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Rudk Tayloe  (Tvinity ) .

SETS AND FUNCTIONS .

Twis s vwobl oL course on sek Meowoamd Logic = 1§
youre inkerested in ok swfeck Aheves oo Fouwt I couwse
o “he st owne  WWich s Mdapemdemk of wwast of Fawvts TAS IS,
In XWis couwse you oue  vaguived OWW o be  foumd oW Wik
e wotosion, aMiougwn fhe ocodowts of exrent [ two sets
owe equal AL Aney howe e sowme elements ) awol
speciicoxion [ there (s o ser howming Slemenss oll Aose
BUNGD WWOM  SoSHY o- gwen Londinau ] owe  importoms .

locrc: A ouwd vV or T vwob =  wmphes
S L 1S equivalent t0, IMpRes ownd v Twwpied by
SETS: N wreEeaion U uwkon A symmeonic dilleremce
N\ difyerene | relorive compement ® ewmpty sec
MEMBRSMIP: € {5 omn element ok <

< '\Scx,cwhseko{, of isgg‘vo.ktc

S is o prp swoset of-
specremaN: § x 1 pOOY e sab af ol X Suda Yok pOO  holds
(ause | or D fr¢ e coiow ]
QUANTFIERS: V' focol I for some  tere ousts 3l Mg esdso wwguely

Note yvak “g5‘ AMNAM S, VAROMS "oe...ovr bork" . Tue SYWIARKARL
Aprome. ef twe S 1S AaB =(AVvB)IN(ANB); Mme
difference.  OF cowmpiewenr s ANB= {x&A : x¢ B} Note vre
wie of o Slskh 4o Wndicote “wok”,

The sebs {a,b} amd 6,08 ore e owme, as owe {a,ad
amd {a}, kecause they have e same elemedss. The votation (a,b),
however, means the ovored poar; (@) F (b)) As a set Mads
vaouy We coded as fial,fo,il —yoin shwald hede ot KIS Was
e vequired.  properties , especiodiy T s, ™Me seb of adk such pairs
wit  aehd el s fve cowtesiam pwduct AXB. Muspe (amd odso
WMte) procuicss may adso e ¥ . A plaxion s just a
swastt- RSAXR; wvre aRb f @pleR.

A funcdton or viaR Aot A to B, writtem AR, s
2 e adsigwing Sowme elamens & B o eoch clement of A
wire b= of er fiarPb [woke xhe bwe different bypes of
auvew ] . For , O fdion s & relorionn FSAXEB suom
rrakt VoeA 3l beB: (a,pef. A s xne domain of f amd
S s ramge or codowadn . The Woge of f i {beB:laeA - f o3



For SchA, TEB wvte §f ={ af:aeS] oot
T ={ach: af €T}, buk dewk confuse the lakker wi¥y
e MV fumcdion , Wi wouy vt necewamly) esast .

I§ f£:A2B omad g:B=>C ore Awo fundsowms, +heer
Compoante S obtained by apPuying them Successiwly = aeA .
Tws  f°g:A=>C by ar> afr—> afg. Clearly cowposition
1S QASSOCAQRWNE , So (fog)°‘/\= )Co(_9°\r\), when e s defned .

We odse Wawe e ideaoky fumcon 1a:A—A by ar>a.
Twem 1A°f'= f for ald f:A>B  ama golﬁ?—g foe g:C-*A.
Observe Wb fundhions axe e some UL ey howe Ane soume

efect. [Cam you pove tvok, (fef=f amd gre=g for ol {,g ,¥heu
e =14 ?]Beware thak half opolk walkemakizions wike CowguosiHes the other way !

[The Goxtesion prodmck , XXV, has prgecion waops
T XY X by X ook TEXT DY by () -y
Moreover, of f1Z7?X omd @ Z>Y owe omyy two Amekiens
Arown oweinedr Sk Z, fheve s o umigue wop hiz P XY
Sut ox  hy,=§f omd hw,=g , as follows :

Z el
TN A

* > hW(®»=
x<|—r‘—xw—&—1—> v X ’c(z')H(«;(a),g(a» — g(z)eY
e XxY

Teis property of XxY 5 colled o wmivexsad, pwabevty . If Z2 cuse
o s property thee wadd we UMgUE  wops h- & > XxY
omd Kk XxY—=>Z swon vuok  hk=1;1Z7Z omd Wh=ley X2
s W,k weudd e md__,;;___uaﬂiﬁ wwvese . tThen e elamenss af

Z ool jwt e Mote of X¥Y wiln different wewaes, so We
say XxY omcd Z owe isowmorphin. , omdk W Muls semse XXV s
uwigue. Com youw pwove in MR some wouy Baak XY )x &
UAD XX(YXE) owe lsomorpwic fof owmy sebs XY, Z 7]

[‘]\«e empy s has a unigee wop RS e ony seb, and
oy singlebon sek, ¥ ={xi, has a uwique wagp S—F¥ (by sH>x Vs)
fom o SRE . MeEe cure also umiversal. propeddes, so Ao R and
¥ Owe uwmgUR up bo \Sowmorpwsm, bub of comse & s walque awfmxd,’]

INJECTIVE , SURJECTING & BIJECTIVE MAPS.

SWjeC&Ve o¢ owbo bijeckve oc

I cocvespondence
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3
A wop fIA—*B is wjebive f af=df 2 a=a’. fr
Me insertion wal  of a suwkset W o set t:A—>B
1S wjeckive (AS®). [Suon wioypt ore wmewme: I foi= geL taewm
f=g. Twey alse \we postinverses , s define lF Ao for sowe
a.eA 8 f b iwmagelf) , omd g=a if af=\o.1keﬂfg;-14,
but  gf #1a ; geis wot wiquel

f:A-—)B S _guﬁwu\le £ b:a{ focolk beR. Projecrious,
SUCh oS IEXXY =X vy GoYIF>X  awve swrjedve [Suen waps
owe epic: if Tef=meg then f=g. Te osdewn of chcice
Soup thar ey howe _we\‘mletses_ . defme bgFa for sowme
aek st af=b. Agodn g, is vot uwwigme. gf=la for 1a)
Howevexr L QGgu owmad g bot exist, Hiey dwe eqguat ancl umigue .

A swiecive wap TEAPR defives o pabiion af A as
o dig)onk  Umbon o sbsets B kwe fomt bF for 0eB. Write
aa’ if 0,0€A owe WAne some suboset, ie af=a’f. Then ~
s A reoxion wwida s reftesdve [ ava/=p o'val, sywmwebsic
(ara]l omd qvoamsibve Lava’ ,a'~a” = a~a’]; suam a
reAokon is  called an  gpuivplewe vedakwow. For ae A thhe set
[al, = {a'€eA: a~a’} is called dwe equivaleve C\ass of . AM":S
eQUINGIOMR  rRAORON ASKRAWANMES o powlikdon whe  equivalence
closees omd o quebierk wap T A—DA/~ by ar>lal,
Lrom e s owbo e 3k ¢ equivalomce aAasses,deactat A/~

My wop  f:A2B  way be facred oS a swjeckon
followed. oy O Injecnon
A — Imf C_T—) e

Moreover U e equivodamce velaxion ~ is defined as cdoove,
we owe  Imf 2 A/~ TS is e Firsk Somerphisw frogrem for ot

A WACUO —f:A-’B s o k_;jjecxiov\ i it & ot injective
omd swiecdve . In Xls come it is om isemorphism of sets,
AXB, ThoNivg A unmique tro-sided Wiedse, §7V, with £57'=1,
amd  £7'f=1g . Ses between whwich Anexe I a bigection owe
iSomovpWie , €quipatent or af Yae Sowme caxdinallty. Tsoworphisw
L o equivalance veAdkion, e equivosence  classes bedng,
Copes comdmnals . Noklce Mok e composite af- two \'v\Seac.f\.Ve,
AjekWe  Of bijechve wops S respecdvely Infeckiv, sur jective
6 loijeckive | owildk Aok (g = QY [ Vskoes & socws nae]

COUNTARILLTY AND UNCOUWNTARILITY.

Twe nabwal vaadeers , IN=£0,1,2,... 3 way be detined
recuasively as 0=, 1=10}, 22161}, ... ,n={0,,...,n-1§.The symbols

— —
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Z,3,R omd € arve usel o dencte e ‘\\A.tegé/(s,{,.:z,‘\,o,l,.,.i
rodcovndlds, reals amd.  cowplex nummleers. Auy secSwlion
is bijexive Wwitan [N is soid to be wuwnkakie ; equi

Meve exist i:S<=2IN or NS, Omerwise Sis uww
Unforbunatety e ierm toumtalde’ Ls aumbiguaus as 0 wWiregten
ov wWot &t exauudes fwite sebs.

I¢  Xi Gel,on idexivgset) is o fomily of countable sets, then
UoXi is comtable if T i finite of coudtable, oma X X; is countable 1f Tis figke .
Howenex Comkors Mmeomva swows Mokl Awe powefset,P(X)=Zx
of omy sek X, defnal as e set of Suwbseks of X, s
Sohctiy bioged fom X. For Yy £:X 2 PX), lek A=ixeX: xgxf}
e A= YF focsswme yeX, bub yesA S yEA, K By,
cp%'\dwv(x\g b\mxy BHER0. 1S, [R’?:Z'N>D\l. Twis cn ad&o \oe
Sweum by orher curgumentss. Also CER ows R2Z 2N .(Rnaly
e Scroder-Besnstenn Meoemt  SWoUE Bk I frASTR omd

— vy G Temas W S o — o W

g:B—>A Mmea I n:AZB]

PERMUTATIONS

lee (0 e owuy seb amd cowsider Me set 6L funckions
F:IL>0 . OnMiis Ahere © Oy lonow) _operafion O cowmposition
L £.9 owe fumunons, Seo is fogl weWit is Mx/ﬁ[(fog}Oh:fo(goh)J
omd was om idemily [1a; 159f= fela=f). Such a ting is called
a wonoid . Now comsiter Just Mhe X G= § £ 020 : fexasts | of
WVNBIAL  famckiows ; Mals s alse  Closad unmded  commpalinons, or
{fo9)” =g'of . Twis s codled 4we symmsns guoup, Ss, on SL,

I ASD is o swmet of SL, e set of inverbilde woyes
soiksing A [ 11220 st. Af=A and (L\AM, =LN=] is
closed wnder wwerses omd compositon amdt fevws oL Swlogroup
of Sa coled Stob(A). Movesver if SL=AUAU... is amy
povirion of SL, its stbiliser is Stow,) NSl )n. .., whick is
oJso o Suogroup. Ow e ot hoamdk if A, BESIL Xue sek
{020 :xfu=8} 15 net o sulogroup, buk is af e form
fH={ fif : fJeH] where f: RPN is omy Mmop wim Af, =B
andd M = Stolo(B) [of aiveaxivehy Kf,  where = Staw (A)].
Suca o Sek S colled o caset of H (o K.

2 wik wwally Wowe wore sbuckure Mo just ce o
sek, omd Mme ockdon of a gowe G on W wik induce
o alddon on Ssewie  related object. For exowmple i §: >0
Coanmd, we ok ot fx i PRI P(SL) on the swosets :
e AZSL, Afx=laf:aeACS. Twus we hove o funckiow on
kre gronp G oo Ane symweonc group of P(L), written *:G=>Sg .



AL'IS

Twis Was MR pProberby Mok (Fg)y = fwgr For ol £,g€G
oM odso (cmeck ¥als) (FVx = (Fx)7. Thaus e sbuckwe of
e qrap  (inwserses omd producks) it preserved by x . Now
sivice  weve Terestad W dus somcbwe , Aus B e kKivd of wap
we wamk , amd s coaMed a. homomorpuism o Qgrowps. Whenever

Lo g SN

GiH awve guugs, 6:G>H  oduowyn demates o GRUD Womowerpwsn
CYCLES, TRANSPOSITIONS AND CONJUGATES.

d toxe SL finbe, wWout loss af gensadity
Q=n=§01,2,...,n-13, 50 G=Sn=5Sn.Then its not difficwit o see
ot the oder umber & elameuts) of G s IGl=n! Rr
wductvely meve are £ passivle images for 0 omd |Stouog0)])=1Sm |
(This is om exoumple] Logouges heorem — see \elow).

TeG s a K—woe (2Sksn) if TUigim..ei = i=i,
omd  fixes Ane vewabung Nk powrks, (e m:ja--’j, w(aenre.
G, To, s ooyl OHe QUSEIALL . W conld wmiR twis  as
(o, T Cl0L )5y G, T 1 G G0 ) - o nes Juic D) - but xS s vother
‘Ov\g owmd epaquf,sa i seod u{e LNk _}WEC (I‘O,iu---,ik_‘),
WWoA 1S e MME &S (T1,T2/m-2, ke, 1), (l,lgs-eor it k) , €FC .
Moveovexr T'={( tx, i, --->01) owad so on. A 2—cyde s
aMed o romg posion. WR dont bether Writivg doww fcycies.

Stmply workdng Bul” Ahe vepeated Mmages umoler
welx q{_wﬁ Ppoltak Q?.Q,Md Prvaniokiont  wow e
WARIM  as o pradidc ©f dUSjoial cyules (Te the sulaseks
awe disjonk). Moveover tis s tnigue except for e ovdaer
ef ¥z fostors. You Swoudd expeiment wikh  mhklply gy
pervidDEows wirten an  praduchksel  cueles, andl  vewy Thakt

Awo ies Cowwauke [ ie =0T | W Aney owe dUusjolnk,
oA  JASO  Avark A0 (T, Yy, < T YTC = (o7, 2,1, cm e s T L)

Aor oy pamantekion TO. The veason  fof 4SS s Aok T
s acking here ke o Bowmorphism  of n to a.dAM
lokelled ~ St AW -

T L= §08,..,,n-1} — n=ionin, . s $0% 1L (1) §

M e Cye TS QKNG O (R pOIUS (i1, ), oBter
WAMUA  Frp'te rougWs DU o el od  voameshy T

I£ 5,0.62 owe lokRd by o, =T Akeyve colkd
Corugats. Conjugaty Adfines oun equiaoluss reloon
on G amo e congaiacy (eguivedane) U o
v, by twe YL types [ awe coleklon. of ovdons of
o enaths, So  (Z2eE)(6 #3(F919) (I 12) We yue type (2335)

M-t Qrowp in S,



ALl o

ErwAiodn oy sdee be wdtten as o
product of Homsposilons, aikhough, Mave ot olsjeivck
oAl dow Comwwair, amd Ahe expression Jnk  uuiope |
Howedor wWok (S WMMguR s whekid 41 numdeer of
bromgpositions i even or dd . Tve S\gn or sigwodaure
of om wem penuuliokor) CsH,aM,do_{amod.dov\e-'.
The sign of oo poBck 1S givem Yy fhe Product af Ao
Sgvwe, so £: Sa—> (= 41,8

S oo howwewmorpmsm. The sign may ado be defined
terws o e effecs of ke perwmuittlon on the rows
{or ‘COW) Q”‘—‘ oV WV'V\LTM } 2“1’5.4 aﬂ a‘,\wallzg -~-Qn.,,m, ,

OF o e pacck Ty (x; X5 ).

e suwoset A= {WeS. : T is evew s Lorms o

Sulogrowp, thwe  alfRMolNg _growp, Q. ovder %_vxq! nz2).

For n#Y ¢ is essan)c'\‘oihs e o rnnraiaal howomorpuam
ok Sn ,WWOA s Whok & mambgw%srg fnoc Aﬂcfv‘\)*u-)
is simple. [The cyome groups C,= iTweS,: =T foc some €
where TWo=(0 \ 2 ...)) also howe wo wnanknwval ‘uwmow\m@vasm
for N pame omd owe adso suwple, The ciassificokion of

all Qe sSwwpe  growps Was cowpted by 3-W Cowway and
JGThowpsn 14 21) S Coumbndge  adoouwk douF  yeass ago.)

EXAMPLES 0OF GROUERS,

If G s agrouwp we com covsicker the bijecthovs of
Grlas a set) wwith preene {he group soucture. Twese
Xso form on Growp, e  automorpuesy gvowp of  Gr, Aut(ls).
I{ you look agam ok  conjugakion (o > Tl ott ) you
Wil see Mok  AWis preseres  wweles owmcl  pveducks  omd
€ bijekive, ol vworeoveld T T gives o Wowoworphism
G —> AW (&), of wwith thwe wage S ocoued In(k), e Qroup
of Wyt cumpoworpusws af &. LA oumboworpiiewy ot af
MuE form s coded owee. Te so woppens ek S,, has
N owels  oudwworphiswis  foc ndte , amd y Just owe
for n=b (& Auk(Se)/S MR 1 Also ker(m P TP) = 2(C), e cenbre,

Consider e seb of eignt podts {(2Lx1, 1) eR33 fovming
O culo2. Thve Pemvulokions af these  oinks presecving
Skrackure cf e mbe (18 dhe votokilows Of e cube n space)
Aorn v growp, & Siee o POl mayp ve  vwoved. 10
My O (Mg Growpe TS trowsitive ), omd dhe  Cuwdoe
e pouol i oowy of tree posions Tt ove palax IS xed
1Gl= 8.3=24=4) Ta tock & Soworprie  to St,.,; as
we com See by ConsTring e auchiow On Ave four ddlegonals,




e SNWP.G. aubs w}ﬁ on
e dicgonals (ie wo wewidomkity element
oeLs as fhe dambity, so 1§ amy polut
s wwoved, S0 olso 1S sowme diogowal),
so we hWowe G<Sy ; but since
(GA= 24 = (S,l, ey are isowmorpWic .
Hence e dilogonals way be permuted
ox bl . The nwduced ackion on
Me btwo inscrived  bebmuvedra. (e foure) |
dves om ilusarion of  £:5,C, and Ahakt on the tree
quodneples af posaliel edops ome of Ae exceprioval e’
homomovphism  B: $S; owto S3. By placing & wvew
vervex ol the centre of eoch foce we get e uod
nge,s—\’w?— occohedaon, whose  Quitoweopdism  group Is  Ahen
al&o % -

wlanly , e ol ef e  cubowrorpilism Qroup of
A dodcodedron s 60, since &S domstive own he foces
omil dhe Stobilses of A face has omer S, In it may be
found nscnRe.  Rve twkedacking Cules , whake adlogs awve Ahe
30 foce dipgoneus (ivs 100 cowdplicctied 40 dfow Weve, ok heres
a weddd W DOMMS). On xhee e Qrowp acks foutfully , to
pervube them edenly , 0 G, g ; agoin e ocdor gives Y s,
SO oMy QVON FrMMDEION vow be ackbeved . The dusd  fyuwe
S e tcosahedson  WWh us hoo the sovme group. [Swe
As is stwple, Tn fok 4ve swmollest noeychic Shwple  growp (Hheve
TS o nowiviold  “coorser”  sauckure fowm  twese  culoes ]|

Tee +ebroneduron has growp S% if refleckions axe
allowed, of Just Ay W owly votatous. Ja dwe  dimenmsiows,
me rotakions of o  n-gon  How o e grouk , Cw , of
oder n. Ths & Aodiom or cowwutndive ,ie gw=hy aluays.
The growp may be waten as (r:rt=1>, maaning that
1S WQ-&% by r (e g=f’k,osk<\r\ o odh Q&G’)
Wit dhe vdatiew rt=1. If we odlow wvefteckions T+
becomes Dp=dem:irtawmi=1, wltm=vr") o order 2n,
e divedsml gwup. Note thak sSome o coll s D,,.

(Rubik's cuke hao @ gwowe 08 ovder 12127813%/3.2.2, Leoause
e twelve edges wmoy e pecwmuked omd LUped (ouwe owlyg
OM euem numRs mowy be fipped, hewe davision oy 2)awnd e
elgue comes woay ke pomuted omd  spun (bur Me +otod
Spn wust e Zero wwack 3, hene diviston by - ). However it
15 owly allowed tv Wowe o edem peamutoionef corvels omd es
(wwms indgpendont of even Lispping), so divide by R again . Guoe eaqae?é
Wil W Haak nergone oacdly dble waus of buildig e cuke,as claidmed
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GRoups AND HOMOMMERPHISMS .

(eve sem YN0k o group Conssts of o« seb G of
operoUiions, on wWWith  a.  binowy  praducks; *, ( conpesition)
s deled  suwon Mok

() G is acsed uwnder ¥, wWio s assocakive .

i) & vas an dewiny, 1, st. Ixg=gxl=g , ¥geG

Gv) G Whas Taveses g",s.b. q':\fg: g*g":—i Vgé—'&-

ThE s e forwal  adefiron  af an  alstrack Qroup.

IJv concides with owr lntuiive wowbn of & cowcrexe

baman\ aroup , kecause Qf & 'S _Xheovewn . For .
ConSIUBrC e oxiom af G on 3 by righe- wauwlipUaaiou,

e J:hvy? hg. . TWs gies a perwtoiion of G (as a sey),
so J€S; , but Cleowly J*J. £or gkg,, So 53 § ewmbeds
&G W S; as a swaouwp, swe gg, = 3j, -

A grewp homowerpwsm s o mop O:G—rH  betwween

gre G, suwoa Aok
® (91328 = (3,9 (g.0) [rerokve ko Yue vespective producks ]
M) glo=(@goeH™ [relaudve o Yhe respecdve inverses ]
&) e =1 [relosivete 4ve vespecole tdenabies ]
Tre sguivalewks covdaxion (9,G:')8 =(Q,8Xg,0" way oftenm

A subgrup of & grup G is a suses HSG wwith
(€ QUse Ov gWWp  Lnder dve  Soume Produick  Comd witn
trg Sowe deniity omad  ees) Twus always 1eH.
(1] (onttem just 1) s the vl swegroup. I H is a
Sukg@eap  (nor Just o suoser), wate H<sG; ¢ H isaiso
poped  Ge HEG), wrhite HSG. The iniion wioup TTHSG
s an injecdve hovwomorpism , & WU wWOCPRESM.

1§ 8: G oH, s kemel Neicer 8= {geG: gB=11, is e
&b of dementss (iked by 0; Mis s o sulogvoup . Ik S
bivid Hf 0:GesH s mjeckwe. The powtilkion OF G- defined
by waMiig e e Inmoge linder O s exocry (e casek
povkiion @ foc gl (weG: WB= gb §= {gheG: h8=1§=gN=~N9,
so g'Ng=N. Thws is o speclol  conditionn own the
sgowp N, Wwidh s sokd teo ke ywoowmald. Wire N4 G,
oc NQG f oo N#G. Nowe mos { omad G owe ot
vl i . Houwever beulowg ot iy HEKS G =2 HSG,
HAKQG P HLG,

I N4G, so gN=Ng foc oM g6, 8 H e e
counedidon o opleks ef- e fomi  gN for €G . TMs will
ke veperitizc umiess N=L (for gN=WN I gWlelND, ouk



Mi?
juse whke o of eacm. Now defne T2 G>H by
g»—»g(\\,wm s cleowly swrjeotiue. Cineck cow
Mok v® Wa define o prducEe o H (wich we
/N, e guotiewt gwoun)d by (gN)g.N) =(9,32N) ; you
Wil needk to use Ahe fouck ok gl =Ng. Now emeck

T is A howomarpwism, e projation wop - Belng
swrjechive 16 s calked am  epimorhusm . Finally  ohedk
N="ker 8. Hewe omy wovwad swogroup is the kervel Of
o hmwva'w':sm. ~

As we did wi  sexs, e &:GH s ovwy
Wowmomorpism, with ke &= N, we wwowy fowkor
Mouga W ivage as o swagroup (WWidh i is) T H

8 v
G_T_L__»C'/N—-——) Imd <> H

ondh we riule e ISt somorpWism Ahesrewm  for grewps,
Im 02 G /kerl.

[Nove Mok wWilse growp wonomophiems  owd
EPLMOTPWSME  owe  vespeckively mowie [ fi=gi = f=g]
omd epic [(wi=g=> f=g] ey do not wecessaniiy
WoNe Tweres on eaver sidelHoweler o growp howo -
—wovPASM WA 5 both o vwoMOVMOTpASWM amol awm
epivworpwism (2o = otjecive) does howe a two-sided. wvese,
SO s oun \Sowarplusw .

The second omd KW \Somopuasm Aheovems wway e
proved by uUse of Xre ObVIOUS NOVMOVVOY PURSMS :
~ B
= By

~ & KH
(G/K)/(N/K)s T4 ‘v T Hak)

where K NQG omd KEN (wwerce KAN) amd H=G.
When we wvre o guodews, Iwmplatly thwe denowmnakor

s orwal i Ahe vommenador. Note  also dhalt Alhe becsechon
(vt Wk e wnmiow) ©f  two  [wmrwmad ]l suwogrups s o
[wormal ] suboguup, omd  Tf K4G, HEG Mewn KH=§K\\'-\<£<K,‘V\€H§
1S O SwWgvewp (s sl SO umkesS one @ Hem Us  vievwald),

IR G,H ore Quoups, e Quivect praduact s GXH  whece
(@i h ) (@2, h2) 29,9, ,hniha). Yo showdd  verify Hhok s i
woeed o gwup, lomal mor it s e soume universal broperty
for Qgrowps Hhot the cortesiom  prdck had  for sees eanrlien],

[The Giviat goup, 1 hos a unigue wowomorplaiswm o feom amd
o et gowp G, GPL, 1S9 Takingte cowpasiHon Qf these
we howe o umique Avial wop GT>H £ all quwps G, by gt—*{l
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O
SUBCROUSS GENERANED  BY SUWRSES.

Twe order of xeG isxwe ot nzl cwh drox
x'= 1, § Anis exdists, or infiey if x*=12> k=0 Ten x=x?¥
e nlp-qy, ama %= 1P Wike (x>=ixP.peTi <G for
Ane Sukgrowp  guuioded oy x. I X?=CGr, Gris Clic Wi

AT _L(l IGA=n<w , x™ s almo o MBSOV TQ;
tawm) =1 (wighest common Lockol),ie n,m owe coprime. For
any Qrwp G oamd  xeG we hawe Z->G oy mi—> XM, with
lemel nZ , the madtiples of n. Twe wmoge, Z/wZ, is Ane
CYMe  group Cn o0 Zn &f Wwregexrs wwoduo wn. This has
oapplicotion ©o Smewtomg numbser Aheovy . WilSow's,
Fowok’'s oo BArs theavewans tsee e neyt seciaown.,

More govaradly, S<G gumpvases O sulagowp <S><G
doginad o8 NH=G: H25}. Assuming wicg thaks seS
uplies seS, (57 © e sebref Raite  produds T G of
eluents of S . G is gawoded by S § L(SP=G.

If x,yeG commmke, so xy=3yX, Aue ovdar of >y
& dae Lleont comman  vullple ok dhe erdass of X, Y.
s n pprdiondon T Aese ondes owe CoprmR T TS (e
prdact. Hence CuxCm 2Cuim ¢ Giw)=1 LIn :
oL fnitely geadd oked  Moelioumn Growps (G=<S) with ISl<w)
cwe olreck  products  of ogolie groups, Z*CnXCayx---%Cy
Heve v is fhe Bedl vumwoor ©f e Quowp oual & woaudme

[“W of oo grup IS a set of genwmode,S,
A0 WWW oL sek 8} redadlons cuwvovzt them . The
Qe _groupson S Vow  elumewss dll selagn af ke form
W=s, 1 5,%0 o SN, 5765, e, WY product givenloy  jusdmpasikion,
wheve wWs®=s®w=w amd sPsT=5F4=5%5" Aget af relodans, R,
1S Man (Wt A Sek of wolds adso 4o e Sk to 1, Twns
LRy 5 e growp B3/R wwew RS fhg viewmol swogrowp 0F S
genuloted by R 1

CENTRALTSERS  AND NoRMALTSERS |

For HsEG |, the combrodiser , CaM) ol Hin G s
XA S eG fudng H poMbwise by conpupokion,
e {;?Gv:w q?‘g'b\%?—h VheH Twis is othmga%mrﬁea\zgiy\&.
The cevkre , Z2(&) of H s e cewwodaser of G,
2(&)= Co () = {geG: gh=ug ¥weht, comtsdng of all
e eloments of G WMAUA  Commmumte wiii e whof®
of G LAGILG oma G/Z(D ImG)ILALE(G)  wWhere T ()
oM Auk (&) one e grougs of wvier amd ol awttoptorphisms of Gd.




ams oy

Twe womwodases , Ng (W) of H in G, 15 e
stalotieer @ H vy conjwgaon,

NeA) = § geG: g'Hg=H ¢
TWs weeok wobk e pwovwnald  in G, bux v clogs contamn
H, whith s votwod init; wodh & & e \ourgest
swggrowp of G in whidh H TS vilomod . Ceawly
HAG, NgH)=G. The wwugades of H owve 1wk
sulogroups of G of xe form  gT'Hg for g€l Gowkes
ko pevuatR  Awem, dhe kkemel gf Mus acklen eang
Co, (M) omdh A stodoiuser of A1 e Ng0A). Twe
wotae of Ngr)  Ge &L/ INg U], wvitten V& NGO
s KRN AL VA ASRAT 9,&’_ ocV\!j\A@atES

e acken of & on wsenl o Y\\CA/V\Q‘V\/\MAMC&&OW

PRMKes (e Cosets of RS G bouwawn ol o
ore Mo soume size, Mws THUGHL =G, Wieve 1GIH) s
Al namlon 8)  Cosers (s s Losgrownges Aheovem) . Twe

keivel ) Auis ocfion s NN {g'Hg @ e &3 [Thus T HEG
Widh [GHI=n, T NDG widh N=H omd IGENIsw!]

T powkicmlowr  1x>1, e scoler 8} xeG , dividea (G
Tawae & Glis e growp of waits af Zu, i€ mel, tmn)=1f
with as ovoler P n) (Buens famcron), a€'lr  how
oled  diaddig @), dwws  atW=1 (Bues Meorem)

L n=p, pime, PPmp-1, so af'=1 1 lp; altematively

plal-a  in Z (Feimays theorem) . R , I tey
(p~t)! = melg M= (I wmm ) =-1 (Welsons Maeovew) .

Considaing  Ane comugokion ockion on  elamenss of

G, 4ve odoik eofx eir, 1 g'xg : geG§, is s conmpoy
Aove , Wwwase ool dides VGl Novie Z(G6) ={veG: {g'xgl={x{],
U & s a p-gowe e \Gl=g"' where P s pame),
\Z(&l = \A— 2 1C) wware  C ol Xwe V\nv\,s"\x\g\z.to\r\c:ov\jugoué
AODRA WD 8 de OO eouaion ) and Mg vighk -hwowmd sy

A " i — — — - —

S o wubtple 8f b Twms  Stne V2N 21, A cewneis
vowbAMoL, 1.

{Fc«\owa, For xyeG, e owwmkodor EDN IS
Ixy1 = X7'y'xy. ek G'= <Ixyl: xYEG T, e Gwmwuintor
Sageoup o ¢ xrived group; bhm SG Tf G20 (suchas for Anynz5)
Yee Quue s pedfeck. G/ s Awe  PoedXamisosion of
G : 5 e gQvoup wow ek TE gou Taupodl AR velodrlews
My=yX Acall xyeG on G, G=1 L G s Aoeliom],
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GROUPS OF SMALL ORDER .

USing e elomevbion) Meowy you wowe so fowr  iks
not Aftcutke 4o sk all  of the gruwps wp to
ordar 15, alhough t5 wudh eaner with Sylow  eowy
(see Ruwtll Groups). Rve clowses, bogekher wikin dixveck
pralucts af them, owe vepvasewted ;| ¥ indicaes owheeliom.
2wikm

Cycic Qvoups N=Ca=Zn = <X x"=1)= ie eC: k-"-O,\,---)V\"}

Dinedral qvoups *D, =dm, e w=e"=1 | wrm=eD ovdox 2n
( Someames colked Dan 5 symmeny guups ol vequlaxr n-govs),

Symmeric gmupS*S,\ = {{:y\gﬂ} ovdec n!

Altemading growps *An= i feSn: §even E ordec = (n?l}

v . E ) - -
Groverakizol quoutenmion  or dioydic, growps  Qun™fm,r: ol el wiem=r"}
(Wis is oy wcmoed  for  cowpleteress since 1Az, Gk 15,
"olicychic i Ovsdebe | buk "generalised guokemion sk Quite
SLomoOWd, £or n# 2% You siwuld. be awnrec] Xue existone of Q).
de X
Note thar 12C 2SR ARA, | CEDES, , T3z, DiZ5;

oundl Co¥Ca 2Dy (somctive codior e four-group); C,x"S3 2% .
Also CQ_)‘C&gCﬂ,; C«z_xczsg Ceo ) CLXC?g Cuy \ CstéCm ) CSXCS =Gs.

Frodarcks wp to order 15:
CaxCy amd CxCy%XCy (oroler B)

Ca*Cy  Coxder 9) C¥CXCoq 2 Co ¥, (order\2)
. . {
*Qg LS &’ge‘ Quoatesrwon _group with  elewments t{=2(o" )
$i=i80) #=2GHT tk=2 (7 6) as wawices over ¢ .

Then i2=j = kizijka~1. [Taxing Mme R-olgeera (i
Veckol spoce over R with thee as kasis, owmd wwiaplicahion
defined Ly by Meraaons) we Wwowe O  duviswan nug
or skew feld: e nonwwmutodive, bur wen eementc has

— . Gums @B\ e ewess

oM wexe (except 0, of counse) . s 1S colded 1.

ful st of geowps wp tv order 15.

 CR 6. 6,%S; 1n: 14

a2 2 3 12. 2.6,12,"D, YA, ¥ 0y
3 3 g 224,83, 13 13

4 24 9 3o {4; 14D,

S fo: 10,5 5. {5



ALGERRA T .

V. Dowmonptvadie e equawvodancd t%m»;’o\lsw'wgl\mwwm\m:
(1) equwwalam@ vlaonw R ow oo ser X
(M) part¥on  X= UX;
() surjecive  wewp X—>»]1

2. Given un  wiare R X, Shew Yok B
W) AManred o vLienown X 2N
S W) Ahaven e gecen XN
S (i) nawds o suuon N> X

3. e anleir Yes SNDISen
SMoWs Bk o S AL ollswivg stotewans 1L evar
Al OF laps R, ov L @ive v excu\L
0) c Swomx & o COWMEBUIIL. b e cowdulola

UT‘) N ;uﬁ&ﬁ,&‘\w 3& O v “ .- -~

QW) & counTidole U A - s - -
) - “ me W ve . . —
W) AW powerser o S -

* VM) v pwliacts A /RAREMPON Y ) SN ‘rwvw% .
i) evevn lwiwio w Yoo pos Twweise
WA % CuwrUon e prewwes e

4, DemoWMVUIE A il dumt & (W0 oUWy Loniindts
(V) CONGWAMLL e R on A oa's &
LAM QQJJ,.VBU? e | VoW 3& u-){u)
Wwh equec. vah . s s ST Exgd= eyl b wekl- dgvnad
(W) nwoed sakbgouwn (18 ST g“NQ’-N L) €G)
(W) pa/bi’c;avt & o~ avour 5T Pradak woowed Wm‘.d
V) bowsoaR (ped vl NS IUVY T\ SUNNC
{ v'\) Ky 0, Qﬁ lI\DW\m\A:‘bM
(vi) \eft & vigWto s cosels colncade

5. Demowstvole Ao egquiNalemcy 8 Mo following cowapts:
() swoqwwp (Cwosel clasad wnder 1, iwnerss & covmpos tre)
QD mage & Nowawaorphiew i
Gi) SXoMSer oy o WK o pevwmwkahon achow

b. What is Couglals fweorem  amd Wew does & jwerify
we shadiy oy (fwwke)  oosboms  gvoups 2

7. Whak s \.aq(tcw\%% esrewm amdl why SYe olovious een
before. yowve dojed oo ogrowp’



*13.

Pove e Aoloning  CovoManiens 64 Laagrompédn Aeovemt:
() Fermak’s [ e daasvams of'=4 (wmad D o @,p=1
o) Blads Masvow a¥ Mz (modwW i @m)=]
wit) WALLowvi- Yaovrem: (p—i)! =—-{ (mad P)

Ao qrowp o) s waad v omdh sew rhak

. Shou Mok eewy finite Moo gwouwp i of e

»*;Q(W\ meCv\,_x re . X Cv\“ v, V\\\V\x\V\‘sl--- ‘V\\g.

CUassifn e guowes  of  ovdr =15 wp bo  Tsownorbm

Sow Ml owmy Sumemt 0} Sn Woup b uwitien as
U PROMCE 8) YOG M in A @oBUMINOINI  VAMMUL

oy ( espouang 'é/héfzmt.\sl“lh um‘ng?,‘) oamd ok two
UMM

owe wMM%MWQMWM
oo

Cloardyy e covpupuacsy, hobrga Awn

. Svwow  Xat e folswing avmaodR Sw ¢

W ol wdes

(D M romspo \Rows

(i) ouh  asyocens towapaitiow, ie (i i)
Gv)  (12) owmd (123 ... wn)

*15. Swew ek e Aree -uyas gquucadR An cwmd wadb

ib

An, s stuple  (Wow no novwal  _udogprewes oo Avow, { avdA)
WA n=l

Pt WX OMA OWSer  OWMSWYPMawWE  Juwmde SWow
Mok () ¥G&/2  amd I (@ D Aux (&),
*Twveangake  Oub( G) = Auk(G) /Tanle)  Aor sowme
Fike gvowps; ** show ok Ouk(Sa)=1 wias w=b
omd. Mok Ouwk(Sg)=2.

. We wony, chowroudRAse o produck o seis (ov gpowes ) XY

on e "umiverial’ Mouyvon oy e fovw

Z \,\/
e XY gves swh 0o Chopram it Khe v jedkion
WMaps ok Kae Ik omd  seond Cooruinedes) punde Rven oww

HAUE U CAMOUOM e O wmaue 20X s daa
AUOMNTONMA  LOWWMATIZA ,



ormulake Ale wotons Of  quokenk ek /group,
swp (or W) O\ vel wuummoess, AMeyonk wmiow ok
SeES, ewvpll  sek, ol fwwe (ndwo wougd ),
ONe-Powk %, Kevwel, ebC. I & Stedoor L.
Yo Wil \Wowe 1o  chooe Me voakuwre and dredhon
Of M2 CUVOWL. Lol Ta eaUA L,

3 A wudegon) s a  AvMWwe W cbjeds  owdl cumows
on w1 e o defanidion , oude by wwalogy
WA Qrowp  Wemewmondtewts  fornualole. Mo Jdvianion
of oo Auumikor ok e 0wy V\anvp\AXoMB. Gave.  LomR
exowps & Lalegonea amd swew tak Aue

aadion e P &/’ TS o funder, bab G D2Lw)

ix vk,

*19De%'vne G PrRRIMUT Of Code@evied  and.  =Wew Mank
1 %x0 > Lo fumaee, as e Jhownenad
A€ =G xG by X XX), Refovwmudote Mme
uwnivess ol proprty of X as n 11 as ol reloxionswe
beowen Me wavon. o X122 omd Moeme  poda of
ovows X>x,N>2

*20 (oo \RIRC 20awp\2) . (We howe o {W“ famcoor
BAVGP —> p  umd ML Abdlomhanon  RE (gp > Nosp |
Show Mok for sy gwwe G oowade Aeallom gvowp A
Mones o Wobunod) biyecion  betweim Wanwomor piewas
DA M G/ A, We umre M on

AGep (W) , A) X G (G, W(AY)
Forvudare Quohionts gvowa, bowes &) vedme L paes
o okhar cowpts 1 AMLs fovvn . We sauy Mok
Acellomionon s RIY cdiowmr to e fomeidrul fuondor,

24 Whok ane e VoM — MMeovetit ¢ NOLOG N a&, a
VL2 puil  yuninadRd by o s omdl & o ALS yowAR
waon &) sebs ?

22, Bave uignef foctocsanon  for £
Noe: ™ vaams  dilfust oc MNW ouk

accessiele, wiith oo W
” ’”G: ‘5 % ll‘!‘,gks. ‘b‘












