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Poul Toaglor (TAixy)

A oough  wndestowmding of  Lineax Algebay s
escewlcw& —ﬁv almost lorouncin Mathematics,
w»&% %Q-CMMAM

wmmvw:s aww\, wmabvices, but MdAs counsR

Ses o Coommt‘e,fm,e appvm.dﬁ.: ovue
SAM'M vealies that the Sugject s easies
Y owe dreads vetols ab adestrouck pouat " entities
rathes ot a0 Usts af  wundoars.

A Vel spoce  over oo fieldd K (wmdnyouw\a%
alwad LA AUES couwse  asdume to be R
alougW You Wik  grivt WL \understoumding ﬁ
You edpeviment widh ,say, K= L0, li ound,

omd  wltipucation modado 2) is om Aleliam
goup (V,»,0) (wweve O s ke zero Vector ownd

* s vector — parallelogrowm — awddition) wuth om
opemtion  *: FxV o>V colled Salar wwtiplication
(dout conjuse AUS Wi Me So-called ‘“scalar product”
w e Midaeman Vector Codalus counse) such thak
A (z+y) = AX+ Ay , (A2 A2 X ond A= A.(u-x),

By Q. swospoce we weam, o suloset clased wmdesn

addition omd. scadosr mukplication by elewedts of K
(wcwddg O, © Kk alwowp cowtuuws Me zero veckon.
Gavem. o ax\m,tm.mﬁ Swloset;, Me  sukespace spaxwsd
by w e smaU&t'swasmLe,ccme\g 5 o ‘
owsstivigy ol o  vecknds  WWdn  way be  xdpresded
as (fMike) Waar cowbingoows &f the givem eluments,
Me enyky Set spams Me  Zoro SwkSpace, {0§< V.

IS Mme suwbspae spovimed by o swsek s dhe whole
Spoce we coll W oo Spouving et - A swloses wawich
W SWoA Mok WO proper swoseb of it sboms he
wWhole of the swospoce wwidn & does v saudto
e M%Mw equivakensty, any  velodiown
,E ‘fb(M A, X+ QX t . . FAnXy = 0] wWih X: duscinct
xVQA/L Set VMMSV W@O‘a‘-—az - =Qy-
lmeaxlg u\dwdmb Sppanningy Set s cauaota
aois (or base).
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A Vector-space Wi oo Fvute  Spuvgy sebt is said o
ke fwely-geneted or of finlde L meMOYom, 5 tn
Ms come we way chotse oL swaseb wwlem 1S
aloo . Dowly Wdopeudout , ie a \aowois. Moveover
oy bwo loones Wouwe the  same viurrber of elowads
s wamdaar  bodng called the duimension of the
spre . One  freouemtlyy wambts  to extend o givewm
oy ndependank sek to oo lowils . . choosing
VeCko(s Avowmn o paxbuddow spamming sek ; Alus

amd. dae Fact Mok a laeeowly  ndepevdeut set
s ok WMt a8 lowge ae o SW\L%)SQLC%OM
W e Wuounamie of  dimensdon follows  ivuwmedioteiy)
axe colled the exclhomge lewmwar .

We dofine a Lweaxr wop or vecoc-space
howwmof pwem, W Me soume Woy D we did
WA gowpes, amely ad A& funcklon  presenving
oddicdon and  scodaxr  wuplUcakton
(A%+pMpy )t = A(xot) + k0 (Yor)
& byectwe lveor wop hop o e Wazowr wop
omd s called oL soworphiswi. The omOoRe  of
o Ungoxr wap s a Swosoce, an s its kewnel
(Me 2k af elements woppg to zevo). Wwan you
solve oo howogeneouws  UWagaw dlffevential cquahon
(A LG Systews) , yowve Hfonding e kevmed
of o Woxr wop fom o manibe - dimenslonal
vector-space  to  wsel{- A portont differemce
bebwden  veckar-spoges amd. growes 8 thaSs
Me. former cane eveny sSwaspace & e kewel of
swe howwoworpliswt , amd M  foe wouces 4he
Meovy wauch,  Somuplen,

ome waoy ddine oo bowe as & partiadaw isoworphim
Yebween KYV  (for sowme v, belng the dowens vown )
amd V, oy  (1,0,...0)>e,, (0,\,...) ¢, , &cC.
Ahe cooddinates of a \vedtor wrt o baosis dre
then @ssencialiy e wmege of e veckor umder
Mis  ssmovpwemw . Given A neowr wauo UV
beoneem bao  veckor gpaces , with bases e: K"=U
omd KMV, we ok a lnear wosp A K'-3K™M

compleang e guave, o
Az e whidh & couled U <= K"
e waix of Me Lineow “\lr b A

Wap Wt e kasgs e,f.
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¢ K"
I§ we now chowge o oces €, f e Rp
we. have isowmovpisms (tnvertiole u “— K"

WMabnces) P=zee™: K" a2rkK™ ond u\L JA
Q= £ 4 KM K™ omd R madaiX ™
o o wyt (e,F) is now PTAQ. vV <F ?.@

Note ot if U omd V owe e Same £ W
space we Wuwe e=f ,e'=f'omd P=Q g me lase-
—chomge P om  endowgrppisms U —->U is PTAP.

™me dimenslons of We Wwage omd kemel spages
of o Umeay wap ovre collgd s vamk

N vespeckively . The suwm of Ahese s the
Adimension of e dowmain space. TwWis wmowy e Shoum
by extendig Ae Muese mage of a kaals for
Mme wmoge 1o a kools Pr AR dowain, or lse
as o mwmeddate conoegquence of 4he isomorplswm
Meovemt Mok m a2 dowm & kerose  wnere e
deine MMme quotient spae as e set o cosets
WM e soume woy A8 Por grouwps.

Givem Wo veckol-spoces, we way pubt a webor-space
sbucbuve owvi Aedr cowtesiom produck v MNMe Sawme
wWoy an we did with guwups. Then U «wW-U
ARW-=V owe Uatow waps Ihere B a UWwowr wow
©@,fr W2U*N by W+ (wa, wB) so Mat UxV
is a ‘pwduct”. On the othes hond , given y:U->X
omd & VoX we dhso howe y+0: UXVX by

(U,VI) uxy+vs so UxV s ollo o swum , omd

i's woually wittemn UGBV sie dimUBV=dimU tdimV
[ s cleor Mot K"OK™zK™™ omd you com prove
v W general woimg Hhese properties Of sums ownd
broducks amd Ahe “definibvon f @ kowe aw an isowor pusm
Ve kM1 U@V is Mmea colked me divect sum of Uewmd V.

I o veorspoce con be eprexed an Ahke dires
sum of two sukspaces Ahen dhey nkersect O e
Zero subsprce oumol Mmedr  seb-aeovelic Lmiow Spoms
e spoce. In s couwe ey owe Soud 1o be
complementony ; Me  comwerse oloo  wolds . However kewoue
Mo e complewment of o sulsipace & T uwmque
(conpvdor Lines W e plave ,IR*) anmd e converse S
not e for dwiee of weve swispaces. A cowplewmens
o U Sulspoace S Sowmorpwie  to ke quotewt space,

o fock Waon s afren usdul |
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Given oy two  veckor-smaces owr ol guew feld K,
Me  ocolectionn of Uhaar waps Avomi o to e
oer Whao Ane structuwe of o veckor Space oy
pombwise oddition omd scaling, so for ap: XY amd
Ame K, xeX we have  X(Ax4fif)= A (x)+m(xR). If
X2 k" omd Yek™, o omd B owe nNxwm walnees , so
ics eaoy 4o See. Mok 4he wadrices Wi 1" n ex
o ploge omd 0" esewhere forme a bowdiS, SO the
dimension o HMis space (whidh we shall cald (x-Y]
aMough  you wil find  othérnames sudh an L, y)
omd  Howm (X,Y)) s  dim X.dmY

In e speciod came where Y=K (cowsidored ao a
one - dimevsionol veckire-space) we coll X*= [X—K]
e dual space. I¢ X s . Fiaite -ddmemsiovod
Mem A X*¥ = cdim X, Hv givem a kodis (€ .-..enm) for
X we difine owe (&i--»8n) for X¥ by ejg;= 8ij;
however U we chomge e  kaois Hor X by o maknix
A, Ahem M bowis pc X* il domge by X~ so the
somorphism s not nadwol . for exowuple i XeRS gives
welghts of apples, bomanmow omd cherrigs.  wwithn
we vuighk Uy thenm X* represents e price ber pousd,
o X*2 R bub Meuve deorly wot “naburally' isoworphic,

I e fonive-dimesional cose the dowde dual, X',
is vorally  owmorpuic 4o Ahe oviglnal | space, X .
Degine @ X2 X** by x> X, where X XK Ly
o xot.[ Itk oo to Qe confused by these
cowolved dafinitens, omd e \est woay ‘o wdestaud
tk © t0 Q0 Hwwgh Wk WA dhogromms srevod  bwvex,
vememeerng hod we'e pubs MO Mew sbucture ko
e spage: weve juat tuwned it wswde-oul twice! ]
In goneral Mis “gives X< X™ ab o swaspace,
bur I /e dimenalons ot fule ue know ey ve
equal, S0 WS oM isowmorpwism .

Giving oM omorplusw ! X—>X* s preci uAvalont
o g a bi\x‘;\w form P Xxx-—w‘é o»:,% faq wneve
(Axr Mq s3I E= A (x5, Y)P + M (2,,3)0P omd Similonly
4or the second  owpumensc [You wouy howe wek sueh aing
i coovdinate geomely foc specifaing  cowde sections].

A S0 8 equivalamt o nowsingwowity of P:

(x,3)§=0 Joralh y > =0

Rr we cdlagine (,P9F= x(yP).
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Me seace ©f billaeoxr waps XxY—=>K  (or —>W)

S Q. vector-space.  in Ahe  Obvious vay, and (il
A X, dimY<oo ) (ts oimension is dim X.dimY. Sinee
its a. spoce of wous ko me grownd field K (or R)
We wight &fect  to ke Me cdual space of
aomediing , omd mdeed it IS, namely af Ahe
revsoc  praduck , X®Y . Twis wil be cowstmeted.
gmeral W MR B Rungs and Modudes  cownse, bur
A e fibe cdwensional se (sine V*E V)

W is [XxY—=KI1¥* or, sine weve wok fomnug&)dq—mcd
Xxy-K], s [[Xx-2LY-KII=> K], The olmensdn

is dimXdimyY, Whemce e @ sywmbol. We also
have [X-Y] 2 X*Q@V . com you comsauct e wolwral
bomfph.&sm?

[(Xx>X] has wore stucture oun just a vecor-space:
e cowcposcdow operotion ( o™y g_(»—»(x_cpNJ) makes
w o ring or algebra. The nmulkipicatidon (S obviously
owsociokive  (buk wok comwukotive) and  dusoiloutes
over (e s neax over) addition omd scalaw
mudbpicoion . [X-+X] s e ving of endoworpusms
of X and wmony e watien End(X). Ib covesponds
precisely (WA oo given  onotie of bowsis) o ymauaix
vudbuplicolovon amk. addikion . Twe cenbre of tWis
ringy  cowsiste of Ane  scalar wadalees, A witmAeK,
The ~ Owerblloe. eloments 4orm the geneal Wnear group,
GLIX), wnder cowgeasition .

Given o wmop UV et s clualmapoz*:\/"-bu*4
by V' av’ whee viV2K amd av:U-2V—K.
Wt purieuwlor bases , e wadix of o s the transpose
of ok Qf a. Awy HMeovew cbouks vecto(-Spaces mawy
be btramslaked Wby amorer by veversing Me aurouws
and puting sk on  Agp (ob \eoot, suitalbw) Werpretal)
The vomk of o is equal w© Mok af O,

The sdunion 40 o suygtem of siwuaneous lineonr
QuUOKKOUs  is exoctly equivalemke 0 aokdg Whedes
o g\wew potnxw&\me vamge of a lneos viop ®
M S moane, 0 how WU WWexse i

W oy, Lee us dead Effws With  wiqueness ow %e
aumptn thob o sowtion exists. Clecw& o xel
sokisties xA=b eV wher o:U-2V Ue ker o
(Ge  QI=0) hew  2=%+U also sokisfles Xhe equakion,
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s wigueness s equivalamk 4o keca =0, so
() = dim ker o = Oomd ri)=dim im o = i U

for existevce, beima U Me sukspace of V sponed
by imo amd b togmer s the some oo drol
sppid. by M & (nomely wm o itsell). In €Wis
we wou reploce wmor by a S[panving  seb, sSucth as
e wmage of a  lawls of U, in coominote
terms twms s glvem by MR set™ of vow veckers qf
Me wmoix A of ot . Meving ewbrely to oo waadoAX
descripton , Ais sy ok wme vomk of (Alb)

(a empovravy notation 4o+ Ae wmaknix obroumed
by agdjoming b as on edro vow A)/
which s the dimenstn of me Spae Spamndd by
ks Mws, s e sowme ao Yo o A alone.

I Me domoim and. vomge Space hawe Me same
dimensSion (e Mere owe e sowmme uwwkaor of uknwowns
amdl equoldlons), & Sobudlon exdsks  for aM  values
e Wage W e s uwmique , & e wwop S
Mvertible . Taus I youw kvwow wese Wil

( found woing "Minoc" dueaminonts  or, o waere
efficlently , Gousslom elbuunokion) Yhe vamigue soldow
mow e foumd . Weowe legk wowWi e problam o)

Inkuidvely , e detevimunonkt of o endomovplism s the
Aackor by wwmh & chomges he wuume of oo hyper-
-powaolletopiped. Spomned. by any sebof v vectors (wheve
n is me dimension). We shall , W effect, swow Mot Wis
s Quandente ™ o abemaling orwme, wWidh s the
definition. we use W el SWe ouwnr  wwklvoktion 18
resonted bo Vector-paces over R (s@ Ringo &t Madwles ).

Tv s wmwediotely clecr Moy detl=1 omd detof =
detx.deb amo ks wot difficult +o see thak d&&}o
W o s on auoworpuism (e novsingudo). Thus we
hove owly & devve de usuol fommudo [atdowgh we've
cheatRdl on sowing Uss well -def ined].

lebs chhoose A portdcudon ovallelopipect  wih nonzeo

voluwe ('\Zo.bE?{S) m%‘m wages of all_bur ouwe
of e Veckers, Vowyng e  rmainiml one. In ®@wmms

of WobAes, uk Sl considar e detewiwmount OO a

funckion of one vow, e Dihevs being fixed.. The
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imoges ¢ owr hypevpowallelopiped  under tine endom .S
Sown s Sfomuly Men cdiffer owly n e lengtih”
ond. when plaed end-to-end  give wo the wnaQR wwmdar
A sum . Tus me dadRmuinoms 8 Laear 1 each
row sepavately (amd we oy &5 waklineor n 4he

. YOS ).

Now ¥ we o our vavioble mag to cobnede
WA, ove of the AHfxak ons , e detemunomk  Vouwwshes.
TVWIUS WAt ML vow veckss as V... -.fw, we hane
w(r\) !_‘,,!_’“3,,..\‘.')=0= d%(\:‘z,!‘z>f3s--- )
amd S0 sinee we hawe s for any (g;) and usiag Uneanry,
0= dﬁb(!‘.‘*!‘uﬂ*fz»!‘s»--- )5 M(ﬂ, "\>r3)"' )*‘dﬁecf';,ﬁ,,v‘s,... )
+AE (0,3, ...)+deb(r,,r2,r3,-. )
faus  OdEECA N M- ) = = dek (V2,05 R,ee- )
Swowing, Mot LR wlst cowowddr gigmed volumes onmd
odered. - wuples of uickors. Twus e  debermivont
s altemoking,

Now one wiowy eanly show ok there mhjwk(g)&mtg
ivdeperaait alrernoting K-lwewe fowms . n dimensions,
ong n porbicwoxr owly oune n-linear ove. Twus we haue
prescvived  the dglemwinanc wuquely Since we wout
adet 1=1. One wmay then caladode & v W usual woay .

(Wren resiced 0 nonbingulow emdlomorpiisms, te
determunank s o Qrowpe Womowmorpism  GLIV) =2 IK
whose kemel, consising of e ondomovpnigws (or
ces ) of wunit determunomb, © called SL(V),
e speial lnear Qroup. As prevdvsly vewowked.,,
Mme cembre of GLND  (amd oo & SLLV)) cownists
of scalow wmadkvwes, omd. de quotriemts of GL(V) omd
SLIV) by Mmew cevkreS cwe of wnkexest uvv  groulp

agory  omd  projeckive geowmety, being called e
PM&MW\‘% specodd o growps,
PGL(V) PSL(V). Like An, PSLW s uswadly

siwmple (has Vo novkivial vovwial sulogrougs), Qi
o::twiy\olepwdw\k veaov.  Jor sbudywg the W




