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1. Cowplex duifPerevilakion .
, Recall Mat o fumckion §:RE=>R o §:CC
's differenbialole ob & with duiviabve 0 i W
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WA oo skictly wonotone bijeckhion (0,412[0,1]. 1 is
QUALR  Wwpessible R wh Yo deol T SUWOh gemivolinnes :




we sWall vequire Me cuwvve (e me funanam [0 L]—>(@)
ond e vepowomerisoion (owd its inwverse) to be
precewise conbwmuously differentiokle . for coloadolionn we
swall always e plygons whenre edoes axve edhner
soigt WALs o cwadow awes. Two cuxrves 7,6:l0\]1»¢
ore  Wowshople if fwwves o conbinmoudtyy differemkalde)

W: oAV —= & Wi W(x,0)=ql%), h(x,1) =5(x) omd

both W(0.Y) , W(4,y) constomk funckows (le we keep e
endpowts  q0)=8(0), yU)=51) fixed whan drirg Y
wio 8). By o dowoin D we swall wmeom a plygonally-
comecRd. open set W € suc el omy o awnes
w D wwh e scuve endipots  owe howwtople v D

(le 3,5:(041D omat h:(04F—D).
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wiegramd (e fGftmgddz = Afyfde+ M fygdz ) amd
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3. Cauchy's Meorem ond  Grvee’s Mreovew, .
Befove gvi A Dro IS AlCorem
Befo gving, pdism Cauay : WA

o spuod cose, we Me commecton wikia
Greens Mmezovem  fromn  IA Vector Caleudus. Recall thot
Mok vdated e mq%mi of e awld & a Funtioow (Ix§)
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Adiffrenioolo iy ot wore  compicodRdl  dEMEUNS .
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WUWWA S omdl W, bgcwwmfcfa
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by e difevemkiodoly § § ot z. Taws Fl2) =f(2).



S, Lawwent ond  Taylor exeoumsions.

lee § be differevbiolde w Swe pumcbured,
nelgbounmood.  ©f o podnt, LUy n f2: O<lal<Ri=JL.

les zeSt amd  OKeslzlcr,< R, AppUfd W‘S
Mescom to two  cunves of e  Jorm ﬁ,

o wilgrrald  Owoumel Mg cirehes dy YL v, omd v,
of fLS)/Z“* are equal; sau to ITign . On e ofher
howd , e Xegvals of  3)(3-2) U= oy

$(3)dz. a3 .
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Opem. JASc (odomw e poiy\a-‘ on wWwon £ s
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6. Morerals Meoewn .

We shadd wow prove e comerse to Cauehys
Meovam. et £ be & conkivuuouwrn fumsidon on o
domain SL with $ Ll&)dz=0 o’ wJB cloned cuwe
wn 2y tenm 4 s JdIEC 3L Wig 2 is conmectad,

One. omoon we shadl dodine F on J2 wiha
F':-f By &5, se F s once differeutialole 1t
\S nfvikely o, whevce  § is diffevembalde an requared |

Cwoose weSL oamd Hor 26 Lk 1 e
oMy cwve W IZ wih  emodlpolss W oamd 2 5 them
UL F(x)= §p $(Dd2. Sive ¢ FfR@)z=0 MS \S

d Me cune daosem . Now Fetw)— F)
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5 Mxm s called omalybc :

Q)

Gi) IR &W amwsa«ngmmg
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A Polnk
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e Quachu- Riemoomw equabmwé A e povw\’z%ma

Analysis 1)

The weal (,orwmagw\m\j) pout of on amalac
gumov\ s howrmewic (san.s%es Lap’l%éo egquaiion
w/9x* +92u/931«o> Mis s ey deduced. from
repeaxecL diffeventiodoihky omud the Cauncluyg - Riewann
cquosiown, Cowvexsdw, givem o hawwonic w LR
e glxrig)= uylxy) + iky(x,3) amd £ be ws nbeyal .




(heck okt g soldshes (i) and, howr by G\)  Ahardh
o noldie § Twith  f'=g). Them  f=crutiv Hor
som2 cowtomk ¢  omd sowe (real)oxrwmonic v on SU .
Moreoter o is waique wp ™ some additive cowstmk
(). TwWwis waetod s weed wn Rt I8 Fuuds.

7. Clogsificanon of (soloked, Stngulavioies.

Agau\ suppose that £ is omodytic o sowe
punchbured. WugWoounlaoad. , sasg jz: 0<l=l< R, Cowsddar
s Louwent ewpomoww ;f(z:) 2z aar”  omd L n_,n,
beo’é\'\zfteoob grenkRec valugs § N sudda Aok antO.
Then
() n-20: § hoos o vewweakle sugulomoy ak e powk
(i) ~0<n<0: £ hon o pole o oder n_| andyodue Q.,_
(i) n_=-00: § how am essembial singulaaiby
V) n.>0. § hoo oo &0 Of order w.

(V) 0¢n.§ne<m: f 8 o polymoual  of degree wi,

AR exowmupll & A veveveslole stgulamky s (ok O)
f@)=swz/z © we way sluwply vedofine £(0)= g Sazfz=1,
I£ § how o« pole 6k ovder s ax O, f@)2" hen
o vewovealdR Swqulaacy amd wilog ) =a-n. At o,
poﬂe, (@))20 as 290. A furddon §:C€-=C wwidh

anglybic enenpwnxe except for  isoloked. volod s
aoﬂui wevomor i | o evenyulane amadybic  fumcicion
s holowopiGc.

W2
e

how om emeapal snguonicy asc O. T awy
ralglournoed J om essmiial sgulanty oL fumcoon
tokes values awrolvouivy close ® amay gwen value,
For swppose that @) 8 bounmdad ooy 4 IMm  sowe
ced; fam pur 9= ((@-c)": Mis s bownded
W e givan  naigloouvwod amd  hewe hWon o
remov somgulowmky  where 4 how o el ong .
Tl 9 o s pe danocollyy zevo, <o |‘A.OU> o 2evo Qf
ovder N (0Evi<x)  onmd {(%)- g7 +c hos o pole
of ovdar w, cowbramy e MPOW:LMS In focd i wny

whood @ on esrsemno swqwamty' aem))

W~ ok Mgk dwo exXcgptins s Maﬁw&i
mgw. oo ('™ wisses zewo) buc M four owks\de

e scoe &)y ¥ 18 couwse.



s Meorem, o, cowboun Dntegval Hfor
a facbon W only isolated siugudowities s given
by a Sum of regduwes {or e sungulowities emcloaed,
by e wne ( Mme conrws  brodiconodly wsed for
calemdadcows  commist of cirealowr awes  omd. stroawe
AN RGWRMES , bub o domeval Cuwnves  some  verson &
Me Jovdom cunle.  faebvem will e waaded ). Recoll,

thenddoe  Counchugs fovamuda.
$ {(2)d 2 =Z-L-'atw £(2).(2-wW)

)

(LHopkal’s rwe wew ‘oo waelud ).
2. "Mulkivalued, fumekions’
- g d
We wowd Like o dokie  Logz= f, W bub
se $ X =2t fwa amve encdosing O Mls is wit
well-dofwed . Howeder i M is ouwy cune fowm O to
o (often Mo wvegodMe vead oxdts s cuwwaom ) them  Log
be dofmed own  CN\[M. Subh oo cwwe s
o lbromer cuke and 0 is o prowelh ot .

Proter ommpile s '\Eﬁ,o«iwq,walzc&f
cel, Aguin e s wo  conkbimubun dejemnon e hese
Auiigdons  fov g wdle 3 €, bue ey wouy be
dened  on CND Afor swikoide 7. T Mis cone dheve
5 a cowtmuwowns dgdwitian  of 0° (for ¢3%0).

Bramcn  cuks need vt estevd. to 90 Cowndar
f(X)= N (2%-2). Ta Mis cone o cub fowm O to 1 wil
sufce, abtough W cone §  umcertouinky  two cuks
(foma O 0 0 omd 4ot 1 0 ) way ke wode.

™ s cleavly am adboe  soubon o Kne
provlewm : W\é Move S?NMKS&CA;CQ& approochh s Endn&me
A Riempun _Surboze . Toke wwoumg dpPLes © W
Me vramch, - cuks  dwouan in, ladoelled wixv{Q e Uamoua
psiole  “woukies” (Te soquemces By oSG of  lovomcha - cuks)
fovwn O bone pows, amd glue Mhem Aogebhec ax
A 2 oA CAKS, 'Thé Q:;amo«m&wgaoe. 4o Logy s
2 spwal : Mmeve ouwe  shaeks iﬂd.ﬂxedwbgm, whone
Lodes  After by 2wi. Thor for 2+ (with pg€Z,
q+0 omd (pg)=l) s a q-fold cover of €, whneren
o g-fod drowmk Ty Me ongin  is Wowotopic to o pont.
e swfoces fov N2 and NE3-2) are homesmorpic 1o
@ cynder ouwnd o pumckhuned.  btovus  vespectively -




9. TWo Cowbouw Lonwwnas

Defaae  ubegrals Qive Wsz 4o cuwued Wwich Owe
frequanidy e (walf ev ol o) Mo veod Ouds , or clrcles
oSS brome- cuks . In odler to evatuote e we weed to
nquloninen bl s oo pors. Tl ek Ading
Sunguioviaes Wob poinks. This  awalues A
awro. owcs  whoske vodw temd t elbwr O ov .

The vesudt for Qowge ouwts is called Brooms lemma:
we shall give two diffevemt vessiows of €. Lek M(r) be
e somacirdle {re'®: 0s0<ui omd 1€ € howe owly
LRy womy  Sigulowines n the uppes Wolf plove
(ie Mg oursWde sowe vadiws Ro). Suppse () [zf(z)| >0
o~ (W) LEN=20 ov 200, & giwm 70 Nawes sne
R osudn ok 124N ¢ respeckively g <s) o
>R, Than () fpry f@ET20 omd (V)
foey €™EJR)T 20 o 2w  fir m>0. Leb ¢>R>Rq
as nAhe condition ; Man () |fanfEdd2t = I3 re‘°§(re‘°)ol9|<2nz)
omgd. () (replocing, M) v ML Cua.msend veRCos ALY
Sreey 222 < 23 f(l-e}’“’“‘)/m + e 22/ “

. foc swmoll owes we Wank 4o coldoulaake

W (e §@ME whare 00 (s M owe §re®: 8, 50$8S.
For @)z Y2 Mis s eondy seom W be i(8,-9). Mo
guanvolly , suppose f()za/z +g9(x)  fr Sowa amolytic g;
Mo Cgowly  fney 9@r =20 on r-=0, so 4 Lk
for £ s ial8-8)



10. Bvolugoon. of _ defmitR  inkeqwds (o veelpe book) .

Ts s oy oo guestlon (v fow an  sduwple
-2 TApos— brobwd ove concened) 3 Ghortng fhe
a conbour. Ty chomge & Vewlable, eq
m _ de «iz”'d= o x™'dx N (W“ndz
3 s ¢

-

3*&0;9 T T34z fo +x"

whare 220 owpt%«nng vespectiselsy. Also vy duplicaking
dx gx _, dx x’3§ LI ooat‘i»suw.

o
go H’X" 2 Joo H‘xz e l4+y*. d%'| e‘“n e K™ X

where X \adker WAl ol wwolle oo ovamem Cuk.

Now clear trgovomelaical fustctions. TS &s Wob JusS
O MBMPUOIAN BAC T an & 15 L A-ledel provlams & ik
S neemony b owake Jordam’s lawme wo«K-— e V"% (k>0)
WMIOUAS Mok viae \owge sewicirdR A e upeer Wl plowe.
wouk  vomish,. 0_(, cou TJovdomS semicrie otk
anass amA  bromda  cuks. AQxex Locoling  cilicol polnks
(owmd. sweving cheove dé Sws\wxouv; was), we howe O
dhogroum  typrcadly  Uxe

TWMS GAV®D WD QUA eGMaUON  SUML o

big UL . vequOred venudue
Sowmico2s  Sewidvies T imbegral = evclosdd

e e gy omd UdL  cevmicivdes  owe  evaluoted
an in 89 and ML veMdugs wping  Couchuyn formudas .
Notlee twak ngwm Jo to ove sude § o pole
vodlhay  Mouns X Wmeﬁ%ectv\ W AAY 1t
Verdume  alros8 Xhe eguoutoown.

- Rrally, dowt forgk Yre fackors wWidn awosr
W C/W).mq\/\g vamoble  oc  dupliicokung AW ra QL |
Ie & vany wwe for Tlees proklewms 4o wolue real-

~oomolale  wwdiods, ol wost  Swpeniisevs  Mowe  fovgotenm

frome Ol Wik aot ek you o remindimg, e § AU |
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I. Tsoloked. 2Zevoes onnd  poflen.

e £ e owm a.no.uxﬂ functlon own o dowoim
1w & wobt dankdicadly  Zevo. Wan e Zovoen
% § owe dsoloded. Claawly o accummudlaow peins
8 zovon v WslY o weve by Comwalky), S SuygeiR
$Z)=0 omgd V0 Jzel)l $@)=04:Wz-2ol<i., S §
is ot demkl TRNO, 2o s A ZAO & ovder WS,
o $@)= alz=) + g®) wwire  a(2)/(2-2:0" >0 an 2>,
Cwoose & Suam fak 19/ ()" < tla) onie o<zl
Mo §f = 8 omelar Zevo wiWiia L, qR)/(2-2Y'=E -k
WWUA s o controcdnaw  stae  aF0.

Likewise swepose £ Wan wno esembal
SW\Q\AON\,CB W 3L AR s po%b owve Solakea .
for  g@= V) Ls omodytic on S (sWe  wing {- WaA
" 200 (A 51.) o so hon Solared zercls,

Mo poles 55§ TA oflwr weeds, OM AL CAMMLa N
933 w\%wwvxnes @ A2RBIOSANY emuaal ;3 we shall
SO Zonsld W AMAS  CRWNER |

Suppre. 1 C—=C o o svgulonslo  whoateser.
sV m/\,\o;,5§5 e o oo Tayler sevues  vodad anwx\muh C.
o W o polygyewnodl v how v § wbm\xﬁ
q(r ogver . I e Latter q:um 9(&)-«L/2:;

MJI,UM\JW}'} ax - /SO\,J<,<N§$@
Dok 4 dhow  ovie o o0 (SCN‘M\MQ we

vl W & ) dve ewowmple  flar=2?.

Swiccne £ Was  wo  essamkiol Sagulowisieo on €

o 2% 0 (e Oloove semse) Them S Mg poles -
oot zewer X  f amd g (@ =£('12)) owe ookl ,
Mt owe oy fvikely womy W ML clmed waRt
disc (Y Covwpoutmm, & Bolzamo - Weiarstrag) owmd.so
Codadng o Wgerhar) on €. ek e 2ecey be &(t-z.),
omd L poles b (2-py)™™  amd pub W :faewlusy
Thea - hon wo  zewes, po ey or emenkial
Suguloines  ound, ...:. ‘(\f,vu.e a  polymonmicd.  However
bg\lm, hunlsamankcal.  dagdsy &MM (oelow) a
polyreriad  hos o zevo WAL v is comatowmt . It

ws ok § & o rakonsl fumckion, ie ou quotient

o polygvonmads.

We N YWE funolommamtial  theovenn
ol ca. %MMP vodiod, 00, I £ s o poWV\iéSmmL




with no zexe), Lotk 42) owd %}—) ch) owe
W(.W\oux P2
Wm (e lost evem aX U\R«M*g is alo
plpomial . Bur  deg .9 = dug j‘-_i-olxz;Aa‘\aﬁ\CI~
um,tws owed) 4§,9 s ocowtomb. Statlowly Lowwibes fwn :
U 42 € € 15 omalytic & bounded its constomk; for s o paliywemil
Qdﬂww'o Swee SWeM s 1M 200 o -0,

We wew kww quie a Ut adout zevots cmd
poles, buk vt Wwow W coumb . It will becowd
appoamk Mok o Zew of ovder W slouldl coumk
as W (stwpld) ewer , amolk o pole T ovoler n shoud
Coumk o -w. A fumcbion wWio gwea +Wis
w md F@ /. o\% owounmd. AL cikicol psuk  (chack
Ys for H2) = arlDul hwame  {R)=at v g whae
g/ =0 o %-aO) It foUsws Maak AUES  Covtowr
wiegvol,  couwmts e zewoes ol pales emcloned,
occonding to e vuliowlicy schevwe Oloe.

The jusficoson Mis wamed 6y cowmtng §
Qe uphlis W\e‘)owg\{k mfé a swodl pevturvainon to f
WLy “aplix” e Zewosy, bux does V\;O’C)\ m{{,(m)'\ sz_
v g o, 5 Mh! v lg@) < [H¥) W
’§ f -tq%/({-f ) dz fef;f/,c dz {fe‘ go./v% Contoux ‘W SL
for puk 3(2)-m»§ ($'+Ag )/ +2q) . Ax T we womk J(0)=3U),
Homeuex Mo condixiows avply Mok e ndegowmd (s

L on omd naox Xhe Coubowr (In pourticwdon f+1940)
So : (0412 s contuou amd Wmee Cowstoms .

TWE gwves ometnar pros) Sy e fumdowautold
Lroocenn 3 ool . 1’k f e o polymamacd  omol frg=2",
e for 1z {2y \R>PR Y Jor suwitodle R, o\Qouf
6 (£390/$x3) -2 = & so 4 Mon or oo W §2° ({7;

Now swpz :f a—-C is omalyric omd £ =d30

:for Sovl %oe.Q. Sowme  open kU zo€ ue s
O? w)\wda ums wmjecive  ond., m,cmeowx e awerse

u - is a,ws.hgtto Tkw. Mmaves oun  auoluygbic
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£:>C\{03 s oumalytic. Choosz €70 owd ek

C=i{2: R- %\-zi c_ﬂ. whaee  WEN 731§ @RI\ n C;
put 6= felf(za)l. e 3§ w-{REol <8, g@= ()W
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(ie oo cowstomk fumekion) saxsfies lg@)| < | £E)-$§@o))
omdh so  (F@-£(D)+ () = £(@)-w  has e somse
e 6y 2ewoen wwin C ow does Jz)—F(=o) , Te ore,
Hewe T we eut V=iw: 1#@)- Wl <83 omd U= £7(V)
we howe oo opew seks  with  f:U 3V oumaligtic omd bvjeckive.
L g V22U he M tnwense fumckion: we wouwk to
Show MoE g s liffecemkiolle, say ok w= f(2) eV,
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4, oma wreover  ue Wowe emawred £ #0 - We nowr
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of Yo poud,

13, T2 Ruamouwn Spivere  oungl ofaee Srfoces.
We wouwe alxxao.d.g G S1)  todkede o&“oddlng

Mg podk 0% Wiy, VGowertcalluy  AVis Moy e
dsveRd Wy KAz ‘ngcgpgpgmpb@c projetsion.
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Sphere 5 compour, So oy disoete sek  (swem an
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Foc e tovus , WO owose £§8, we ned Wwee
onds, e Hovwmalisononn 0§ Muks (s olewe . PowrtTL
Riemwouwn Susfoces .

Iv\.’C\MS picure, O po!s'z_ ls MUPA,\AQ.

PO LW s Meuppe.d. to Waniky. Aw omodytu

wn G*—éC* we  shall C,ouu,nggmmvp«!M
fumoon . T S$11{ e shoswed ot sudn o Ffancon
s acuolly roktonal . Note Mok e vokwnol
fuandon  £(2) =T wow o wole ak . The avmmelrs
o} polea omd zevees owe ecomal; - coladake
& /5§02 Ffr swmall” e QJI\.(“).OA&MQ o (e @
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Whok owe Mne  lelowmodyoc wouas *¥—-c*
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ot 8 M 4jovm 2 (A t)/(cz+d) W aol—be0
lulog oB-bc=1), wwdn owxe colled e Mobius
brwfmmx\o«u Ty waast, o} Guwnie, Aorm A o,
WWin s eoswd e T lae szxabed, oy brave\anova
(2v 2+b), vovoxions (zv+—> ze*®), EMION QRAMNENS
(2 lal\2) owmo Wwersion (2—Y2),

OW\DUM:‘ OOO(W Syolem we  vouk
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aunuy 'Aed”,\._03 € s emicedoed tn Xis oy
z»—»cz 1), wwlse 0= (1:0). Tth eany o check
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Lo qoul. , becouse W spa we cowstrucked is the
oov\qo\ex projectine ine ., Stmitour Mngp waowy ke dave
n oMy dimemasion over owy flad, bur v s o
comerdan@  (ounistng £rom xb\a, existamce & ~-1) Umout
P62, €) & PSL(Z,C). Jgwe sy 2 owmd-/2" ane ombipodal”,
ML swogroulp preseming Yhus sbuckuwe 1s SOz, WL votoiowas) e shwere.
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A bjeive omalygbic wayp  F U=V how
mu\ﬂwexse So Ahak uow\d V oxre somovpwac
&omm pomk & view af cowplax  omaldys . Moreouer
bedoules Qo o Compostie of oL owmalaiow
f(z)~23), o ex\m‘%qw\m Coy | £ (o)) omd
vobahon Cbg owg f'(20)) so Maok QLOWMRIMC Proporives
swd\.ou: omgles  bekween CAMves oue presovved - Sudna
o fuwmakon s soudl © be _go(mol Notwe Mak
e  Camehy — RiRMOM  equounons owe  precaselyy
wWhok we veed P premvwe omgles.

, Tn $12 we Showed ML O sudend condakon
A0C M 8 {'@I*F0. This s aMeo M@&ow\é
Suue oMarwise (onduwwing 2o=4(::)=0 amal §

Ll WowE  vot Covstomk vaar 2o) £ behowes Lo&lb&
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Cowkoriodly equinalant dlowains owe  ciouiy
boplogioodly eguivademb, lbuk Me converse is foukae,
For € s wauivolant o A, e opam wwit Ui .
odnwise 4: €—>A would \oe ou loowndad nenw-cowstaumk
onolylc  fumcbion. Howewewr oL gweak voMeby gk
sulcsels o) Ylhe plowe. owe cow&ormo.ﬂ.g equivalomt,
on  dewondoraked tn vy Tripes  Guesbloua.

A powoodowr  wnwportane owe N\o\o»w} W&Qowr S
ﬂ'seam_:,ho vw«f Mok ey o CRedes /straugia s
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Twree ks awe (1) semd wacomkemient polass
bo (ainiey by  iwenslon ak tham (1) wudbiply amgles
W sectvs (Wi straigborms) oy o powed (o) omd
G tuwrn seckors (eq upeer AL plome)  inte  sbrips
by Log (exomple gives {2 0<imz<T3). Note ot 2-2"

sends e opem £t gquodrowr o Ahe plowe

the pasifive rial R4S,

15, Masdwwn, wwodidus b rinciple .

lek § de omalytic on oo doawoin 2 ¢ €
omd. Wk ASSL e o compock (e cond 8 boumdad)
L. Hrom s I we kwow Mok HE)is boumdad
on A ocmd s its boumds, buk A fock e
com sthow  (in 4wo  dikerenk Wouyd) Yok Cowouuming
Ws wot  cowstomk) T is ow AMe boumdomy A A
(e ANWEA) ok & acMevey s boumds.

Fom  Coumcp neorem, f(2)= ¢ 75 dw i fov
A w2 entosiag 2. ler Mk v o avce cumdre =
ond esbmote fwe  wregeal, so \f@N £ sup Fflw)l: lw-zl= i,
lek ZeWkA e o powk at W &N s greatest
omd Lk r be Mevoolue 3 e lowgist corcke cembre 2,
contoed. W A Thon HE@\VS swpl $WV € SR\, so
[§W)I=1 £ on fis e, Howevesr Ae cdele 15 vk
conkoimd Wk A by Mo oMo §) v, so it wees A
, omd LFWELF@E) = mox1£(3):3e Al for sowme
we A\int A.

Akemobivelyy e wiouy wae Rouchlls thesvew, © ¢
valhe e comdlomy W §\L. Supesse ogain Mok LFLR)N
OIS Vs boumdls 06 T, OMA Mok fw)= f@)F (w-2)g(w)
whare  g(2)#0 omd g s omalgtic, Crnooae 2. NCARC L
s5. gl 30 on U Then Maends am  omodypc  fumciion h on
W uwih  wwW)" = w-20)" glw)  owd, ywereover, W(to)+0, It
Aigas Aok Merds Some 2oell s, “ACSL é}y\% WY AR-Xel
so {rnox V\’.M“‘)V 1S b\dlﬂw 2V LE% ‘5(%0)':.“;3‘/
cwoose  ge'® eV tam L Wlw)=2e®M, fw)=R+cRiO
o [§w)= R >R 1f2a)l . “Twis Aan  prees (e Strongec
ol Mok the oumd S ot okkaed . Wk A, wnan
{ & conntowmk.
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