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(. Fietd Extensions

Ahe wnst wotoble  elementomy {oct oloout  flelds
s that evewy hovuanwerplusme s a  vwonoweovphuiswm
(injecdve  waokp) . e second  obsevvoion is thak,
givem two  Llelebs Kel , e lowvger & o veckor
spate over  Me swaller .

A fidd eensionLKs sy o o of  Felds
one Wauded i e other, WL moy wish o say Muis
formolly, @ s a Mplk G,K\L) whee i;K—>L.
One dwally Aninics K ay Me "growmd fed”
and L an owmeliumg comtucte! on e of it
©he degree o e  extewsion, walen [L:K) s
Me dimermatenn & L cowndred an a vecko: space
ey K. for ow purposes , [L:Kl=00 s quite lad
enouigin, withowt oo idevns  Whvice cowdiviods

Gwem  om ebewslon LK | am element oel
s adgdoraie  if AMergs a wowbivial  polygmomiod
p(B) = O+ T+ ao
with codfliciemks W K suchh Mot pla)=0 tn L. 1
(L'l <oo, evemy elmewcs s adgelraue ste AW
powers comwot o lineewly wilependonks. Aw
extemsion In wWhidh edeuws elemenxs s algelovalc
s collud om adgelavouc 2hewnion . A enamk
w18 ot algeorane 8 called bowmuscendontal .
An  olgelovauc extemnewt  "2ed ot ke  fonlte . cowid
ABQ  Whae Atlcomnso I s j
Ws ( exercie: shwow sudh o Aing o ke o
A
We wany CoMMdW a  dower ML of FKelds,
Jn Mis cose oML nmouy  vew by elewmentomy our
Aeghouws  Umownr  olgtlora Aok TMow3 = CmeL]fLiK],
remembeing oo e chede e WMiwike Cases .
[Stewane pp.D-92 or ewevose ]

A sumple  exemsiom LK s ot for whichh
Yhve s om lowants  w€L wWld  genevakes |
o Kk sver K, S L s M2 Swadliae
sWofrdd By L comkoumng bon K oomd o, We
wite  LaKl), Te o s “romecerclevuodl we
howe o  Suwpke, al extemoom omd L
conpisty o e  vakwonod fumckions wi o over K
e Aomaol quoteas af  polumowualds L Fl) Qo)
wim qF0.
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Given o wowbimal  irveducide  polymowuod  f
oer K we may cousbal a  fieldk extemndown LK
Jor Wi f hao o ook n L. Ais s Me gueriemk
KLEJ/CFCE)) wwidm & oo fRad swe £ is pame
W KD (WWh i35 o PID).  See  Seweut p. Lo, [prerose]

Touscendoma)  extenoons are (Rivomb  n
Aloglo code Greomebny  buk web n MRS couwse. I£ L:K
s o wmw?m extemolon, Me bromscendamce
degree , br (L s he swwallest camddraiaey
&) o set XclL such Mok L: K(X) is vouc .
We howe  brdeg. (M) = brdeg. (ML) + brdeg(L: ) . lexeroise)
In p%{b‘;%ulw it ML omd LK owe odgPaveus so
S . .

2. Pouywowvals  aumdh  SbUbivo Belds .

A ypolyvomial ever oo @gwem field s sodd to
PLUY G & con e eppresndl on A produmet oy WMow
fockovs. T cleowr Mok if it does sput, & wuust dw
so  esentiolly wmgquwely (le wp to ovder amd. scodow fackors)
laeoise . A splitdag fild  Hr o polumewaiad
ouw W 1S om extemsron LUK sudn el £ spis
oy . owmd wot oyev amyy  sSwmoaller flad WA akao
Coutguins K. e aum 40 show Mok  splibbing Fvelds
WA ok Owe LmAGUR.

Fust  cowmsder o dAOUNG, ove Voot Bk
o dvepunciole pohmww {f 0 o fed K. I
we Waue oo ad :

M 3
Ky --dL

l {

K = «’

wheve § han o voob, B, n L, Hem Meve s oo umge
wop  §:Klat) = L wmoking M squowe  comnaukR
(e ur emoed K(a) W L7 w sudh o woyy on +o
idonkily K wilh  K7)  suh Mok rd 8. Foe
ML proaf [exevese] chserve Mok e elameuwes of K(R)
wio e uvblen  umiquely o CpaX* '+ G wih
a;e K omd W=degf e soume owguwuews adoo applues
to bouncendantal.  ektemolows . By applywg | Me lemma
e odner wauy vound we @ ok Kla) is wwque  wp
ko igpwmorphisw .

Now o raugMimiond  induchon  awgamawmens
Swows Mok e waouy  Cowstnuek (- finite estrenmon o Splik
oy olymownpl, , anmd oy chooswigy M2 valwinaalk
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subercemsion (e swsdind cowsmindag KD W Witk

Mo polgnnnaiod  does splie  we hawe o splithowg

Lod. s we reguire wow 4o Show  Ws umsgue.
Suppose  we houe o dhogroum

L ~3? L
t 1
K 2 K’

ok o palumowiod (not nacessanlny  weduucilale) over
K whidh splits Ta {-. owmd L7 (W tn LK we
commder it 0 owe  Coelficiemks i(a) where 1WKxK’
omd a, ove e Yficenks of 4 v K), Sueh Aok
LK is o Splitklng et for §. Rr Ko= K awmd,
gvenw K, cowsdax A fockorsokiown @ £ LA
weducibles over  Ki (wWhidh s wigue wp b odar
ond. Scolow  Lockws 1 exenocee from IR Qaqo&(\taiuw&);
Moose  SWh o fockor of dogvee Z2 amd ek Ky
be o extemsian. by o  veokrsl b Thew L=1n
some W, So L= Koo, ..., 20 ) where &g owe .
e wots & f wm L. ,
Now pecorn Ahe comesponding Gonsamckion in LK
Givenji; — K choose oo oot Biel/gt  tue conesponding
vownder 4, amd bk K= KR el The
- wokp 41 en adends  uwmaguely to owe f Whith
Gy By (M W doad dgpomd. ew tae dmofg% R:)
amd jzje S e vequired  wwayp J':L—aL.’./uku,s e
/vémq (up +o ‘sowmarpuism) o) “Awe spliting  field
e s ackually we Mok o fulte sepoxalle
atension 1S swwple , Rk LEW()  for some CS?.(\.&\B)oléL.
This s Ame  Mgotem O} A binative dememk (see \aker ).

Seporaloiiliny Ts o Concept oloub wiwida ove dwliy
r2eds o Kaow  Dlew deading WA g iwike, Kdde 9}
nowzeo dhoackeastic. Je  ® eseewkoly Mg condition
Mok thew (s e full complament & ;;mo{rx
o o polymoniol ond  hence pervwukobons 0 Ahemn
go M.Sk Mo Golals  growp agawu “vresolve"  sub frelds
ab & should .

Gwen Mot one wows w\«able & weoms e q
Yoot x e vepeated, an  tweduce bolymomdod (g
gg&blj__ﬂ § s /voc\—s v a, splilting Keld owe
disticck. A govaod  wolywowial is  seporadele
al s weduuble Jjoctors e ; om  elauut is
sepowalde T WS winbwod polymemiol 3 omdl am
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avenson 15 Separabsle bg ol s eliments oxe .

We swall . shortly fond & siupe witedon
4or sepammm:g and, hence show Mok s auwtomalic
wn Chowackevistic zew (omd Oodoo Ry W feelols),
but we vieegk an  exsumple 2§ on vNsepowodole \ao&m
let K= (b) a siwp\e omscenduknl excension
%e«? a?wwbe giedok ok p dweu\bs wwvare  p s prime).

xP-£ s Dveduciole omd
a)ole Su\ua all its p wvoots colcicle ; see
Stewou/t pp. 93-Su
Q,(WML dmekions TR 2R we kwow
Ilwv.bf\«aba. dowbdle zewo o 4 L F@=CW)=0.
Whilse we howe vio  hope o}, Q)(\:%du\g Ahe vistown

of “vake of chomge” o a , we_ W“”‘Qr
nevev Xheless «\e e dwuoxwe M&m
\cnﬂ.«wimws using P (x™ = nx"! t —Fw»(\us

purpme MMis  is weRlW a biok, e woddon of a
deijolion  — on pdoRlofade  opeNakion  ESEYING condations
Sillow 40 HMrase  soxisged. by d/dx - s ook
W exbtevsions of Godals A beang  Ae \oeq,mmg
of Golovs ODV\%\MA NED e:vvxxj/ wweclivelole
f is Wen Sep T £, Df howe wo
Comwmon  fockotan o splithug f»eld

Lee LW We o sputting el for e
uvecluciole. \poh.kvmwal 4 ovexr WK omd Swppase o€l
weve O Common - -vook Of f owmok Df. Now 4 s
e witma)  polymoniol for o ower K S0 ezmh‘xgies
W vowbimRod poﬂx.kwowm& ok \owex ohzq«ee’ﬂ«usbf
Now W chowoctehsic 2erd, deg Df = o(eg(:f)i S0
how com Df wmowage +o vamisW ¢ Oy b
vomiswivg, of ks CoefRicienks , LW vweoms M
e daoer. & oy tvw o &w»w\ox vvovwe»m
ooe}g«wmb ust 9 o vaaltlple of b Thus

b o Poﬂugv\nwwo,k w xXF

Now Mis s wor pos;\‘o\e W o Rwige fReld.
for oosetve Mok x> xP s a fleldl howsowovplhasm
teaeiel oMol So  w Ywe Qake coar WS ow
ambomorpviswm L s colled Mg Gob%us w’\
And oy dumens o a (—m‘ﬁ
B s oo ™ pow Mce,
wedmelie ol oo\l \l's W\
akpx“P*a( g PP e qx"*—a
buk M s eq\m\l +o (ak_x-\- .+ amd so F
5w veducible,

A Reld euow, fwike axensown & which & epofolle s
colled pocfect . Thus B 1K< o chorK=0 wen K'is pecfect .
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L. ﬁr\_g%(wc closures |

A feld isiodd 4o e alogovoicolly closed
i eveny wourevwo polymowndd over i Las a voobin
i, @ dreve o2 vo  nononvield weduciole \

LK is om ologovaic otowe (o§ W) § &~ L
voucodlsy cosed  buk  wo  nvwediake  glad
(i M st L LMD \S; od,be(mt&ve,b.h L. s

oucL owr W

Gwen AL dodowa C% Cuoice, eveny £l
has om clg@ovauce clooure, wWicdh s wamigue wp to
Sowmovpuisw. The pwof Ads, Wowewer, tecmlol , ouk
not for oMy  eason Cowcaradl W flead Aheow.

Arst vl - Mox I ML ol LIK awe
dgorois, o is MK, Mok s, a voor o, o
polyonuad  Quadion W algelovaic  coeffiiewts s
self alglvaic. Hemce W cowobmexing  am algRlrasc
closove  we vasd o cows'dur  voobs I§  polyvanmols
oved e O@N\W\d g\‘ amd. nec owexr oy exemd o |
s providas b wWa o (nani) covdinal  vslich
boumds e S22 T owy olgtlovauc extenscvon amch
hence 8% om e Closure, We olso kmew Waw
to perfovn A e steps o odoWG  wmSSMg,
roeks  ond wWe  howe jwet Sweww ek we wneed
wok couwy W dQGA% So “;[or evex'. s we Wwawe
swown ok Aok S A w

Um,goemmm, pukOng, s doba. Wk
fovm  suwikodete fov o appliconow e Zams {lewmna
s quite cowmpucotRd  (omd. umesMghbening ). TThe
ke & s 4oke a sk ) swit size amd
cowsidr all possivle (o O  putiag o Field
stuckure owbo sukseks &) & (Mus T st owly o
Rk, ACt o Paped daan, SR we wouy eas\W  prescvike
a boumd  Hr k) amd ol fld wowowor pliisms
betwaan Aheas fLeords, IV\,OWM we Ytoke e (smaM)
codrgows oy fields  which oue ™ eikewsiows o e glvenm
fadd and hawe wndodyang seks  widan Ane @iven sek.
WdA oo oo oumounmk o bib-picking”  owe o
Show hoauw 40 Ccowebck fonike edensious wan i
(in oey wovds yew peifhrm Me  S0nike dkena 1ow Tn
e wonal wounky  omol Mem re-nome M ellmends
ab damenks o Mo sk) omd Mok wWe oWk umdewns
of chains of fads (codled “ftered  colimaits™ ™
(akWovy Meonyl , Whewee (sdue welre wevktng nside
A Se5, Wb o preper Aown) Zovws lewwal  apples  and
e nave o wMovdwol olipioraut adcavsion, Wiiicnk wust e
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UEMESS IS Ve  wwkRReSEIMY) ; agauin 1E reguires
cholce. (We hake o, diagram

L -%-
t 1
K 2 K’

where LK ok V'K’ awe alge)o(o,«.au&& olosed
and L s Mo olgrlovodce  ciosure 2f KT Twis Hme
W Com cpplyy ZOMs lewwmow  vwove  davecky . Comadoxr
ol Weswediode fields LMW omd  woypes
mM—> L7 exending te Tsomorplism . We ordor these
o Mok Mi,Mm)Y S (Mg mwmy) i KemeMm s L
omdk  wulm, = ™M, . r"\goJm. we hawve o powbtal%
oo sek  whWon hos wniows of ains ( His
1S 20y X0 ek , exercise, ecowse oYy e Lomtomy
nohwe o4 e fdedd spuccons) and hene a
moadmal  elamenk Wit we  codm o e (L, 4) .

For swppke (M, w) is  vwoddmal ‘our McL.
Then M s swe  reduciole  polymomiol f ever
M unwdh how o e > er\be whare McacMel .
Onssing Q& vook- W L AR cowespovddng
palymowan ak M(;f)ﬁ W L7 we wauy exvend w to
wm, s MTPL wit (M,m,) > (M,m)  cowtradicking
Me  wovdmodiky o CM,wm) |

In e co 2 a puike fidd W AU

Cowdkvuck Mo  adagwlorode cloSuxe explick

Likewwse | e olqulomuc craswre af cwwy Suwofield
88 € ((Swih aw @A) way ke fLoumd wmsk C
stce Mok s alg@omucallyy  cloged .

5 Notwal edevgions

A wnowmal extewsion s ova w\/\idmw o

expresed  as e splittwe feld & oo et of

polumoniods. Eoquivalewdsy, evewy palignomiod winlch

B Wweducilolr over Me groumd. Rk lbuk won

Ov vook W\ ML xxemstonn SpUs . e extensiown .
Given am @demsion sohsRying Me \oler condikion,

oowsidar e 2b e} wivimal plyno wiels af  eloaments
tee opension Redd ; by hWwporhesis these  spUt
extension (ledngy ivedmeible) amodl meve s clearly

W weimediake fld i wwen Aay ol Split,
Cowversely, givea Mg sSplidiag feld eension LK

ok o sex wolymo micds gnd  omodar  educilole

olgwo vviad aver K wwh a voot & L, we waay



resontc oun ogldemlbem Ao AL Splititng fiatdl L7 %
Some  fdnike Suosetb of Awe given ser ok i
Tas wifous lss of  genaralily  (byy  Choosing suikalle
termediote  felds  KEKel’sl) LK is ane
pliking fral g a  Single  iweducible  polynowmad g
over K amd wone  finike .

Now ok MK be o splitfing £etd for fa
and  comnldand e folhowling dAoQ«M swogiewn &M

AN
LY Lcﬂ)
D
K() {/}'(([3)
N K

Nows K@):K oamd KER2EK , whave  is amalaer
oot 8 £ i M, owe  isomworpWic 04 olostrenck
[ ex'cem&\ows, ap owe L) : k(™) omd L(R) : K(R).
SO we can  peckom divisiow )

CL@Y:LIL: Wl = (LK) = [L(RY : K(RY) LK(R): K1

= { L) s K () 1l k()] Gy, odoove
= [L- KLa)]LK(cx) K1 s o €L
= (CLL-w3l

Honce [LRY:LI =1, e WPR=L,so Bel.
’W‘\:Smeo.x\sm all & wme Nor!rsa.(.’ f wu M

£ Haon "M is alve wevwmad  aldough dheve s

"o veapon wwy MK should ke, Aso, b IS wet bwae
LM, Mt vovval. = LKwa«m.o&; cone v

Ke@, M= A (W2, w), L= QM2 W) whne wis

A& Co»wp\zx ez vou - oy uwu.cy. C exexcises. )
e e edd nowodidy s AW, We alveody kwow

Mok extensions oy a oot % am  weduccble polymowiod axe
OWMDYPWAC , S0 A, Smae. seuse e voots owe “indistmguishalsle” .
We sWall see \odBr Mok Here ave W foct outowmovphisms taking
amy vo o oy oer, So WM oorddr ®© gt e LU wowplement
d- Aubomovpwisms we need all & me wots, whida s exoca
whoke  novwoldsy sous.

Givew oy extemsion we way olumayd embed it

o nwak Qcteudon . The olgae@is debwre of e lowrer feld,,
for psvome, provides Such om exkension, but n dhe faite




Go.R
cosl we Mgy eosty consbuct A suatamlR  estens con
UWMOWF Using, e Asdomn & Clsice . A waivawol  nomal
eMsOn MMM A givem owe s colledl o nownel closure.

Duwing, Me  elgieentia  censny, KWhgn e wan first
reofiedl ok Me gemwal  guimkic egquakion  Evolaouoly
couldh ot bk soled. by vodicals (we shall prowe s
\laber) , & loecome apporent Mok e velevowmts
40 cowodor (iere permuiniiows  of e vooks of o volyuomdal,
amde alo  exprewws  WWOWAG Me  voots wom  had
voklonol uolues  TStewont pp. xiii- xv).

The wediods wwion wee kaown by e walddie
Mo saeain cenouny R sodng  (quadaodkics,) cubics  aund
quorbics  wwolved.  (essewcially erpressions W Aug roots
Whith, Whilss et roktowal, “sobisfied  polymomiad equokioud
0l lower dogvee. for Mhe culsic, T e vooks owe R 4
oMk W IS 0L CowmpRi Cudoe  yoot By WwaAky, o, B,Y YMow
eandy e «G’oug}ot guen  OtAHY, otrwRtwly omd ot wif ray,

Wish. AW, £ s alreody o cor@icrent e polywowsial
Wm o Men vooks o A quadrakiz&eqmﬁo\f\
wWhese  codfaicSomks ove roenald funckiowa 8} Awose of
A cudoie . (MR shall deal wwa Al guartie lader,

In wnolem  4ermindogy  permukotions of vooks owe
repfaced. bu, fleld owbomorplsms (fadng e ground
fLdd) oamd eMpresalows W Me  YO0oks o replased. by
wRwmeAoSe flelds . Me  fundoumentil meorem  relares
ium of he group o) permaoriows W Intewweddake

Tws W LK & o fled efension (wWhida we
shall hencelotwond. osdwme +o ke Fnike), ML Galels
Qrowe , M(LIK), consists ok e fHeld aubowunwpluSms
o L suh Aab e eewents of K vemaia fded . Ale
Composition 1o o) cduNRe Me (awmpasiton B Wops Omel
e doakdy ond.  wesses are M Oovious Wl

Noow W W s qneraked by sowme by ‘W
ks o oo eelymonmal  § oler K| its cleowr Mol elewens
0 T(L:W)  wast  pewude Avee rooks S £ s fixed .
Comevsely ; e permikdiion & He  rsks  deremines  H
auamerphsm  WMguRly . Flnolly, tf LI s o splitiing
Qud wenson Lr om  wreducloR  polmomial | Ag
Gokois  gwuwp Ocks wansibvely 0w due vaoks [exercise d

CNow we ®b up e velodionsWp \aehween Sulogrups
ol wrerwaliode Qads. Novwke st ot s tue
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o lodaces. Conmsidonng sSuldagvewps omd. nrerwmedioke
Laols sy an  suwissets, Mmeve & o ntmerseckiont
(o weet) opevokion defingd ow Wem . Whilst the
Seb-wise wmion o subgwups oc subfells weed ot
e o swogwup  or sulfielol, v vaowy  reverMaeless {diwa
Mme suWogrwp or  subfied Qenmiodrel by Ye  umion
omd cal Hus e  Jodn of ewm.

Now wvte F for e loktice of wkmmediate
fetds , ocdwed by inclusion , amd sdulowly G for
Mo s ups. Given om  ndRrmecio ikl Me 3
(s L:M:K) tere s o swogwup MLM) of T(LIK)
of oukovrphEms  fidng e elemencs of M5 Mhais
we s\Madl ol M*. Cowversely, gvem a  sulegvoup
H of TLWK) we wow, comsder ts seb g fixed
kS, W wowy easdyy e vewfied “© form an
wimesdiote  fietd, W1

Thus we howe +Wo opations ¥ 3—-TG
ond T:G=>"F  and ey owe eoslly Ren + e
orge - revensing Cexercse] Moreower 7 HEXg owd
MEY wenae MsHY Y Hs M*; equuatonsy,
Ms M*¥ omd Hs HY . In qeval o por o)
wops (¥, 1) bebwan lotkkes  wih  AWs  preperty
is collad o Galds cowespondewce (swe HWUS
Wb e sk exoump +o e Loumd ) owmd s
% Special cose o} o poud B  odypwk fumckorg

Cokegovies.
Meowy Qives necessomy  omadl  suficient condltious
Ho¢ Arese  vvaws 1o ke bijeckive  oamd WeacR
Xe lotices 8f suogroues amd wdevwedliate,
feds b e (dually) eqazxvaﬁ.eu\t. Ok wony Mew
explotc our wouwledge qrowp  Heovy +o
weskiopte e Stuuckuve of flelds.

T, Goloe exkensions

The GCodois cowegspondance W not
a biyeckod, omd Mg fivst @loce ur v cheak
:fwf&llw s ox e groumdl glerd. weself. Awn
exvenssion. LW s saiel to e & Golols extemsiont
i ML)T= K We shall show Mak for oo £aite
Golois extension fhe Golois cowespondauce s bljeckive,
omd aloo Mat a foke erkewsion & Golols ¢
£ s ozl owmd sepplale
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We nreed o v due €0 Dedekind . Grivew £ields
K,L, evew g, distet wowoworplhlsws K —>L is
A woepandene over L. v oerwise Meve s aun
apress on A, C(X) + A 0500 +...tonda (X)=0 with a el
omd. o WK>L disbinck , for widh s leawt . We casase
YEK  for whin S (Y) # op(Y) and cowbuck a
relodnion By 00 to3853(x) +...+bn o) =0  where
b: = @& (6,(3) -onily)) WWOUA s wonbivial swae \o &0
M WO s shorter Maowm da suppsed el owa |

Now wodngy s, by o Sdmdowr
(Stewaxt pplor-3; werase] we wouy swow Aok of
Li K is oo fRalke Galoils extemsion tham [L:K]= 0@ K,
That LUK 2 [RLIK)] PUovs wwmediosely fvom
M lemma ond  damemtouy Waowr olgulova; 4hve oXher
Megquality s avother  vvinimodiky ovgumankt. Tt
ow  alle folows Mok for aumy fwike  extcanailen
LK omot Ssuogroup HE M(LK) we have (H:K)=LL:K)/H|

Recall Mok MsHY ¢ HSM¥  where
LMK amd Hs (LK) | LK bting oy (fnice)
excemsion. Fom  Huis  amdk e order-veuensng propr ey
6d * omd T it follows eaotuy Mok HHW | MsN*t,
Hi= a™t amd M*¥ = M*TF Shus we howe

IHI= [kl /ZiHtkl= (L) [HY* k) = [HTI
So HEH™ ome ke quowps of e Soume ovder
omd owe hawee agmal,

We Whowe Mus shwown Maok HoC finabe ddensions
e compositr ok e Godols waoups | one woeuy roumel is
Mwayp the denmcxy, e H=HTY,

The veswlbs 6f Ais cownse wouy be extendad
(with. occosionod Choice) to genevol olgllorouc exkensions,
In MiS cose e  precaddng veouls breoks dowwn, buk
Yne Goists wp Wouy e given o topology (aauked
e Kt »t'opggq§) remdang v a  Cowmyprckt Housdor
totodluy - discomected.  topolaghicol  growp (A prafuice
_m@ M whon fMe csed subegrowes are exacky
Mmase 8§ Ma Lo M¥  for M o WhRrwediode freld |
Twe opexokion H> HT* v den e topolegicod
Closwre  oud e results of fwide Goalolx Meowvy go
Mmugih o “sulagvoue " veplaced by ‘clesed. subguowp' -

We hae sall to show thot o finike etension s
Grodols YL i€ s vowad omd  sepavalele, omd Mhak fue
o Grausis s M= M¥t g all tntemediate fields M .
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We shall Ao fus by oagoun counting aumbouo (puisms
WE wwust ook appin ok wormaodiky amd
Sepowdotliey . First we Swow e Soume veswleE asoout
novmol chasuwes Ao we duh adoul  eMtensions by o

siagle vook, splittng falds amdl cdglasuic closuxes,

QW o
N T ¥ =~ M
t/[
-
2
kK 2 K’

Wi MK is notmod owmat N:K & e viovmod
cosuve & LK Have s o0 wap (Aot uamiaur)
extending ML givem one.The proof Lexercse I s wundn

S.

Simlawrlyy 1§ LK i ke womal oumd
o, owe vooks of M dowme /po wad, theres an
dament of ML CGralois roup Senolng ok to Ahe otihwer
(e W5 tramsbve) .

Undesr oumomovpwsws o o lowge exdtension,
MK, owy wowmol excension, NiK s sStodollUsed
(le e(NY=N Hr e TMIK)) In foce e ewald
Aoswe af om axtension oK is essenbiolly  its
ot UMAALS kO WMAPWISWS o)  \axges extensions.

CWe aim b0 sww et MK S [LK] with
equaliny  \f LK s ool amd  separokole . Tk s Ahen
am eosy Covollom) oy the Premowns seckion ok s Woyneus
A e fvive cox) HE LK s Godods (e MUK)Y=K). ﬁ',v\aﬂt\
i Yese condubiows hold ewmd M s e wkewWwRdAodR
£ad (0 LM s o Kaike,nomol omd scpowodde) them
by e Soume avguwmamk [exerose] M*1=M, cowplexing (xe
st part 0f) Ahe Sumdowventod ALorem .

leb LW e fuike omd sepowalale amd ek N:@K
be a nwwmal eenson  contmingy &t Then deve owe

' n=lL:K] distinee  wmonomerpwisms LN Lodng
We olready kaow e rvesulk foe LK simple (e L=K(x)),
so W5 o covollomy of o Aveovemd AL PAnmikie elevnens
by we coun owue Wk on W. Chase oe L\K
So its wimiwad, o ypvewaad spliR ko ¢ Jlskanel
W 4doatws Wt N One mogy vow  show (eexese 5 Stewart
m@-\\o] Mok e wops LN fodng K owe Mo

compositd f the K K] wops K@WIDN  weh
e [LK@)] (b wmduckion) waps L>N fudig Kl

Cleosy LV wsepowalde e (oors ef
e wimvol o wid oy o wih Wt e distwuk
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ok § LK is ot nowad sowme € Mg wops wild
toXKe elaments of L owswde L.

9. Gaowp - Meorebeal. properties aft (LK)

We are vow W a pakion o fFHed owe wiy
viorwadity W Wpovtoumts bt Godow’ theoremr, by
SUduing Me  Golols gouss &) Siwike seaowalsR
e)kens ions W relounon 4o Mose 8f Hredr novmal closuwes,
Sepowodoloy e sholl ot study  Luwvther @ om
accoumk & n Cown, AgRlova Il §6.4-. As one wughe
Wag quessed, e tevm "worwol” wan applied to Reld escemsiowns
050 veswt of e veloowsip with nowad Swbgwups ; cowsensdy
"sobuble” gwups wem so colled becauww & o lader Ahesveun

R we weed e wsy lewma (execase’, Steuowt p lo] Hak
for LK omy evtewsion wi wsmedioke feld M omd tel(LK)
we wawe  (ME)¥ = eI!M* o< LK) . second, ot ok
Gralols’ Mmesem vow) folews [evevecse |

Por L fadte wowmal amd seppralalR  amd M owm
ntevwedioke fiekd, MK is wowmod U MFA (LK) .
Moreover MTMIY 2 ML) /TTILMY  whee e
wakel quatients W S @MLK S (MIK) by THTpm.

It s Mis funcndod  velokiousWie beboweun Qroups
amdt  feloh adensions wwch, providos the reol pouer of
Godms  Aeow .

Now (ets dwop Mhe Condition 0f norwmallcy ow LiiC
and See wwiy ia tes o) group Heory dhe thesven fodls.
Take N:X o wnovwmol cloture and 2 (NK) s Gadles

wp- Recall Wal e omcod gqusstion s whedher
Koz P (LK) = icconere () s e rdeome Galols WA
for e axvemsion LK. Pux H=P(N'WVSG owms
Go= \;‘)(N:KO)SG (Mis s wwavre we  vun oub % sumsible
Now KESK,SL so G2 Gs2H. Moover LK, s
Gralmis oy Cowsbuckion omd hewe wvovwal , A0 s Yhe
largew exemsion N Ko, so ly Mg Secondh powt oF
e~ fundloumental Hresvewm HAGo. Cowvexsely , kb
HIESG omd e KEFEL e Mae fixed fetd
(W Y axemsion NI ), 5o LIF is normadl and  hamce
Gadms whense Ko F amd so Go2E. Thus Go s
Hre \owgese  Swogve G whian ceuwains H 0w a
rovmod.  Suwlo growp o.(.w’;:% R @o= NglH), e nowmaldiser
of Hit . Cleawy Kz=Ko @ G=Go= Ng(H)= HIG
LK w normad .

How do we say W Me omguege o growp
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Ga\3

Meovny Mok NiK s e vowmol closuwe o L2
Wetk 8 MK were novwal with  LeMeN  rhen
FM(N-M) would e oo movwal  sulogvoup ag, NN K)
Cowkoining T (N:L), amd comvessely. Thus PON:L)
Cowkaims o Wowal Swlogrowps af MIN-W) | Givenm
omy nowald  ademsion NI cowkoindngy LK, N* is
Mo wberseckiow of e cowjwgates of MON%L) W MINGK),
cowesponding 4o re fock Aok N:W s oenevoved. by
Me c,oudugabas“ of K.

We ave wow ‘" a. pasition to closoify fuive poelds
and. Mewe Goles gwups. The additive gwuwp of o fwike
fiald  is whok Me group Mmeosts call am  elewewsanmg Aoellam
bgrp, e wuldpUeobve group s oudic omnd. so s e
Crodeis growp of mextwww webween finte gelds
Vowerer  fFinkce  £1 amly repay o growp tueow S
cowobulion to Golms dMeowy sce el wmoklX growss
Cin particulonr Me amalogues of the specol Waox gwoup,
Me  ortwogowal gwup Owd  the Sywpletitic group)
provide @ sulstomclod propodtlon of e Lnilks siwple grougs,

We hove olveooly node wost o He reléveut
obsecvalpons  bwantks  Me  chosdficoken of Qaire frelds.
e chowackensl (Me swmallest nuwdeer of wdmes owe
hos 4o odd wmiky  to ikself 4o Qpr zevd) MuUst e a
pime (exercise) amd 2 we howe Ame prme subofield of
ordec b (we oMo Souy ol QS e prime swofield
of omy Kool of cowoetestic zero). Ay fiuike fleld
S oo Ueetor spoce (souy of dimenson W) ovec S prme
swbtietd  omd hemce has order  p". There s exackly owe
f0d of eootn possible order, called GF(P") o Fpn Rukqze.

mem mode  @:x+>x’ is an aukoworplis
O.\-WQ» omd so, f we Mink of a ke etd
ar & fuwite Sepanole (amd ndRed  owmal) extemsion
K:P of s X‘.me, sofietd, @eM(Kk:®. In fock MUTP)
S e Wi akor QP

By elwembon) @uwp Aeow owpUed to Le
nadkiplicotive gawp K* | eveny elamens  xe K sakisiies
X¥-x=0, amd © ¥Mis polynomia splbs w K (sineR
& con ouly wawe g, distwk voots) awmd K is  cleawlw
e s, ke for it In powdawdlowr Pis dwe
spliing fiod  for - XPox=0 oo Lpdt=P. KPP ik
Yoo, vovenod  oundh  TOKLP) & oyt amd gewerated
by @ lexecose 1.

-~
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By e Moy of Selilting flelds  we haue proved
e wmiquevaws of e fleld of owar B Its esdstawe
S Woud oWl eany LXeNCUR. .

The onme remaining resub us © that He
wudklplicotive group of o finike Ldd © wyckc, an s
oy fite suogoup of the wuwdkblphcalwe gwoup of any
J}{e)a. ™Me expoweuk of oo fvike qroup G is ke swallest
positive wuumboer € suchh ok %=1 for ok geG; n
ofine Moo  gvowp Mmere s cdways om elawment wwese
ordor & Me expovant [exemise; alse a Coumberexouple
foc @ vion Asellan. growpl, so I e(G) =&l Mme Avelam
GroWp S Men Cydhic. ' ‘

Givemw o finke group G K¥ of e wulkiploakie
grawp of oo U ek n= LGl e it order omd e=eld)
ks oponent. T XT21 for xeGEK, bub s is a
polymonial equorion wh ok most € ropoks, s ezwn,
but cearw ein so e=vn, TWuS & s cydie, being Abom,

. Onterio. foc  weducdality; cyclobowis. pokgpowial .

We Sl wvow L o owe "practicnl” Golms
Wéony. We Whowe Sveaqueay weatiorned,  weduciole
plyuomiols bubs weve given wo wweams af deterwminog
whedner oo Qivem polymonuial s i fock  Tweducidde .
The Lurst lewwao. S due 0 Growss (Wi R=Zowmd K=Q):
}é)c' R e o wwique d{ocktovisodiont dowoin OLMD\,RK s

ek brockions ; Mew polymowmaad.  over oalcia
'S mﬁt@b\e over R '\sa:ﬂ!oo veduciiole over K (exercise]

The secowd @wmwal s colled Esewstens cvitevion.
Givew o polymomial  £(x) = aaxX™ ...+ aX tao (over a UFD R)
owose  coeflicients howe we comwon fockor (te they
Qeueroke R an om Wodl), emd oo pavwe p in R,
suppase  plan buc pla,s (0srsw-\) omd p*fa..
Then § s Wweducrole ovec R . [exevoise]

Rwally  we Wove what- s esseviay oo plece of
fust ofdax Wwgic amd it oWy woviks cver Z. Lek p be a
pame amd  §= aut+...tae oo polymendad  over Z wiv plag.
lee { be e cowespomding  polygnoiiok over Zp  umder
Yee quaviome waop T -2Lp , owsse meficienks A, oure
(0r wot P ). Thentf  § is medivibe ovec I |, so s
foer Z (buk wot Cownexsely). [aosy exercisel

Momy Tipas Quesions “awe looned own  Mese twree
lewmas. It s of poxtloulosr velevowme to ws Hak
£00 = x4 xP 2 e xPex+d s Wredudide over Z (amd

hewce @) for p pame . oppwy Eisenstein o fix+l). This
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s e oycobowue polymowmmal ordav p. Tts
vooks W €&  owe AWe  cowplex p™ voots of wuby,
Move gemunadly we define dn ) = TT(x-R)
whire W vuns over ¥e  pamibive nMyvoots of wwby,
le ose fov whitih Wo ¢ pouwer with O<v<wn IS

wnibty. They owe of e fovm €™ Wi (awd=1
omd E€=exp Ini/Mm , omdh dure cwe @Pn) of Newm,
whare @RI P2 P )= BT (PP (D o . p e,
Nobee Mot X'l = TTyin Pal). A stroigmkforwoud
appicokion of Godols Meowy to A(e) O [exevcisel]
Shouxs Xhaxr Mae coefficents owe voaxloviod ond sinse
omy wreducible ALockor & G (X) s adeo ove of
x*-1, Gouss’ lewwnor shouws Mok ML coelficiemks awe
W fock  nkegers. We aum o swow ok §,00 s
iwveduuo\e ovedr @ (ov Z). N
Comsidar first n=p" omd puk ¢Pka-t\)=)£ +g,‘(x),
Now Do () =(xP=1) Z/(xP™" 21) S0 puk Eogpepe &) =XF Y phy(x) :
we wowy See by an apelcodon of Me b \
Meoven Yok  he®) hWao inkegral Goelfciemts, stnce
b AiAdes Mg nwuuwmerokos buk wot e demowminadnes
&f alk & e velewoumk coelfficlenks . Now we simply
MR, cuXr  Yhe  equoliow

: K=) k_ k-l w_ _
(KP ‘*Phk,‘(X))(XP P '\‘QKCX)) :(XP ‘-E' P\’Ikc())
o ser Mok Me coefficants of 900 wwmst ‘oo
divistole by p. As to e  consYamk coeffrcient, dis
\S Cbpk(i) =(Z°S«Pn ) /( SOS!"<P"" [7)= pk (P =p.
Elsenseing olveian  is Aham  applcolde WA PRWME p.

Before we tuxwn to tha aeveval cone , cowandr
wihvags XS Says aoouk the @xtension @(e): @ (awichy
spliks  XP7-1), nawmel W& oo degree @CpR)= pR-ptl.
Iv is clearly Hfivite, nowal omd seponvobe, so e Godots
gwp G=T(A(L):B) hap oder @Cp™). However its
elamenks ocuwe dikeramived by Mo ockow ow €,
WWIUA Com oy e £+ €M for Some wa WA (v, m) =l
Tave owe oWy  @(n) SUWUNn wmoyps, So thay wuust ol we
Y. Moveover Mhay fom an .. Akeliow @uowe, U, Hhe
@wowp of wwibs wedwdo  p¥=wn .

For gqavuvak M, G wnst st be an (AoeMan)
SWogvowp ©f ~ U, and we wust shaw  drak Tk s e whele
ok \5,so Q) @&l = 1Gl= Unl= @ (n) = deg Cbn . walenoe
i flows ok QPn s wveduciode [exercise ™ wihy 7].
Now eoeh melln (e meZwith (n,m)=1) wmauy be exp
o o o prodie W, ...me with P \CW\;;»“O fov
i+) lexerdse : Yo Ginuse Rewainder Masvem] omnd so (essenbially)
ad v compesite of alomorpWusms of @Al(e): G eadn of
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oW, whon rrsvicked 4o Hhe Subeskemsions @lg:): A,
Wmeoves  owly ovie of drewn . _

Twus (@e):@1=1T(@): A = TTM(@): @)\ = Teplp=qpn)
In fack M@G)ARAIZUNT B Upw.[Exexise: whave
Mpmqﬁdﬁduknawmtunwm%euam?:; It
now follows  as mfove Mok Palo) is  Irvedusilole
omd s Godois gvowp s Abelon .

12 . Exoracldon R vooks .

Now Mokt W howe datewinmed e wvakuwre of e
eXemeion Q) R, where g i1y a (pnwmixve ") root of
Wby, We wow pvoceedk to the SpUking Qeid of x"-a
where & 15 o raonol vuumboer. In focks owr  vebreok
to @ 5 veally rother cowordly :we way deod wwi any
fldd of ovockedstic eier zerd of a suffick
lowge prime (>wn Wik do), bur we wowy as well cocowme
AeK .

The Rust Mg t° do whem we Come aLrss an
Marion Suth o X"=a s b adgor o priamtde v
vook of umity. Twis is om  extewslown of dugree dividumg
P  wiwh Aceom Golss oyoup ,00 e have seem
(Ydividing” sia@ it wauy addreodsy e there) . Thws wwoy, x™1

WM K. Now ek o be an n" ot of @ in Sowme
ansion (we woy oo welhk Mk of X ao real amd peskive
@ possible) ) thew  Kla):K  has oogvee dividing .

Now Etodeingg e pime Hocawsodvon af n, we

cowsomck  ®  amt KX as & resuls o a squeae
of atrockwens of pP™M voots  with p pame. Stace ok
elony SR Ve rolenomk  polymomials  splik (n e
prasence of o  prlmikive U - ound hance P - root of
wmity, XP-a = (x-D(x-£x) ... (x P ), we howe
novwol Udemswons , amd  Failroness anmd- pauradovliity aunre
OMONG . Thits e Gratlis Groups of these  extevsiowns
wW e qf ovder b and hewc® Y.

To sum wp, wWe conabucke Me splitbingy  foed
of X“o. over oo A possivby Lok, n voots
walkly by adiping  pooks of wwiy  and swaessive  p
rooks” A evemy SNage we Wae O vormal  extension
wWiln  Moelior,  GulolsS Qruuwp over e previous stoge. The
VYEWE S Ahe Splbimgy  fReddl of (M= )M=Y and
G hene viormod.  buk (heasioly)  te blg so we  tole
& (ool ) SwWoextension. -

Now cowsdr Me  Golsis gowps of Hae extensiowns
bebween e spliiding Red of GN-DOM-0)  amd eadh
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Stoge W Awe  cowdwickion. These form o decreasing
sequemce of gvouwps, eadh &f which S nermal  In e
prodious ovie wiWh  Aveliam guobent. A grwouwp wvhh
SUh o Sequevice IS Soud 40 be Soluwde. Ibs enoy to
See. Yok o extewsion fovwwed by adiowing  roots of
wniby oamdn“rooks of elements of (pasibly intevwediode)
Relds s oy 4o owe o oo Galels quowp os well.
Formouly, we defie o rodicold excension LK as a
finbe vormal (anmd, vestricking to  charoactedstic zewo,
.Se,po.:ra.lo\e)?suoexbewsiow of ove & Me Pim Klo,,...,00): K
wheve o, €K(oy,...,00p., )  FoC oM primes pi.-., pe
ondd Kot ..., ey ) hoo _F.-m vools of wmiby . A radical
extension need. not  NeCesSomuy self ve of e fovwn
Koo, in ) K Jor Such Oy 0n. AL &emsion LAt
s of Mok Jowmn crowly haa o scudde Gadme Qvowp ;
me Golis grwe of o wormold  swoexteusiom s QA
quetient o it and hewe also easly seen to ke soluble,
Noviie ok W e cowe of sSputtng X"-a almr,
e movwwedioke  Grws  in the Seomeme were  novwol
not only  n el predecgssors  bwe aloe L Hue woholR
group. Tis s  wobp wecessowy  for o gowp to b codded
oWl 1 It W fock defines oo strougee  condibion  called,
Allpotemay. Twoe wogor Heoems in the Ruwbl Grouwp Aoy
couse our Mo o Quowp of order n=pXp .. pSr is
nilpotemt  f it5 @ direct gproducts o growps of ovdens
P L, P2, o, Pt ondl sowddle IEL e hao  sulogroups
of ordecs /P, n/pSt,y s n/pot Evew qrowp of thok
ovder hoo suWegrwes of ovaesS X, ..., Pt

13, Sowkions of eguariows by radicols.

In e trevious SBcoon we swoued Nok A
rodicol extensiow  has soukde Gualols grouwp. We swhatl
Wow Swow MR Coven®e, for which we vl o lLuwwwa
usually called Hilberts Tweovem 90 .

let LK be Golols wih  cydic Godels growp of
ovdss w gevarabedt by T. Them wel sobsfies aotat.o o =|
YL Wl e form 6/87  for sowae  SELNIOL Swictened
v oa owiol exercse . Comversely, leb B=a, Bgu&"',...,ﬁm‘d@?ﬂm =\
omd comsdar e K-Uaar wmop @:L2L (0o K-vecoe space)

R BoX4 Bt .. ¥ BaaXT . TWs 1S U venkrdak  Wnean
cowdswiaion. of AESHALE  ouboworphsms of L §0 <
owmd & hewe nonzers oy Dedeldvd's leawwna (8. Tn
pavbuubon Hures some yel wwa yP=830. Irk easy o check
vox 5= x8" so & sabsfies e vequived. property .
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Now let LK be cycic of degree v (e ao before)
of cmourackenstic hob dividing W and such Maak X"
SPUbs in K. Then for some OeK, x"-B is ureduciole over
K but Wae LK as spilting fleld exteasion, amd ¢
BeL is a voot of x*-0=0 sen L=K(B).

Leb € be a pawmdsive " ot of uniky . W amd
lee © genavake Mme Gradois gvowp MLIK) Then ££%%..£° =1
So e£=R/B* omck 058™ = M @T)=(B™M)T s e finecl fReld of
MUY, ie K. The winwod polymenniol & B divides x"-8
but hows W duisknck voobs B,RY, ... RY (swe g%=¢"B)
So ik s x"-9 The vesuWk folkows.

Given, oM exXtension W Sowlde Galols growp wie Wodp,
by refivimg the sevies whitn demowstrakes soluboiiby o our
Wit cuchic gquotiemks of phame ocdar, wlog asswme it to
be cudic. We now nequise swmply to show Aok a. cydic
edemsion S rodicol. Wwere voors of wniky owe
WUEETAG M SomR  tiwa e wacuy adpoin o Aneve
amd W SusceRrdongy terms  omol vefane e Lguemce owek.
ware . e oviginal @xtenoion wil Xam e o propas st -
Of Ma oot M, bulr we Whoue accowwmedoded Aok W e
defimition . Bocin sToge s 0w om extension  esare oy
a p™ voor of wiiny , o by a ™ wob of somedaing
elge . L pvesevice of  p™ vooks of wmiby . Thus e
givew. excendon s roudicod .

The qmdxnkic)cubic and quosrc

Its cony enough *to wite dewn Prwudoe  for dae
roots Of & Plgnowual equokion of degrer ok sk fous
as raduco) espressions W\ AW coeicienss, aldwougn Tt
Gets A ott tedious  LmesS yow modee o few swhaskitukons,
Ouwr pwpase s bo wndstomd  wky & uxrks @ how to dw
e ls dran Just  cadadakion leb US odumie Mok ouw

Wl s € the fomn X Mt Qpoa XV TH Lt axtae amd
wrecwc ol over A .

The Godals growp ™Mow be vegaxdd as oL transtve
Permuwmkion. growp ow e woes. It S us o sulgwoup of
Sn el Wowng o suwbgrowp of ndax v for w=2 it mb
ngm, e (the cydhis Gowp of order) 2, for n=3 s emer 3or sz,
for atyg st b, VEQOD), G4, VEH,00X3) ,(RX24) ,(W(3Y)

Dy (e clihgdnal group of order 8), Ay of Si.Bor n=5 i+ \won
oder §,10,20,60 o 120. c R

The Rt swogrowp of wWhith Comgd Yo wadnd IS A,
whak © s fixed. fiekd ? Cowadoxr g EXPreNd\ON 5=W;<)@;~O(J)
Whose sqaone s\ A fied feld of e whelk gvougp
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amd s wence mabiowal; indeed ww sowme elfos one coun
it a0 a vabewol funchion of e GaefficienEs

I SeK tmen Me elomensks of e Golols growp st

pouute Ahe voots evemly, 8o (v st ke Q. sudaavouy of

An, but vnot otherwise . Let us Menw addoin & to K. s

odreadyy spUts Mme quadsatic.

For Ae culoie we awe vow el wlin a eyddic
Golois growp af ordar 3, So aa in e prewious Seckiom
we MUst oo ), A cowuplek cule voob 2l unlty,
ond hen o sutodde culee oot I wecessowy. The
extension  wmawy, wowd [haue dearee wpe to 18, IL Mae
vooks axe o,B,y we already kwow XtR+y¢=0, =0 lek's
eowsider Az ot wf+wty and p=a+wRrwy. e Golols
guuwp (A3z) permukes o,y cyckicoly = wwkkbplies A,
b‘d oo vouer of w, hewe & fixes Aa,pt.?’; i we weve o
toke S3 n stead, om odd pervddihon  wowld  swoup Msse !
s ey oksfu oo guodiokic eguahon over @ whach
Wl Wowe  essenby akreoduy solded. . Adjoing o culoe
rock of etther A% or uf voud soles Mhe  cloic .

Brplicily, ik owr cwoic is X33px12q,  we hawe
;\3,M3= -t NPFeqd amd o8, = 3(Atp), (A rwm), $(ea+wd,
over R, we hawe Hwee distince voots if p3+q2<0, owne
sing\e  amol ove deoule ¢ P+g*=0#g , A biple vook
ok zew L p=q=0 (cbwiowd) amd Q& Slagle vooc
(WWh,ov  Covmgel Codupake poudd) b {;3+o,f‘79.

Y Quowtis, esxcenrsion oy & veduss e
geowp  frew Su,Du,Vior I to Ay,V or 2 inihe Soume
woy v veducod Al cdoic fowm Sz to 3=A3 . The interestivg
cone s ow Au, wWidh o oo wormal  sulogrowp VY

wolex 3. This cowesponds 4 Me suwofield gevuxatecd
by A= @RXY+8), = (e B+6), ¥ = (atEXB+y)  whwve the
YOOk ou o R, 0w kejore . The Gouss orouwp (whakhes
Sy of Ay)  peruuses these romoitively, so Mgy sansfy
o ocuwlolc equadkion  which wow be solded as belfore.

5. The Quuwnwac.

Ie s on exercise fowm dementomy growp Yheow
mak Az s stwple (hao wo ool subgrous agports
fmva Uselg omd 1) amd so Asomd Ss are ot luble .
T o quiatll equonon  with  elar of these an Tts
Gole\s quoup Ccoamot be Soled vy radicals, Suem a
quiakie TS xS-bx 43, oWich sakisfies Eisewstelns oitevew
oM & ance  Wotonad (so WS (ralsls Qowp S bamative,
soway ovolx & nudbiple ot five, hemee has om elument of
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ovalox Live WWN vuse e oL cyche, Wilag (123u5)). By
cwrve-skebehing [ AvolyorsI Bevcise] e von exaetly tivee
Veal Comol 4wo cowplex) voots, so e Godois gvou
wcludls  complex eoupugpdion , whidh is  wlog G an @
perukaMmon  Now  <G12), (R234S)> gemesoses Sg .

Some QWMLCS Cam af Couvse be solved by
vadicods , nawiely Mose wuse Goleis growpe Wow
ovdady 5,10 or 20. These ave e sulogrowes, w oy,
<(123u8) Y, <O123uS), (25)EW? omd <(23us245> of Ss.
A exowwple o Awe fUst & ocbviouwswy  x5-2 over @(g),
wheve £ s a ot of  x*+xPaxtex+l=0 bubt Mis W also
do B e othurs with groumd flds @Q(N5) amd @
r%peéob]wag.[{é_xm: Mmeve owe o other tramsitive Sulogvouss
of Ssl.

Me Qeveral quiMbC is e polygnanial xS+ X%+ Sg
ovex e bromscendantonl exdcemsion K(Sy,...,S5) . e
fve dependents "ndeermdnoXes’  s,.....ss . TMe spUldivg
fleld of twis poymomuwold is Kle....bs) omol how
Godols Qvowe 35 , acking an orbibiouwmy pevwutainons
of ib,,..,ts 3. TWis fixes Me exprepsdoms S, =& +eatbatt, rts,
S22k baxbxat otk bs , ec, anmd oy oan edpvession &
d (Sucm an £+ 4 -.+6¢?) must e o vartovald
funckon of dese, wwan owe  colled Mme  elamenlowy
Sywmeis,  polipmomsalds n five vawmoddes (stailowly for
oy oMU uuumdeer).

Ty's veowr Mok the genecal guuakic (or sexric,...)
Comnnok \oe:soso&\;’ed by voducals, ie Awered no vaslicod
eMpvession  fov woks  tn tevws  Of Me coelficiemts
We howe esseariodly odweodu {owv%d suchh expvessons
for e genwoll  Quaidiakbic, Culeic omd  guawtic.

. The, Hreovew of Mo privitive elempnd; -

Recoll Mot o swpe exension is one of e forma
K): K. We shall prove Mot eveny finive Sejpoarolo\e
extemsion 18 swwp\e as a com\lowg of twe sbtro
result ok oo odgeboroie  ebensdion. LK s simple
e here are owy  fonitely wounay bevwiedioske flads.
Obsevve firse Mok~ if Komd L ave Soaibe fllds, o -
LK is bivioly Swmple stce e walkipUaztive Qvoup
L¥, s cyce. Alernoxively we Yo Counk e eloments
W e subfields of  L=GF(p"), which wuumber ak wiost

Y over M propey diwvisors d of v AUS Swm TS
ceawly () less thome PV . A vomdowliy caosen elamens
of Gl (%), for astounce, genevaes i widaodds & 101\ on ve oekter !
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Now et LXK hawe o o0k nMounny inferwed -
-woke flads bub widh K M%MTQ?M.CQW% LK
s fubely gemarobed siwce oerw ise Meve would bl aun
wiinire sticdy owoeniivg guence of subfields, Cuoose
del wihh  K(WYKa wasdnmol wkewmediabe sivuwle
extemsion (we olowt need clwoicn 4o MAS S fhawe ol
oy fividkely wouy ) amd e e LAWK(x) . Cowsidanr
e fields Klx+kB) Hor ke swee tere arve owly
fikely womy wpesmediore  fields but wiiikely
vodues of k, o of Mase wwust cotweide, so K(sttik, R) =
K (ottk,R). These born coukbain ((ol*k.B)k-,_-(oHk,_ﬁ)k\)/(kfk‘)
omd Ut pd=C(a+kB)/(k,-K2), ie o ond R,conkrad -
-y e vosdadiky of K(o). Twus LK s stugple.

Convesely ek K 'K be a sinupe estensiown
where o oo miamal poliymewiod  fover K. Fov om
whermedioke  fiald L, the vabiimol polyowuald  of
& over L 1S, S04, gL, whre (consideved oo  polymonmods
over K(o)) , g.lf , ondlup vo scodor Pobors) Mmee
axe owly Fulkely wouy such g, (fewer Mo 28%8F in
fock) . Thus we cimito show Qo detenwwings L umiouely-

et QL =X"+a, X *...taX+ Qo be swh o inter-
Wik, wuvliioa  pelyovia) over o Reldl L. Tham L
WMBL COMEOUN  Apy so--, Qo ; WO, W WMoy SUWPPOSe,
genanvoke oo flld M=W(AQry,.-c,00 ) Over K . Ths

KeEMELEK(R) . Now g s dveduciele over L omd
hence, G forbiovi, over M. Buk cadn koo o root o
W), s MW=L =Kl , bur L) :L. omd
M(a): M oa \awe. dagree v=dg gu so LM hoa
dogeee L by e dower oo ™us M=L aund e owe
Man cleowlyy dedRvvanadl oy QL.

Note Mot we havenk wused amy Galosis
Aoowy oks adl, so we could houe proved AMIS In
§2 wware we  figv vwaunkiovad. k.

Now cowolder o  finke sepoxalole excemsion LW,
Cleavly § we cam swow Mok s novwad closure
N:K hoo owly Faikely vwomyy inkewmedioke faldls Menm
Mo some B tue of LW, so LK & stmple. Now
N:K is  finke, normal omdh separaloe (Execise : wy?l
s Golol” Mecvem  appies 4o cloweify e oy ediade
FRUARS o W L=l covvespandunce oA KW sulogviups
A e (finike) Godals gawe [MINIK)  of wwda

Bercise: pove fMis Com\,l(:ﬁ\\og o Swulow meudad as
Me brporern  wiouwd  uSing S Meovy .
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I7. Ruher owmd. Cowupasd Consuckions

It s powticdoaly ot Mok Mis s seckdon \F
siace (6 wos  Gauss’ ddscoveny  of a vwer amd
compons cowstvuction  for Mhe heptodecagon HMak wown
him o Moshanmosics rohes Lhom  Philelogy . He was
nmvekeen. ab e time; Galols, on e o~ homd , wan
owy tweaty ok his death in a dued.

For nwder ond coniuposs Coaphuckiows one S
Qiven Xwo polss  ak “undlt" distomee oot aund

to () draw a sStought W Hwough cumy
two givem Pols o  kessechions of cowdovucred. Waes
or cldes, (V) dvew & drde whwae cenbre omd
one of e poirks o1 e clraumwfeveace af wWidn
hWoe leen giwwn or  cowsbwmckect | Exercse swiow)
Mok, e givem  pomts are (0,0),(L,0) € R, e
CouBUCEO  polnks  cue exactly fose whase
Coovadldmkes We in M smallsst suwbofteld of R wwich
S clsed wwndes  gquowe roots,

Twns (exercse) if K:@ s a finike extension
with evewy xeK consvudcible, [K:@1=2% K¢ some
numdeer s. In portiador Me mots of an Wweduable
culoic owe wot Cowsbnuckible owmd ® nor oxre R/2
omd cos?™9. Twis soves ke of me Xuwvee onsicold
probolews of dupWcoxing we culee and  bviseding
an omg\e (v AWs came £T73 ) ; Ae Mavd prolohemn,
of sQuowingy ¥aa ciroe, olepemds ow the tramscemdomcd
TC

o .

SR  we Wowe wow skown Ah nownogon
(omd stdlowly Mg Septogon) wvot +o be coustwaide,
what regwlox powgows com b2 cowstyucked  widh
vuler omd Cowupanres odowe ? Clearwy T n, wa
coam omd (nww)=4 acmd din Mew 0o camn v,
2V amd d . Thus Mme problem redm:. to cowoldaroinon
of cdd prime powess, p%, 27 ring bvial.

I¢ e Pl-gon W o072 com e cowdomucted
MO S0 comt Me  pr-gon. Buk Ms  nwoles Cowstvacking
A prawikive p? ot of walty and s an extemsion
of ocegvree pl(p-1) over @ , Whidh s nater o power
ok 2. Hewce we axe lefk w e Pp-gom ownd, by
e sowme  owawmenmk, p=2"tl for some k. Bxevase:
show Make § 2%+) s pame Ahen k=27 for some T
The calyy MoWn  coses (M@ Fovwmokx prmes) owe
3,5,13%,25% omo ©553%.

sl shodh vew Swow Mok Mg FemoX prmes
Qe cowdoraiade  polyyons. ek ¢ e ov prumicive
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g™ yoot of Where p=2%2+1 © pime . Then
Ale): B (5 o fiwke novwaol).  Seporalole  eitension
of degree 28 amd Mere s oo sequemc B sulesdvemstons
QL) = KKy ®. .. 2K, ? Ko =@ where Racht step
Koo - Ki s viovwaldl omnmd seponolde of degree 2,
omd hence am etenslow loy oo veok af a gquadiaiac
equokion, ie wlog & Kjuare voot. Thus Qw: 8

is comsbvacxide by N amd cowpannes.



