

—

8,  olr,nlp 9,
i plowce. of e troubesome owe befoce : note e revevsal
o Ahe aavows,

We shodl vew tum to  assigmwents, e ownly
cowmands we shall weet wWWIth apustty dromge e
st . Mis & e ot <of e commonly octuving, Prablews
aport from  self-wmadiffng code, whidh won ewmployed by
vewy eourlyy wmadine-cade  progrosmmes i e odosevce of
suitodoly - powerfid  adduressing wiades (eg HoldgAale8 ToolU D63 ¢.433
However Aia s sudna. hednows cidme that ® wewdd. e
quie Wproper {or ub te  previde suxouw” Yo TEs
porpetabor . pervags dwe  gaspel of Wirdr L 1 wil eventually
outloun  goto  and ks relokives ao well .

e meoming & a vovalde on e e of am
oolgumedt  is difecent frova Mok ow Xwe rghl, bewg
(rouaWy) oM @aveS vower Mam o helue. e tewms
L-valile omd R-volue owxe wigdh W AMese semaes; Q@ |
Generod. expression (€3 moﬁmdma g odametlc operadmvs) st habd
jsb om Bovalue . Now owy enwvitommemb is . fumokion
mopping  identfiers o Locoakrons, @: [loe> L], wwida
oves e meaomtnge. The stobe ncudes o fumckion [L-V]
Whidh gives e ackuod volues, omgh adse o Fag [>T
Ny whatuer o Locokion 's W wae s b is am enor
o aMemps  to ook wp am  wmused  locoion . Thus  essevuiodly
L:(Ide>L) amd R:llde-V].

We wow weed wiowmagument {fumchions suchh o
Z/potaé'e-‘ LxV ={S2S] t¢ wwalce oun OBOGrmemE Mew.: =L
o pOvide o dree Locowhon, Avtesd, Lose: L= (SS) o
ootain omd velease it owmdk So own. As well av (e
Scgpe omd ViSColity of o Voralole we wwst adeso dadile
on s ertent, e wow Wwg o piugaial Lowodnon vemains
allecoked 0 W, WWOA W Ahe  prosence o&. souckuqe -



X

breaking jummps s o von~bAvial prolem .

In verms of qpelicanons, we are st o vewy
lovg o fowm  désendol me behanhounr Qf o cowyghen.,
For AW punpese R provh oMmones  semonBie,  dkovy
wore resenddng an acbuak weohidne . is s callad
Stact somantiLs. e advovdage of coungong s
owb  formally s Gnot we Haem Wowe Soune Preospeck
of (wopefully autowasicolly)) proveny e comectness
of A Qiven Cowpller.as a model of the specified
loamguage .

More gerellly, with the excalokion o dre size,
compeiiky ol Wence Costb of saftware, 6 s lecomana
more Wwportounks te  provide sopluistieoded ¥ of
Progrowmm -~ praving. The  vedficokion of A oypcal covpvded
Pagrom 1S oL o AULPludl problev oun hat Qf a
wmoemakicod ool ok o Siwmdlloxr \ewel af deetoud,
beause e forwmer \acks e referenal trarngbreny
f e eer. Ione omilks o Qe o a plece of
walhemoics, ove wauwy Aol b0 undersowmd dae  proaf
bub f one owmits several \nes Lol ar  regrowa v
W) become Zncorrect, becowse o ondiguwent
Ayrowmrically ctomges the meoning < oo vowioloe
for s reason much wade s wow  king puk ko
the defdnition o ron-seguentual omd  Sfunctronal
lamg , Wwose  pragrams  cowast of atromastec
vouden amperateve Stoloments .

hnother techwigue (s to decorote each blouc
of cade wWWh cowglkiovs akt e weglming amd Are
end, Me oty Sowig whak cam ke deducad, ofter
Swceseful cowplRilon o Mhe Viock Qiven Mok e
fotwmed  wan buR  leefore Ik was begun. Of couwse MR
oMdsteree of jumps ko such o ek would Wodidate
M tecavigue .

, lek us reviewd e  laktice fheowy wwioh
we \nowe WL Me discaumion. of  Sevomklics. We
hone cenvoimly  wade we o Lotbur ond Fdreceed
S W oder 1t provide for wadefted  amd vecuwsion.

e have wnoe used zhﬁﬁov binavy sups ook howe
owy hnwked ok posst X for 4op. In foww
bi sups Wik lecowte  wwpartault e ek

wmx Yecoumse ey represens cageraitzon, oL oam
ougument com e walle Hor alodis\iag op olkogethier,



As we vemowked W e st chaspter, the
powbs . e ladhice of ow datn-ype wmaw, e
viewed. oo staleatants WWOn woul be T wwade adoout
am dument, The elament wself is ten idenkigled
WU e colection of all ks properties [Scotb 19801,
oMich s am  deall el e lotiee, keing Closed
wder  approddmainon,  omd conjumckion (te xsyel = xel
avd x,yel B xvyel) A ol adoments is en o
mavimal (proper) ol ; since the aclgelran of stodrments
s wswally weilen wita Me dppsite ovdar AWis is Loually
awolled. om whtrafilterr Top Xwon yepraanks Ynok
aeewment odout wWWidh ererythuy s bue, wwidh
g s reguwded wot as perfect Wowakion bub as
Cantractiction .

Ate we Men juskified M suing Makt +top reprecouts
enor? A pesec me})pmmx\m wouldh lbe cress (which
gpes Ay WU ldappg \otboww) st when
dealng W top we  wo require k0 e preserved
(s (s Mue caol, for matoumce, Wil Louwsov-conkinmuous vMogs).
However programas WA crao. on XWe  (eowt exvov owe
not veny populax, omd eror-veveny S usually ok least
aleonpted (HMis is one casl wWhere sSbhusbure -breaku
pS  waouy ke Jwobfied). Thus  exvor-elewents swould
T})e prvided o exra pomks W our dowmons  which
oawve Codpadde of comtimuous and  wow -desbuckive testing :
see  Svoy [ 114-5]

Tas top paye o weful le, cnmd i west
dhscuss ions & vequires to be treaded an a Speciod
cose. Move sedounly, & actually goks n “he Wauk
of the poudidowolin Cowdtvuchvwaw  Lolicia s MSMJer

O WMme et chaplel.
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craeTeR VL PoWERDOMAINS  AND NONDETERMINISM

In Wis Onogter  we sholl  Cownidev how Ahe Aheony
s esvemdedh +to coved towaliel process amd.  ether
nowdeteminisbe feaktuwres. For Xdiis we s needl 4o cowobruct
A powevdomain of sulsets f @ givew dowmain of
Computntion stodes, omdh UUs will be amougit e
funckous dn  domain equakions for  certiin umomsc
Agores. Unfortumakely, top & now wdb werely nconsencont,
i ockually Lecoms A wuwlone, D owr dowmams shall

M ke asumal to be algebraic cpas. We swhall
show ok e apprpnate objeds O Cousider are

profenite  cpos.

In omopres I omd I we discussed two paxvtoudon
dowmains (coukimuous lotbices), namely DR amd Pud. Tun
Medy vapatve Notbural vepreenbaions @ sets o seks of
ndees  (radls amd. viatuvals) Ahey were conbrasted,
W ok lwger seis were comnidared. vespectelyy corse
ond  belter. Blewments f RO were wsank o gve oun
approdvate  plukure af , Y, A funckiown ; Ahe lowger
e dement, e beder Hre Plltowe . Indead Ane ovder
on Pw cowesponds b the ovdorvng of Ppavtial fumctious
by wuorance, Wi e  veals, onAhe oher hamd., the
oojec 0f v calowlokion  As b cut down e wienvol
wklia. which e destred  vesudk Lies.

In gevral win  clisbibutive processvmg we wmay
edher hane Me towks cogperatiy o te us weore
Qloout e veasuk (soy by provding volugs @f @ fAunction
at womy poges) ov else use dhewa to  provide (Wopetullny
consistenk) nformakion OJooEu:* a.] Stng be dg::\km In
e exended Veision o s [1982] pasper, & applies
his  nforakion sss*ow%\ fomaiodnon  of MR ol,owitgi/\
covcept 4o AWRLE Ao dUustinet Wdevpretotions. ThWok
fovwmdokion Wl wot be discuased.  Weve, amd we shalk
concenv ouxsdwes WUW Xue  cogeeradrire ivkerpretaunion;
e sowee is  Puin (1936].

Rk cowsider oo lamguoge wWh o zardetervmdustic
ranch .
<ewd.d =< Tdeds z<BxpY | <omd s<cmay | if<en then <cwdd

elsedomdy | while®prdoGmdd| <cmdyor{Gmd).



Now ek

P| ‘—"'r%::'l-' -

=" %2320 3 whilex=0dlo (xs=1 or x2=0)

Pa="%220g y2=0 3 while x=0 oo (xs=1 or 5)::5;*—15l
A veswb of suwc o0 prgrom i @ padr <xy>, and
e veswk seks P.Band B owe {<1,y.>%,
{ L ,<1,yo>8 {.L}u {<I,nY: new!l. Notice +hat
oo omd Py wmoy fail to terminade  of e SBcownch
Optwon s alwoups  okem : hewse e L. Ie s
Ceox Mok Pamd Py owe disktinet, aowmd. daak L
plays om  Wuortamke  role .

Asuming  fpor sdwpUcily Mok Ahe stoke s
Qivew oy MR okt ef 0. bowbiauwdow  locokiow,
x, whaidh wmay ke oy value ™ sowme givewm dowiainm
S, We wowy N gemenol CowaldeRr Ahe  iwkespretodiown
o o progroamn o e a  fumckon S P(S) frovn ¥me
wikod stoate to the b o possible fonol stodes .
L dewotes lack of terwinabion : e ocdoove Qxouple
SWows Aok ik wist wot e wealected. .

Swpese S is o fok dessin Xy, ‘e wwoe
aments ave Xuill wwa sy X x=y or x=1 From
oMy gwem  wuklal stoke, seS, e exeadoion
fotwa o fonkel- bramching  tree  Cloecowse of Awe
finkoky of or) amd so by Kdwgo lemmwmol e
kree s ettwer fivike o las am  nfonike oramda . Thug
(), me et of pesibie final stites)is eler fnaite aud
Nonemply) o~ erse. contoivs L. We shalk define P(S)
ke Me cdleckiom of such scks o Mals cone . Ib
w . ordered by e Egl- Minec ovdes

XY Wf (¥xeX 3yeY st x<y)
amd(¥yeY IxeX st xsv).
Thewm [Plarkcia 455) P(S) is o cpo i whicm evew) elomenk s
e Uik af ol dncreosing sequenmce of fiaite elawresmks
oM e fumckions U amd {3 owe Cowtlaous . However
e oprakions U (umion) omd  V (swp fom Su) do rot
comcde. Obsexrve Moy [S22] wilk 7ot do sdve

nwoling  vepresonks L,

Nowkerminakting - conpuiiiows one. ok~

WDMMG\LES, sucia b f u:p howe a print stotement,

In gwis o we wo longer have a Aok lakbce, swee
Me stoke s4o wdude evewdidvg whkich Wan been
pinded so four, WA s (owbAY o) ovdared. oy
awrtoiwmenk, . Thus we reguira P(S) fir a  von- flax lakdice .



We wauy ocowider .  nondetermi nistic pragrewn
ad o deterministic ove wlhich +4okes an oracke an
L powammeter, ie an  nSinice binowy stng w which
s wed b owblboke akt each or opvokor. A faur
ovoele is ove WA Wfiaitely wwamu) accurences  of
eoch  of 0,4, so ot P, amd B oxe wo longer
wondkerwinating . s s vafer omalogous to wolng
voumolom. Vauisdoles, except Mok we do wet  wtraduce
o wmeasuxe. . LL, me  dowmoun of  eracles, does, Wowever,
howe o topolagy, omd we regwe progrommd to e

-

cCoMbWUOUS WA vegpects o it

A See wwidh s dhe  mage of Me set of
WROWKC  ovockes umdend Sowme  Coulkdmuoud g f: LS
s sUd o W finkely gevernide’. We cowsidor Ahese
seks  pre-odaved by a velation whidh wust be vo songes tham
Egli- Milner one, but ok least as shong as ok incluced. 1o y
e wonobwicity of all fumckions of e form X U{fix):xeX}
where £: 5 PIX)), noumely o .

XSY iff (Yol sets X, §:58(X), §00S0§)

£00= Ui o) xeX 3.
Ui fovownakely [Plokicin 1 61] AWis does wok determime Hie ovdox ow

F(S), the set & fimdely qearable sulpseks, and we cnoose Ahe
weoken  velokvon, .

wheve

he Weon) 1s somenhok unsakisin at AULsS powt
dov gevexal dowons, buk we % T oul e
coOWMCkion A MR Sfusde (oze. T indumces a  owoivial)
qquivalance  veaakiovt on  P(D), whicm s now just the powerseb
(buk wot ovdared. A0 SWC), amd E comccles wida Sp . Unoler 1iae

equivalance  velokiown, eoch seb s W W &S conrex

closure, ConX)z{zeD: IxyeX xsZ<y i, so we way as
well just cowsioler comsex seks. P(D) Yham loecowmes a funike
Gpo. For exoumple applyiy Me codkmuchion o the
oloweoin 0f tuda-vodues  we gek

b’o‘
t F
N/ t\ )ka\ /{
1 Ll |

The veason for odedishing top 'S VoW  aypewens : L
we stwt with oo lottice e do not wecessamily ger owe
o e powedomcun [Plovicin 463]. P s wow a

Judwr on Ye okegow of fiMie portad orders by fw> f ao
aeve. .



Plovtcin LU -%] wow ‘worndmces Me cosegowy
& poficke partol ovdws, wun he calls FP (Msequences
of foake pavtloh ovdovs")P omd  shews, esseacialiuy,
Mok P peserves  cofiUered,  Unaiks W te (WMidn exask)
Leo® -LFY). Foral  profinice cpo, D, he chhowackedses
POD) ow e irecked-swp cowpletion Qf ke seb of
Cowver chasures @f {atte wvonewackyy seks Qf  cowupnct
raments af B, uumdur Ahe folh-Milnar orden.

Heo Men disousses seledal functions auologoud
Ao sek-Mgoretle  fumctior s L Swgldon amgl  foaike
aunol WM&WQW,&) well oS  Cowvesioun  produck
omol (I Ahe dowaoun s a A-seucladher) o weod< fesma
of Wrerseccon.Domain egussoous  (loling w WL
be soweck oy Ae wekwod of chapter I, and we
b, €0 ave applicationaf Auis  sWortly,

Now Mot we howe Umosawnn to cousider aloeo/ail
cpos vodaer Moun  “ondwuous \otkicest e wo Longer
howe cowbestom Closwre. TWis queshion Qives auoten
reawon, for chosing SFB an MR opprepvioke cabaony
of dowouns. for SwuyMa [1982] how shown Mok i
D and [D>D] are ‘ot algelovawc cpos, hen
D is pofinike. Thus ocumongot Fid suwlocodegovies

& pwfonike cpos. Lek X e o subset a cpo D omd
€UX) e sk K mwmumal upper boumds &€ X A D ;&
s camplece I whewver U s o uppn bound Qf X
Men  UZV for some VETEX). Ronolly let €E¥X) be e
leawst Sek cowtoiming X omd clased under €€, Tthew D is
Profivike UL it s olgebraic owmdh , For ewey Qe set
X af compact Aumewts of D, €OX) is cowmptete omd

€L*X) s fake .

SFP (or SFPw) s IMMen cawbesiom clased,
o powerdowains omnd Modeds of A, She t haa
cofikered, lmuis  andl o0 trwnal. doect ths stutouwve
S Vo swudaw b Mmox af TS elements.

FinalliS et us OppW Mis D e Semawkics
of o lomguoge wAm  paura UeL g .
<ema>:i= <omd> par <cwmd?.
This perfovms om axvbotorong (e leawdnig of e oowic
stoxemenks of owe comwmamd wuhh Mose of e oven
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This wmouy be acheed, oo \eefoe, wilh om owmele .

The weoungd o£ Statements  com wo lowger be
functous S P(S). ¢ excump\e [Plobicin 4-5F]), wir,
N="%203 x3= x+1" f‘,_- xe=1', rent CLLHAO\L%’MP,,PZ
hawe e Dune Wtea.wbtg as functzons, ‘I, par [}
"r‘par(“ MQWWW Swippse owr
ML) we 4o e elewemts of a dowmain R, of
reswmptvons . The execution of M on a state o edber
veauwks woa  fial stote, or n Sowme state oumd pownk

M fow, wWich Comuputaon com e vesumed , so
eifher v(S)€S or rS)e SXR . Then we woamt R—[sap(s-\»SxR)]‘

The Mberpmmb)ov\ of e der statemenks S

voxes stmpler. We  deadk | essenbodluy , wiidn, esdp reasions
oML anSQUMEASS A Chagpter wr Y, and we define
Mme Obvious  Compas(Ewn fumction +o cover Sequencing.
Tis owlyy aves  or | which watwally evwploys cwzdorn .
Thws oud Novalleaminisae. sewoumkes s cowuplete .



3.

FOOTNOTES AND COMCLUDING REMARKS

Cko:pber‘I

{. I howe wo patience, for Mose wwo clodm 3“&93,!4&59%@@%
anydiing other thom Me ratzortal vowmoer oo . In poutiadanr
3.IWs9= RSO0 = R.14. 1895 00000., .

2. In Mis chapter I sholl oy to  explain e wiadremadlicod
tewms for Ae benefit of e wbelligentc lagwaon ; e sesms
Ule poink W oydno, te do o laed. A partiad ovder <
ona s D K o velohon sugh ol @xsX for all x€D,

(b) X<y, Ys2 D x22 foc all 2,4,%ED () XSy, VSX D x=y
foradh x,0eD. A wast elament 1 © suan amak L=x
foralh x€D. A directed sec SED s A noviewpty Suwkses
SUCh Mok x,y€S 3 Fz€S Wl 22X, 22Y. The sup It
a (divected) set SeD s ane eloments VS such Ahat
VSZx for adk x€5S,0mL &  Y2X for all x€S then also Yz VS,

3, This seems to e stmndowd,, buk [Cowp VI3.3) weas cpo
for Sowmexiing €ige, and  Plotkw [19F6] calls ttan (po
(Mductive pavbal ovder),

4. & bnonysup of Jow is He sup al a two-elowment
seb: see wote & .

5. Mowotondcity is sufftctent ©f vesticked 4o Ahe dwgorct
cdements ef am  ageorac latbice (p-10)

b. Preservoion aff twop omd emor elaments (s vequived n
oter deginlcons Of Mus teem (p.32 omd Stoy p-1318)

3. But we awall wneverdheless e fveed w0 assuwme oux \albces
algebvaic N Chapter TL (p.10).

8. swes : ie of all ks ee woteR); WMLS: Me same buk
WL e megqualibies veuersed

9. Comperdicum.  or  Cowp. dewotes moughouk Gierz et al.
1980. Seveval dher owe also apnymed (A
povteudon  Scotk [19F6]) anmd. two ev Mwree Aigure vuummbsess
refer 4o prges wok  aales.

10. Hasoe bae” aof cowpack walgiloouwwoads .

. Scotk's vefotamdakions owe  legiov, amd  vewy difKauddk to
velodr 4 ove aumothec.

2. 18 X s o et Wh  maeve o one lement, there s

"o bljedbon beaneem X ond edmer ks powevser (et
of subets) o Afumchion spad (fumdnions X=X .

B This ond oo Wdexr comwents oloouts Mowkoy chouns

(p.29) are  wowded o provide Mstraion.  for 4ne
y o
. T shall we bold fow for keywerms of oL +ypicok



(umnspeified)  progromwang lomguage .

(5. Almor oo Ploonic sewsel

b, Apologies to e lagicioms Hor wmy lack of  respect for
cownor.cimvisvn !

Chaptec IL ,

1 The computer scenlbscs Seem  to have follRdl to graop e
difference , indeed. e wWWIL ponke o A -~caleuls |

2. A operakion LMl ymodemaiiiuons cowoder too ol
10 e wWordyy of a wowme .

3 Ove wugitc ve Hfomivem for Mnliag thot Camhridge CST
studenks wwte dissertahlons on wodaing else.

4. See adso p,20.

5.1 sdll vemon umconw weed of Ae cownedmiom  loetuicen
ot Meony (amd Pw) and M2 A -caladus .

b. fhis seems avtificadl amd T dewb lelieve (-

I . Heace A=grapn s it adjownt o E=fuwnc.

3. e p.8.

9. See Mama & Snowmie [1916] for an argumenk for gptiual
foed powmts . Thedr exaumple s e dusrere soluhlon of
lapaces Qquaion: & vewy lowg way frow fis essay !

10. See pp. 45

1. See Seott [1972)

\ . radaen A —cadcwdus
1. When dealng WM categony A : daoun A - | ,
L peefer o Pk wWaps on {&Z\(g reght. )
2. int omd bool are exomples of  flakt latbees , tn
wWWelt xgy D x=y o x=1 oe y=T,

cvaprer

1. Mags are on e Ague v categowy Yweovy .

2- The ovws An- , AR- omad An-~lakkice owe my Own.
AT (s merely a cowlenionce | 0f Course W& s Haur too
wWeakt 4o be oy kdnd of wwdel of A-colauus.

3 Write CL and AL for e Catagovies af cowkimuous
(vespeckively algebvoic) lokices omd  Lowwson -coubnmous

k. T'wa o Udle umcertain aloout tis.

5 Tis willk be relewamt W ciapter VI .

b. My gues s ok s wll werk.

1 "D’ Seemg v be e a piece o foliclove than e nowme
of oo powtlowdon (lodbice ,



8 for (@) :X—=>Y, e X2V omd @YX, Pomd @
sodasky Pv=1y and wpsl, W Hom(Y,Y).

S. Ak Wil good veroowm, for Tumck preseres 0 owmd o
thS wklal doject s ULeAess | ,,

Cnopter Y.
1.1 were Weg e wdudgenee af the Rutll exouwiners, Who
ove wwWxad 1o cowsder MIs chaprer on gpeadix.
Moweved T would e a Pty to buld up ix dreovy
oMd wot see Wow s used.
2. Requiescal W poce .
3. ditto.
4. I afraid Ive weaked +he velevamk distinctions vasher
pooviy ,
50§Ooémom weovrect wse o the wovd .
0. He explains b veny ‘aadly .
3. See, for exammp\e, Toxlivgon et ol [1982)

Chguprer VL
1. One wany comsider om emcle as o nowcowpukalole  Ruction ;

Mexe & a theony of ewumeroxiow.  degrees [Scott 19%6, pp.
525-9] wwidn discusses how wvoncovmputaldle oL fumchion cown be,

2. Ploricn , however, shows tiis wollow to e Wadeguoadte
buk clogs wot give o. owbon 4o ML pProblemt .

3. L hwawe igno ol cowdinality cowndealions (Repp. S0

4. Wln dhie apologies to  Peter omstoune !

5. Phew,

Rewmarks

I oMy comsclous A Mis esmay of hawing attewpted
0 cover seveval wajor oweas of  veseoach WM ot
Modhemadkica amd Cowmpwtr Sciemce  without \aeing alole
ko do justice o of men, I hae odso braunggressed
e bragicionad bo les logbween Ahese baw sulgjecks,
buk for s 1 wokke wo apdleay Since I refuse +o
orﬁvconuse oy Stgigicomce or Mdse ey QALmrsirative
WVSong .

Howwg drvawon. e conclugion, Mok coutinuous
mmis(wm were, opres aé.l,,fr\/\e roison détve of Alis
essuy) are Wouppropriode rAHus supeck — bop an
baun diswmussecl oL a muio(ematg? amal algeoraic
conliciour howe eenm emplowed W place af conbrnuons



ones — it Wy WU sowme justiakion be avgued Hok
ey vawe wo place pthe tille . TWis wouddl wot
however, give due credit to ter place n ke Adirtony
of e sugiects , or i s fuwowe developwment . For

it wos, after all,  Scott’s realdsation Aok wyecbve
T, spoces (amol Weace cowkiaous lakkices) haal suidalsWy
SWMOaL  fundbionSpaces Mok emadoed wodels o

be HJoumd  rabwrally Sor Ane lowloda - caleudus  amel
hewce  providl e pgebus $or a maltcmatical
Seamomeics .

As 4o Mme  disktiaction  lebween  algelradc omal
Conbimuous \akbices, e cuowe o e fotwer i wost
studigs S o s \owgely W vesulb of o Zecssccal
W‘L&WWMWIAWI{[.I&
S cgon Mok WMe  camtzewows condikion Wil hhowe 10
be vesurreckted n some form ‘o deal wwh D .

My reabment ef A-calodus Uan een quie
WMadeguoke, amgh A powticudow there has  aeen wo
wme +to go deepwy wWwbto e wwodel thieow of \E
or to Cousder te wevke of Mowbn Mglamd  w k.
My nchinabion Wow b@in towpwdS omy imkerescing
category Magocy wWwWiin Coun e foumd, andl & s dawnr
Mok vt s yeb o e dowe W the study of
Kouwrouwlowam coklgovies, filteved. colmuts anmd atso SFP

It wao wot reallo.ﬁ oM to skvoyy o wdo
Cowpudnny Scoawvee, cd,dwwg\m wz«mal semoumbics o
Prgeosm proving one  ackve omd infesestimg  oweow
af curert  veseowc with obvious applicalions AW
new tecmolagy. It woldd e  MWevestivg Yo seka
ve-applicofion of Mese tahnmiques to Masemokics
wulL o Wew 4o e cowmprehewnoon of sowe of he

ML v ald, T bust Mmakt Mmse wn eacn of Mme
owgas Qf wwian L have gilvem oo clumsy discussen
Wik dreak AWis Swivey with e sywpodyy due in
cows\darakion of fhe lreadin of Mme feld amd e
pasicity o Mme Qme owadlalole .
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