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tC ota€ 6rci& /€ctars aA M hoi"t'tr" t .llf;rRPS
,inu ,{lrrvL Go lAb a+ wta[ffi.

A v€ctof spg4g o@r q- ti.dd K fuuil*t J9t^ r4,rd.l{
aUapa trr- ,&rf, c!u/g, q.aaulaC to te [R or d,

alfuwi^W Uor{ W*,t @,.iA lvt va,nd.e,r'.-s@.*d'iaa iS
wu e&eni,ntunr u^t4^ , *^1, K= ;o, t I aa/\d 

-additio't

;"'\d irutt{rt,iccrttow @ulo ?) [s a*v HwJiarl.
6ra.lQ lVr+, O ) Lvtvere O rs {h4- ato ve6t O'nA
i d ur,ici. qre.{,! - auddteio *) ui*l* a.r't
operatloa ., ixV -r V" eaillA s&lat Mtl)Frrrttalbq.\,
Qo* c,onluap- 4,rrs w*rn, .lve s6-ezJltd, '!,coja.r>tdJt*'

i* tta tUcnqama.o V&or cetc+lus cocrse) s^d^ .r1'z.rtk
x. (t+1) = X,X + a ,y , (A+1,*\.4=Aztlt.E ^r,A 6P./= A.9u.).

B9 a', sl^b6pg€g t^Je vu€dfi/ az sqlos€f d6PA" \^rldec
aIA;Ao'* 

-ottvA 
scdlor tlurttip icalaan bg eJsnetls o9 K

c inardanq o , s te a.0u\lugr covr.Eriu ,jye- 4ts vectot-J.
@1rrem, oerr,- arUimr^vt Sv,leh, +1/\e. sulcep4re SpA[g1Ed
b$ it is .rte, owrhllerg s^taspa4/ auJroitU4 

'tt,

oilo'rst[,ag oL .{^sy,- r€clacs (rjhlcf^ n^44A W- uA{8Ip04
oA (fil^ita)' uirunr oou,rloivro/dow of, -the aLy+ e&J^/@4ts.
+\9 €r/u?tu Se* sF,3,ttrs ,ll'te- Zerc, sules@t loj € V.

$ X!\9 sulosmre spanng4 h4 e -sJtr*: lS {^e s.ltaoto
sEnrr- L.F- c;r[ ik a- fng,irtlao-Sg!; - .4 sqlo.ets utrich
'ts supln, /0^oJt w prcper s\{tos€lr + its sFa.vr.c lltg
uf^d€ o$ +1^9 S;.l&liW,n r^ltpdn- dc' drp! 

'rS 
Sarll.to

w @ul-}df-po'ar.ll'r i eauivaroan\, ?a$ rets.bio,,r
4 *rel;* 4,I,* az-z+-..*4nxn=o' ,a*- x; dJsdv\cb
gV,,rf€ul*S q[ kle q\uQxL d vwt;rsF lnst€U'qt=Qz-. . -=4r.
A tinort4S' t^age;ral't^E spa,rnnimg 5€.b \'s co,tl-ocL o.
@li's (or boce ) .



lLlr a.

A vector-spe/ with a, &rnip sp^/uftzrg sel is eid,ts
be {Uglg:as6e@ftd o? al @; in
*lr.j6 @e, .te w@Jl &ro6.o- ot svtlaeb t-rltaicrn" is
d@ :D^{.arlt,l, Mdipc"adaut, ic a- taa@is. &preoveo
aA^A br.ra Wtab l^btg *'l'4e, et f-, wtfrb* ol eJga^aE
A^E ,N,r)^^J4r to.eMg cdJoA 1be, MW ap t'{^€
sba@ . O^e. ftlc.,4r/.,i('Jg Lda/^b to M' o" qi\^aq
d.^tAlq haoaie,naut 

-se,t 
bo e l@@ns ": . cl^@siN^g

UeatD(.s 'fvrowr"'a FavHr,uta,rr spa.rnr,r,,ir'tg Se,t ; ,'t'laiS
ou'\d, 4^e lag <l,\ah a, littcgtt4 it\daJP%daab seE
is a.b r,nrcsr at latat- ao o, Spar4rtr:n4 gf Clnva
utV)iln W,e lurvnio,np-" o[ drir^rrnoiU", &t.I6lus t/^il€d,&Udg)
o,ro cillA, &e. exdttan& lelri.|v,'s--

W duti',re, a- Ot.gr tno.p- or VeeJoe-E5Pa.csL
lr,ourrnvilorphlEgA r,,t *lrg sr.tve, ur44l a ,*e- d.d
;Fil il'iufE (w)Afjq oa o. {^rnZeio.n pnutvi,4
a,UAitctoi, arrud scrrlatt nrtrfripQra-b0oa'.

( Ax+pJ )or = A(ze') + P (yoa)
* bliecrive tiaaar nroB ho.o a"* iil.lere 0Dnaerr nlaa
a^^.€L 

-b 
cs)lld. orn- &dwrorpaisrnr,. 11,\e- ,lM.a€p o+

a. l;",^Po{ yraap is a" s*rosFare, t @ es its wr,rene,,-
UV\e eb o+ Abr^PrlB vtaaepUng b zuo ). hJVcu- yo-u

. so(u€. o, ho*,rnqengorra 
-ti,4faf 

a'Werc'nx;ay cqrro.rfort
Cin Li$arr Sysvdms>, yorl're ,$)^drti6 'U9 tce"rnel"
O[ o- tr\Alarr- *ra-p.Flo"w o]tl- 1'4&\^ YA-di*teenaio.nal"
v<r5r-s?qr-e bo it€€r{. *u- JrwiorEattb di&uerg,
\lp,cu,J@A V€c of-sDaces 

' 
e^A. Oroqas is 6tg.5- in

\be- .$t,vec @,e- 4)q sujasPq;€ B tl€-. @rtveL o+
€3v!@, h6t(^rr4 oflpvri.swr" t & {,q3 4a{.b u^alrees ah*.
+1/e,clg vuucfn SM^Pt€f.

Ovr€, wvq do$'i*e o bp'az- aa & W)tUir-rdtuf isonrorplGrrt
;AbUen K\n L{or sov,to tl\,ler}l$ +|ureda:rnennnon)
arld'  V, tog (tro,.  -  -  O) ,4 €r ,  (Or1,. . .  )  t -4 92 ,  Q&.
.$c. egg&li4glgs o$ ,.*."\€c.tDf qrrF a' loo.oi's dtz.
rv@ ffi\ dd"'ft,tc,qe o$ yae ve.cto+ u$dc/r
,il/is lssvvrovuhii"rn . Giv+.* a. tinear flq,p or: U -+V
beutew u*o 

'\rector 
spac€,s , t^ritl^ baz4s 

'e: 
Kn?3,U

at^d {: K6 eV , de 
'lngtlc 

a, Vv\Pa)r w\.anP A: Kn+Kin
cowrptefi,ng )+re -s?uare / I
A ='e,,v{'r, ohiclru 

-tr 
%iJf€d

k6,s ,0A4h^X o{ l4^e D^ear
wrcp=W- vhe macs c,f.

u
D(l,

v

.-9- 6'n
ie
v

T Kw,
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(-K'|
J{ qre netrl chilAge .6 .b/vs ei,ft . . / f e
[i t"or- lsor^1or#^bvras (inuonta.to@ U < ['n
ryU,tnt^es) .?= e'ei-t: Kn g K^ o)'d u I 

E 
L,a

8= f f'-r: Ksg K* oo+d ae. walzt'l Y. -_ ,l-
9{ o- "t"u 

(e"g) rs nour P-|AO. Vl? 
T"

No,te,ttnaf U U crild v axe 4^e g)Ne' J''\ *wr
spoc€ roe vrorc €={ ,gt=!'6t&, P:6, $ X14e )e.e-
<hqnaP Sr a)t\' €4degnf@sr : \,t -+ U is P-|AP.

tlng dA@raioy\A of .lue iluge q^ d t<e{ner sP4ces
* * liA"art vr^qp 

'o.)re 
cdJet its @ cu/\d

,gdegg AsP€cS,/€lg . ft,c. swn't a$ .lhAo.' is {t^e,
d.trirerrrsrp* qg .{^e. dc,,r r;ir s?a@. 'TIII.s vudf4 bC s\nosran
bg erea^di^€i -tlne. lnuene- 

'h^r-4e. a{' L balris {of
,/ftie- inuAe to a l@(,ts &t .&e. doruo'l)^, of else
aA an^ 

'intu,rprtiatp- @ll.rr4tl9rr€- -o[ I1^e- isoru.orPtu]r.t
l\wan lVlo,-b i* sr c'- dowr * rhr.e:oc. ktll€re. uJg
dQrae A4/e. qu,otiernf spa@ aA -4ie, se,,'c4. cos€ts
ir^-{^€, s$^e qu'{d aA $r groups.

Gr\reM ,tl^fc V€cbOt-SpAa6, Oile \aaJA 7(J.-E, a. t/&W-SFe,

Sbnt(tur.s oy1 'll^?b ax?si.atw ?^dae h" .t1/19 s4,wr3

wat aro we d;d w-ttl^ €rcq+s. ther i+. or:W'+U r
AW+ V @(2 Wtoort \4 apa llr,t'&. tS 4 l'th!A'r tnna,(o
(or,&W+U*V bg WH(Wc,gF) e€r*ta,.UxY's "o "taredflct'r. 0*- tnz o{W Lqx'd- r girrqt ry: U'+ X
olrd, 6:'V-+ f uz de Wue ry+6 : UxV-r X br1
(lr.v)r+ u4r+ y6 so u'(V is c^tb a, s[ru^A ' o\rtd
it's-- u"",ofurr 

- 
<rtvt*ta,t UOy sivl.e din UoV=di*,tl tdintV

[lUi cteor ltlo.l KneK-gKn*- axd sotr, @4t P€ve
(f in, qe^,rgral rrai'aq w.e Ptope/ti€a o{- sulax' a d
erudrrd+ afi ,ttae-ac4Cnigb*o|, e ks6e al a^,. isou,rsrCruisvrn'Vg Ktr.l uov is rt^,izn c,allQ,i rt^g dlgE-StaIA o{ U,fui.lv.

If a, vecrarrsp.cg qu, te: *WMA, qa .1/e dif€{,b
sl/I4 4 i^D sulosP4c€S )0^srr n^e4 i.Atctsel, 0/! {^3
&P subspace' ort\cf {UeDr s€t-tt/t€Drelth, r-rvdo'n Spa,ls
frh4 sFace. 

-fvt 
f&is ?AAL {^€g qse Sa,id -to ta€,

Mine@$ ; tW airrersa 
- 

aroo hotd^ . l{ourpr w)Darc
tat--ffiil{atr,rmeu.g'. qf o, <: lrspace. is 49! urt^cue
(cryroffrzt tiruA 

'in 
,tlne, pt6,r,e,Ra) crr\d. ^l^e conrffi, lS

vrc,F Unfg &. 4^r/95 o( ri^tro s,^tcspareS. A c?u^+eilr4^b
to q,, .s( fcSDaaC 

-A lSovr,r,ophig fo '{^2- qurtinrrut Space,
a, doc.e u*,tcrru is oQtem u^n|arl" .
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Giverr, axuA Rrb uect9.-sFreA ov€f, o' glvan S'€ld K,
,lif- cdt9.cbo* o{ \)w.ar {w,rr orv- to ,t&€

OI{^Er l^p ,&e stf,qa,bu,re o{ - a- v€c-bor SPArS lo9
poix.b4ttEe o.dditiov\ arrd sca.finO, 3o {o( cp: Y+Y Q^A
A,|te K , x eX ve ham 1(ec+f,ip)= A (zcD+ 7a,(*F). T*
Xd fn annd YtK-, u, a,rad p ;\^^e nxvn vudlrllEs,s
f?s eaog -to .w- +!\dr ,&t€- tilctvic€s wi&t '1" i* aot*lt1
ong p/€G, a,ttd "O" el,g^^r}^pre fitra. a ba,oiS, $ *1^9-
d6urib* d; ttzis spa.e (t^lh,uh sn shdfi csJJ' tx+1\
a./alaru4tn yol *i0! {n1d olhervrou*s'.sr,tclr, aa &(X,y)
a d 

-{-to*r 
(X,Y)J ;s d^)t, X.d,tlr^Y

Iw xv,e spa,io.t cao dhef,a Y:K (covra'v*ortcl' ao a'
btle,-ilr&ab^ar lerja,e-s,rp'te) un, @Jt X*= [X'+K]
tl'tc. gfuat spg4g. 4 X is . finlte -d,Acenoinvra.l"
IVel^ diAy- X* = &\'n X I &, 6irrera, a, lqAAis (9r..--.-ext) {ac
X ux- dAdin*.  ou€ (z, . . --- ' tn) for X* b? e;ai  -  5, j ;
hot^=rle,n i{ r^lc, d^o^rvg> rl^L Fg"il &. X- b5.-* vnatiX
A , ,1^er^ i/c, lo4ois +, X* <-^riU ctlov^6 bg X 

-r 
So ,thn

iortrnrphis"w is nntu nafo*at. frr exo.r.upb l$ XgtRf gitrf
.t't^€., u€htUa o1 a-rryl\?s, ba,na,r,roro annc! chrrrleS arhrch
ura,nrrphk bt{/ {hf^ i* tri".et"^h' l$c..Face pr -po, rd,
sle {{g R3- uut llneuLe, clcorl4 r'rct "nalilrrafqi' isonrorphrt.

Iw Xlrrl, l|uwVe-di$N,vrltovral @.e. ft{e da^l& d$'ALrX**,

e-. -;,'r[f,3r5"i:]K.j?*;.f
aL-+ fd.tl* aurr b # con$rsect bg +\?-se

crru/otu€d &fi.ni,tbns, cv^d. ^1rc, l6t ,^ng {o urdoAtsn4
It -s 

t! qp f4^itugl&.it h,[tl^ d,iog1ran:' ef€m.l tUuPS,
yevuerlrntcedr^or ,lhAl w'v pu.ts vto v1g^l sbnrc{rure L4bo
lbe sge,:-trlg've iu.t; tu,y-lrO ib iras'de-Ou.L WiCell
Ir,, Aerngcaf turis 

-givcs Xc-r fF* ao a., sutasFace,,
btr.r' { ilvle d,irnrerrrabrlS a.J&, {r/\,[t2 rrp. k*nw ,]1^f46'rg
eqr.rctl. so it6 a.rn, iso*lorphlwt,.

Gt UA ar^, ison^sphjswu 9: X+X* 'ts preigg eqrnvafcr,tr
to qiving a h!ltngf_do444,_ 9,: XxX'+K o* X , qt\et€
( 41,'* ̂ x;, y)r$ffi!16-.1 p c Et,!)Q a,rd, si}uitoArj . --6r ,ttre. saovlct o(o|ufi1p,v\l,lYou no.r"t hA,rl4- wO* sv,ehqf'U,rhq
iL cmrdixatp ry"r{nV tsr sec,t6,oi.g conrc scki.wr-sl. 

-

A be.i/14 ito 
'is 

fiuivoJ,l"* O-norrr;ngt^Iorilag oF Q,- 'Q,y)E=o 
SLa"t{ 11 + t=o

6" ue dn\irc (l,y,q: s ()g),
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*te, *ue od bl[iln€or wrsps f,r]+ K Cor +W)
is a, uecbr-sFace- trt {l^€. o\2vicus r.rsrl z a/ttd,- Ci+
drnr,X, d.fulYco ) cfs drmrcrnsicrn' Ls di..4f,X.ditnY. Sivuc
iUga"'JEace. af nnor+s it\rt 4v\9 gwu"md. ft€rd K (orR)
uje ,^^iqt^l QreDh itr tp W At"e dr^ql space. c{
svr,reXni;g , ar\d hdeecf [b is , .]r\&/ &g af 4/'E
gggC-pi&rcf , XoY. Th/rs rlilrl, loe co-urotircrzd- r,'rn
fu-o- tn ,tl^€.i9 R-,^4os a$d l6oudes @w(*r- v{E
,[r rt^e firoitn dA,r,teYrriowif case. /si*e' V#tV)
iV is _ t ixY -+ K I + a{ t s-w@. urje vrng 6o'rwratlg d+\d

yx|+KL iVs [[ X+ [l-K]]+ 61 . -fhe clirq,evra&'n
b di,llt Xdivu Y , @*ce- lve 6 s$^4fot . We dlso
harc [X'+Y] g X]8Y : corlt Jorr, crvrstaucE xhe no,b*raL
lsou,.ot-phesm ?

1y-Xl hqs v\^ttc.'. stvtc&rrrg llA&0j,r"b a. v€rff-spa.ce:
*te. cor.nteCtior,t, oPt.?3.Jrby.,( c9*V.:-1r+Qf)9_ ) naalc€
lb a,. fu oc a.[i5gagg. 1€ ruutiptca-cUow is oloviorrs\g
oroocialiy€. 

- ('buJg r,pb cpnnur&elr.'/g) oolL& dislaibutes
over (ie is d^€ar owr) addiuYbn ud scslqr

. [X-+xJ _.is t:a W:$_W:p!ilurs
,4 X 

' 
ilrC. '^!13! W. {^/dtkm E^d (X}. .*.*flpo*"ds( ru44,\ e- gi/.lvsru c,r*nks- o[ boriL:) b wsrl.X

vl4^riU{,pL(cabio'r aruJ, aC{ti,giovt . 'The- centara 
"* !^i,s

rri*g cor a\sbg 
"i 

.,f'lre ^&ol;rr ufralelic€:,. . A,l 
'atitln 

AeK,
Are- iyu\re'rHlsfile, e14tnfr/'I6 .{x*n .lr'€

CUCX) , vl^lQi eora,rpcsibiorr".

&ivern a. uaD cr:U+V 'Wre ls a dU'il Yv.ap altV*-ltf ,
bq ,;- ' r-+ ci '  art lpre nt ' ,y+K attd, d,v' :-U-+V+K.
ti#u partiarlar ba es , M vrno,bdx o{ d is t4ae Uanspos-
q&oib 4. a..A^^r. )trrrlte;vw cbouJt ve.to.(-spades vt^a-.{
be bo.nstAled iwlp atwlt.d,r by neu€rsi^A lt^€, a{lotrrs

""d, 
pullt*g sterg o^ lwv,q;tob tco"9,-s,^itor*g \,erefcd

ltte rolk o[ d is c4uat. to d^oJc o+ or.

-fhe Sduliorr b * sggtenr o,C @
qug,kiAu{s is arocr4g 

-e4u*du* 
tc .a^kMg r^rVrcU,er

a- girc,r pU* in drrp- Ytrrol.#- d a line,n 
-vr^a? 

is
ivt.[t5 

'v'v.E|, 
auttd'. q.So. ]*..*t.iWe.,np lrr^44?6

iv Lot. t*r us &al +irs$^t c^tittt viriqverrrss ow Xl+c
aaaurra^ovi* x\ah o-- sotriLion {J.0st6. 

-Ctar\4 
i$ te|']

gMs+tLs . rAo P e V r^ruprr.r, u: U+ V- ar"A devc* u
(,ie 'gor=O) - 

(1'd t= r.r g alsr eatis{i:es $,re e4rcliorl
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.tll;v^s ar ̂ 4|/tev.fS Ls equt,A.l.0,{^rc, {o k€rol,=Q r_.so
n (oa) = d'I"^ l<gr ot = Ao"*6, r(or)=dt*tir*a= di,'rn U.

(oc e>Astc*rrc, be i.wr,or i{t tUir- s.^lspqce of V sparured
bg trw u o,r'rA, b \agfugr iS ,lMc, sttttZ 4A {^o,!
$n:va vg i,rw sr tfureJg t,r,t or its€t$). .Iw dnis
ure,naaaa dptrre*, Uwor b\A 

-q- 
spalning ieb, st.rfj,r.. aA

*1/\L i,^ AF o[ & ioaob o{ U ; in onC.ivtcrle
tents tltk G givct* bg 4ie- s€r of yout v€ctsrs af
the. tuatri,X 4 .& or . rlAJvi,ng e$&ivz!g to o\- v!^Al"tx
desott"pab,,r,r{fis .sr\^ra AAar 4^9r ta'rlo< .f (4tlb)
t * @r,^t+"t^.U nobaldo* io. 4V\2 wra.cv$( obra*tcA
b\4 adi"i"I;(g b 4 ry e*tcre. rtur tt A),
untjlt" is -r1*e- divrngvroto,n 4 +e, sFac, spnnd. vq-
ibs /uAS/ is *\<, a*r@ aa td^oc ei} f afone,

I9 tfurc. d,oulai^N ou^A faen€e +a"€ v\g)e rt€ safi€'
ddumenskry. (ie t&.ete- o.ttw t(v9 sd^.r <- q*',mJar o$ udntowyts

olrd e4uArions), a, .sotujcto{t exists ,foc dL vo.I"rl€S
i'rr, {ng-- 

't^tro4{- 
i{+ iF is tlr*i+ve. , \e xlrr. rnaap iS

irwatiJole.1his d" Vo,, lcrtorrr lne inuacse vraa5vi,x
( -fevxd. uoiv\q 

t'wulnacrr 
dil*rti/urJnttnl3 or, ttttttc.th. vtlnre-

e'tP;cirrt5.rf , 
-Grorr.66iren 

etrltrinaftrn\ xtre. . N$qI^g
tt^.i!1 ue- 6^-dr. Waare, Lzgt d*l,t lA^f, erobkrru ot
drb,^f$ dck)hil,la)^ts.

I.ahritavely , ,W del&ryjrc'& oI, av- en4pp@rp-l^rsvvt. iS
4qrja'. q wh/d^, i€ cl^$,Ws {taq- Wlurtutz oI o- lngg-
-r;ailv',I!iloprpd spq.vr,^!+ bg W se|* A' .verh(s (*W{Fqfry+ bg W seg{[ A' .verh(s, (t^rttg,-e
i ts .nM cit^fl^sbn). t^le sfi^ciltr, itl, aI#LE, s\4q^l Jl'^O6 ?tlis

iS t1^€.

rs €tr/ Ullen.ts bo A) , aLU<nrOJb.4 &ntn ., rr)l,li{l^, is {lne
dffiiw';ueb,r qle ug, tw ggto'aL st/lc€, ovr n nttvottpn b
(MM 60 v@$r-Sf6 oyer R (re, Rtngp&AAdrrrles).

Ia'rs @ ^ej€ar t!^oy dfy,I=l qrd drXafi =
dt*)rot.dehF an t 

-it* vtrrF di#WVb {'a w. *l^ofr d*&+O
Pd o( is an allaworphiryrt (ie nolrsrflBuhrr). ArIs uP
h;,e ontg t" drer utr --'JL;le usuo.l S"r,"^^lro toi&ough tds'vq'iws&pd"d;" 

sta,ow*g 'ufs vtdl-dqi;,r:dl.

t€bg chd& a. harticular Vwrr,lpc"xa,UlfJ4i@ cultt^ 4p62f,o
Vo\rrvnc (v, o bh6it a$d, fr", tfure ivu,qp o$ aJL buk onA
at y|nf, V€clnf3/ vor$\r^g l0r€. @ bne. Jri. vrtuvG-
.t nla&n cps/ tr& st^alt, cmsi{do/ fiItR datBnnninaHt a.a d,
.fr1'r43kb^^ O{ or4, yerrsr the Otkers toaLtg $xea. 

'Tlrue
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