Tancy Colige
Jodumomy \S-1

Mis cowrse s <owneerved wudh e \aewic propevties
of QNke alestrock growps. Goowps  shouldh clweuys W
SLem on ALK own Sowedng , § necextyy Avemnsries
me Repvesombodion Theony counre dealt wwa alostrocs
(AMCor vepresRubcions  baginlng widh o spoces wwow laosis
WoL dhe Qrowp Hself, omol  for M proaf oy Sylew's theomms
we shall, comoldr  pEmubainow  Vepvesemkokons  kegindng
Wih e wadiyimg X ¢ the group.

Recoll e dajdinitlows of  grwe, Greup Wowowovpulsy
sSulogrouwp, nomaoll sulagrowp, kemel |, quotiemb, tmage , dax
poduct, sulgroup Quuuaded loy a swlaset, exc. Ao Awe
basic veomlk Mot Hor omn Wowomogwsw B G2+
We nae G/kerd 2 b s (Lse psowmorpuEm thaoven).
Men £ N,MQ & wiam NEM dam WN QS GN
s GIM Y (/N)Y/(M/N)  (seocondh tsow . ) ; '\ ndeed
Me viowmal subguowps B G/AN ave exacdy of the fown
M/N.  Now degive [won-stondond) o paralbelagvam o
aquuwes 10 We a  diogromn el lncduslons of subogeups !

.
|

KR —_
l H
K \

~
KK

{

i
KAKHSE G
where K4G . Then KnH4H ama omnd. A
aquotenks , KH/K oma R /KNH | ave  isomovpwic (hdd
tsow . Yrwm),

A suwgoue K<G& s dhanackedetic Inon-standord
nokakion: K9G 1 1L 4or evew ouboworpiem o:GR(G,
KQKWstnx«msmamednpw
oy Oon e @a&stract gvowp stuckwre of & wwnd
wot ot how &k acks  or on  vowved elavwunks f (b -
Then 1,G4G ; HeKAG=HLG (walike vomoalkiny)
ourd H‘K4G=> HI G, Bamper wamde @), & and



G

amy worwmal Splow Sulagroup. A Qv IS saud- to e
choupebens¥caly sdmple. - if LG axe WS only Chowadpashc
subgwups; s ocaurs U G - a direck power af
a swwpe guup. A droractevisticadly simpe  Moelioun
growp s Called  Samenony AbeMon .

An agkion O - gowe G o 8% X s Q
famcion o XX¥G—X sugator X, Da=x  omd(x g)t nWx
= (x.gWal for alk xeX; gMeG. This defwas or  Wowo morpsm
A G —> SymmX) W e Soviown wWay. Awn actlon 1S Aaidpud
If Qo wjehve amd tramgiwe i Yx,yeX 3geG 1 (x,9)a =Y.
We wualy wiwe %9 for (%,80%. The odlb of %eEX
> xG={xg:9€G] ond Mo stolWer is Stawg (%)=
{geG: ®g=x%} G ocks oousitively g ML ook %
L Qwem pont = A wwoll sek, amd X s o fixed eowmb
i Stog()=G. Sowme cowe swould ke wolcen whem
vefenring 1o Me  stoloiWser of o suger: 4 AEX,
Stolo (M= {geG: ageA VaeAd.

e &« o dureck Cowespordvnce ehueen
stabollEers of pots W o peruubarion ackion  amal subgmg
of oL growp. Uheally Stk (XSG , buk  aloo if HsG
cowpider MR  permutpion acklw of & own Ao vight
axers ol M by yright waukbipitasion, thon M =Stal o (H).
Tws we hane lagromges Yeoremr: Gl = |G Stakg ()1,
Otner powts W Ahe orbic cowespond to covjugakes of
M2 suWoguup : 1 Xg=y Men  g7'Stabe(¥ g = Stodg,(y).

When oo gwuwp acts on  dself vy cowjugation,
Me goloWier of oo swoses X & called o viaiwaliser

NeX) = {q: g'xg€ X VxeX §
s wust ot be  cowfused wiih ¥he  combraliser:

CaX)= §g: g'xg=x ¥YxeX}
Wi s e Kemel of e  ackion of Ng(X) on X,
o CeQOANL Q). 1G NGO s e viwnber ok

cowwopkes of X wi G.  1f H<G, H 4 Ng (H) ¢ waveover
¢ HELI<G e T <€ Ng(H).

Forally, 6§ HEG wdklh  |GHl=n  Mhen dreves
KA wm KSHSG and \&:KIn!' Gaok G/k<Sa).




3 . Sew sulegvaups omd p-groups

let G ke o LR qwupf oder nepltpr . Pl
e oo Syow pesulbbgroup  of G is a swegvoup af ovdesr
Pre. Sylow's Meoyewms stoe WAk

() Sylow p-Subgrws edst for erxch P
(i) oy two Sylow p-Sulgwups  are cowjugote
Gi) G vumer of them s conQuent o 1 wmed p.

Of cowrse, Qwem, (D) andh GO, e wuumber of Syow b-
swoguags B (GeNg(Syp) |, where Sgp s amy such
suwogrowp , amd hewe dwides |G\, In view of () w
wwst divide [G:Sypl, bur s &  desr ooy swce
Syp < Ngl(Sye) SG. This paces sbrowg veddrichlons o the
passible soauchures of groups. Cosevve oleo Mok
Mere, 1S 0Ny OME Sylow p-sulogwup  thew T IS nermal
Comd W faehs  chhowracensie ).

A growp of ovdar s calded o p-group. Frowa
e dosd eguokvon, e cenbre QF sucihhv . Qrowp MR
be nowbWloR. Hewce Mmere s o sexies

12Go 4 G, 4 ... 4 G, =G

ttaboitih  aewela  CREAS; S caomrbertstiemding sl
bomd= nece & poder o Mk egekis group 693,  given oy
Gial 7Gx 2(G/GL). TWis & called e 7 | uppes
cenbrol. seves8 and we swall e swudyvg W n vwore
ave subgwuwps af odar P!, O<sisot, wwh p‘ép“".

Of cowwe W Solows Wwwediakely Mok 3§ plIGH then
G hos o dawens of ordor p:lExemise] Proe Mg cirectiy,

1.Fwst Sylow theovem

let Sbe e seb of swots § G o order P
(wher  |Gl=p*wm omd Ptw ) and et G ar ew  Sbegg
vight mutEipllcation , o §:X > §  xg:  xeX]. Exerdise
swow thokt pt1Sl, so Moab e & sowme orbib SoES
widh ptiSol. Now cowsder We (bansidve) permuanon

-~

ackon of G on So, amd chooe X€S, amd H=Swbg(X).




Cop't

Now Swnee (G- Oebs bramibwely o S (thas baug
amorblE) , \GHI=\Sl| so t,“\lp\\, But HeaX oy
W X (for some axbitrany %€X) so IRI<IXI=p¥ amd
H s o Syow psubgrowp of & .

Now tet K be owocdier such sulogvoup . Conavdaw
s acbon on Sp (i@ dae vesickion to KK of Xg action g G).
Swice PISol, Hures some Ovbik S eS, wuh pX IS, Lek
YeES, owmd comndor Stan, (Y). Cleowwy pX IS1=1K: Stow, Y
0 (s Kis a p-group)  Stabe (=K and S =iV,
Buc an efore, |Sbakog (V)| =p* =IKl, So K =Stodog (V).
TWwus bu5§2.,5ince XY owe n e same oroie under Gy

H,K awe conjugake

5. Thxrd. Syow AnLovenm

Let P ke e seb of Sylow p-suogwuwps of &
(Whidh s voampby) Wk ML (aBite)  covgugpinion
acoon of G. let HeP and N=NgMH, so HANSG,
Cowsider #e ackionn of N on PN\iH}; W suliices to
show Mok e sized & e orbuts  gwe ddnsibe oy p,

et KeP\{H} cand M=NaK) Opsewe ak WK
e o oial Syow suwogvawp of M omd. Mm@ Mhe owlm one
so HEMNN, ie MnHEH. The s\ze of M ot of
wadar N s INCNAMLL Ts easy o see fhoae M, N
are Ccomngake

Now we have a vovoldebogrom & sudoqrouwps of N

N
Hluxlf\ M)
\ N AM
" N\\n\—\
‘1

o HINOMY /K 2 (NAMAMAR) |, w hance \H:MAH\\N:N(\N\L
Bur (HMAHI#1 ond s a p-power, so plININAMI
ond. e reaudt folews.

s resull (s exoremely  pawerful for fLindwoy Ahe Sbuduk
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of finke Qroupz gwen Welr ovder. for nsomce  a
growe af ovdor  PW where mM<p must e o
novwol  sulagroup of ovdar . Swae  the Syow

The wnunganon action on M2 Sylow Subgroups
Wiah affovl.  Convemuent perUUON  VEDYEAUMEU NS af
qrowps.  For nstomce e leaot  perwumtoiion  vepresemkicnon
of GLQ,LD) b ok on e seven  Sylow  3-sulmyoups.
Fowt. #Mis W Ts easy 0 show ek Mis s the uwwugue
Slmpe grwp of AWE  ovder, 163 = 213.3. Element ~ownbngy
arguments  suffice (Wi some  lodbowr) (o shew  dhat
mwgﬁ Swp\e growp of dower order s A, of

0.

Aw is suwpl’ Jor wv#l. Roofs of Mis wuk be
Sowndk W L Mochonodd 1968 ] pp.220-1, LStewowt ]

7. Series of sulsgvow NN Groups.
A ies (o normal seves) s ov dasin
i'.'GoSG\SGLS cee S GV\,':'G

with, GidGiv . I s sadd 40 be wwanomb 1§ ko 4G
for ecoth 1. One senes s sowd 0 ve o vegwewenb

of omother L ML second s obtowdd oy doletind,
SOME oqr,xv\etg\wmeo\im erms of e st ; awadwally
refmal seves s called o Composibon sedes owmd

a wosmadly vehinad  owiant sevies s called. o
cMiee sedies. Two seMes are SWlalL (¢ taey Wowe
Mme soume  gquobets Gowi/Gi wp Yo omovrplhusm : noke
Mok we veckon Ahe set of guobentr gouwps #aulZ
nutbplicebias, The guoblets wi A comypositon. o
c»@e&;aaea awve CalMed rf;ompasi*f\bn fockprs  and
e _fockns  regpecktvely . LBerusse @ show Aok
Cowgpassclon. (M) foctos  wuwt be  (chovastedsticadly)




e Jordam-HAldar Areorem, wuich will e proved. \n
e W& seckhon, states thak amy o (Wwaniount) seros
hawe sumidow (voviomt) vefinaments. Heumce we maowy sSypok
WAGMIOLQUOUOU,  0f £#E€  compasibion (hue)) Jocrors of
a growp. Tuis shews Sowe & 4 wmyorbomce of
dossifuing Finibe stuple growps, aldhougn Ue Comiposision
foekos of v gwwp do vt dltewrinaz & up to
iomor puisw - A Linlke Abvelian guouwp s, Wweved, datemuad
by s Aniel ADckors.

A grwp is said 0 be sowbe U iE hoa a
sevies Wh Abelau, {ouhors, SO A fuite @roup S solldle
e s composibion foekos are wylic. The origunalk
SousTe Of Mberest wWapd wn Golow eovy, wwidn PLoung
e nome. TWe downs of solwdle grouwps waw be dnowack -
-ensed ap the cluwswe of Khe HMoclon growps umder
RN, S0 GEG wweawee N,G/N €0 for some N4G.
Twe “fostert dascanding” seves wwn  Aoslom, foctors

o Me  Jwved seves:

GEG'e &' -

wwee G = < lx,yl 1 %,y eG), n ave seme Mok [1°
Gi is Mo (M e 4om ML Wp Of o Soves wlh Abeliom
Loctors Mmem G< Gqp. Thus W U goup OB  Owuy SANGS
WU Moellom ApUdis  An v oL out Wulonoms one

A cewbral sedes 1S o WwWoMomk  seves
1=&°$G.$Gz_=., u)t,\'\o\, Gi*\/G"Lé l(G’/Gﬂ,) MG”"‘G(\
40C 2omR Y. A growp  poeSESsing A cexral  sevies (S
called nilpdents amd s deaxly solwbe . By waome of Ahe
UPPeC ool senesS weve alwodl seew daak oy fwite
P-group s wilporrmt omd (exeie] owwy swogrow, products
Or GQuobeut of nikpotenme gwowgs s vulpotewt; we swhwall
show tMak evewy fiwke wilpoens gowe B W fos o
ovect ot of p-agvoups. I (Gi) s o cembrol senes
‘Wi xe = Menm yel@)s Gy s 2,.(G&) wmnere
@V =G, Fnl@= <Ixy): xeG, ye ¥ilEd)> dafives e
Lowler cemtrol senes. TUMS e Wppec amd loure cemdirad
senes have ML sume lenpdh, Lo & collad M
wlpomeny _AAasd of G; I s e shortese pasiiolR \enghin
of oo cemrral senes for G.
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B Zosserinoms’ lowumno, and e Jordom-Sider Maeorem

let ABSG amd X4A, 74948, Cowidar e
AMagawm 0f . wogrous, Whose ceMls  ore  rallelograums |
A B
) \

X(;/T\B) ~— Ane - \/(Ai\B)

X (AQY \ Y(BAX)
AV e

\ \ 5
™ BnX N

N 7
XY

Twis Wawwo, bean venkied , it folans dhak
X AN/ XANY) X Y(ANRY/ YRBNX)

WU T8 Kuown  an Zomseiams’ \vma. o e {fowrdn
Lsomo rphism. AUeovemt

lex
[=2G. 2G4 ¢,9 .. 23¢9 ... SGm=&
I=Hoa 2 Hg .. ;2 ... QA Ha=G
be i seses 40 a group G We shadl refdre  4nese o
CT S TR T LR RP TR Y I e
1 =H.a M m=H; =Hp 02 -2 W2 2 H W B LG
Ck'-\\ﬁ.ﬁf'e, G\ G (.(J‘\'hn‘“ ) O H.)\ H. (HJ‘NWG) TWAAS Wiy
X= G R-u.-uqm y'= =H;2 B we apply e levwma
to Q@b
Gy »:G'.(.(?\'-&\QH;\_) ’..\_"..HJ’|(H) [\G:) = H.)":‘/
H

UJ/G*’ Gi(GinNHL) ~ H:, (Wi 0Gy)
Ho-t \ (% 1} ) 3= H) ) J—\,|-\

So ok ML rejivaments owe wdgad sumilow.



9. Nilpotemt gvoups

_ We swall oy go as Ao nbo Ale vich
of Wlpotevli gyoups 2o to  douafy tWe fbe ovwn awn
producks of  p-growps. This s oy seen o be
eQUVAIME 1o showMg Mmat ol the Sylow  sulogrowps
e viovwmal . Okzevve Mok v growp  is wWkpobewt Ul
ol & quotiamks (excepr 1) haue wowoimial cembre.

Nor-wad

In gevwnol, of B3 owe Syow  p,a-swlogrouwps
vesp. hent  they commudie pomtoisR. For W xeP, yel
Mo [x,y) PpG =1 kecouwse e ovder s diw ids
vods p*and gB. Also, Me vormomier gf a Sglow
swogvoup HSG  af oy fiake gowe Is  selg-vwovwadisihg,
e NG(NLH)N=NeH), so Mme folowing wwma s
wow suiiuenks to  Marackense  Yulpotewls gvoups.

A proper suooulp oy o Apotens group s odeo
O pvoper swogroup ©f WS nevmolaer or T§ 12GeS... s & =&
istag Conbrod sedes (so Gy, = <Ix.y): xeG yeGi) Hhem
¢ Some OSKSV""i, G & H buws Gk-n$ H siwee
2o SH omd G=GeFH. Then [Gean .Gl =G =M
So [.G'kﬂ,H] SH, ie Griy nomolistn H amd HOG SN
Buk oy fL ot 0 k, Gret & H, so H<Ng(H).

Io folows fhokt o foaike QOuwp S vk
4% evey moudmal swogowp s vorwed . for T M<G&
is wauamal , N (MY=G by e oo lawwan . Conuersaly,
it H s a nott-nomol Sywow sulogrup, ks NW) SM<G
WM M wmosdmald | o Ng(M) & N (Ne(H) =2NelH) <G
anot M s ot omod .

Avuohar chouratf@isakvon oY  fiibe v lpdoewk
%v::ps'smawemm of woprime o cowwwiR.,

s S becama s AW guwral veewlb  thob  elewenss
f.o.u\ds. waoeed. suogrowes)  of p-power ovdar e conkaned
wv Syl p-swiogrowps. Te © W fock true ok W
n\potemtr group elaments Q- finike copdme orden w
buk e proof & MBS s owkSde Mg sCope of M counse,

10 Houd  sulogyoups .
A fuovewn stakes thot e ordar of

Logromaen .
A sulogrowp dividds e ot e} 4he group, and Sylews
Aneorem  provids swgroups <f all posible, pvime -powser
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ovdors, So W s watwal to gqok  Afor whaks oder
orders  swogrups Wt exist. We swall  amswen
s questdon  for solld\e Qroups  ownd. swagvoups wWose
ordec omdk Wndex are wpnime, ie IHI=pMiop e amd
(Gl P Pt . P L Pu - Pr being dstink  pimes).
A Houl swadwoup s one  whose oidar and ol are
coprme . We shadl swowd Atk v Gvowe is solwbole
i Tt oo Hall swgrowps of @l possible odurs.

Aor solwiohe Queuis & otk sulZee - fimst Sylews complawdeds
e Sulogwenps 2y e w  whiree- [GHPEW aatpten.

As wu Sglow sulgvoups, oy Bwo Holl  sulagros
(o e some ordar) o v Sinike so%e,%mué? owre
cowjugake; odso, owmy sulgwup aof order PP Pl S
containd. n a HolM suwpwup of ordes PUP . P,
Me proof Wil af cowse W by Mduckon on e
oder of e guoup omd s based on the esdstevce
of wowbivial viorwal sWgwus Swice dared vodhing o
prove i WL co of o eychic Group.  Two casen  owise, whidh
will ke dealb wwih e not e eckions

() G hwos o vormol swgouwp K of odec wmn,,
wWwhare  1Gl=wmn, mim, v ln cma n<n

G) evemy noworviad wormal Sdoyowp Voo ovdaw
divsitdle by W

I Hol swwups: cose (V)

By e induackion hypotasis, Tk s solude owd
wap o Halk sulgvoup AT of order  wi/m,. Agadn by
wduckion  S<G  hos a Hall swogwup H of ocdar m.,
Now |HaK|4wm, , wwWist (HKl{mn,So MﬁH(\K\ . So HAK =w,.
Twen HK/K s o Roll swoguuwp of G/K, 30 agam
by Wwduellon #s comugare t© HK/K wwewe W is
ooty Hall sWogvoup of G. Se

HK = x™ HK %

foc some xeG.Then X 'Hx and B are Hall subgrowes
of HK<G 350, by ndicbown, Cowmgde -
H'= y'x"Hxy

Fnally, et J e om arbirawny swogvoup of ordes dividing
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wm, Then TK/K € G/K  has ovdac dividimg wimm, amd
o by Wdickion 1S contmid W o Hodl sulogroup

S/K . Fnally  opping the  ducion Wwpotasis o S,
T s conmined n o Hall swiogvoup af i and lence of G,

12. Halk sweavoups : case Gi)

lee K ve a mivimal wowol SWgrup af &
o hance Adr\axucmisotoawd swmple. s tarefore 2{\,
Slavwvenouy, AbeMom p-group. On Mo odmes hwomd T
oddw © dwvsvde bg‘)w?stp W a vorwmal omd hewee
NOSORRAEUIL.  Sulow  Swggroug , omdl is  oowoauned- W
ey vionbinviol W&WLPJCW:PN. In foct
U & 15 iy growp wWaa [ suogrouy K suan o
G/ oK \iowe  copime. ordars  wa v, vesp. tum & oo a
sulogrouwe  0f ordor v [ Maebowolel 1963 pp 30121 .

let L/K be oo widmal vovmald swWogrouwp of G/K;
SR M2 LR & soluble, /K il e elawimtowmy Alaeiiom
so Il=p¥gl. Let ASL be a Syow g-subgrup,so L=KQ.
Now G=L NG smtne B=l2G,forg Qq<L so g Qg=
L7'0L  (for some LeL by Sylow's second thuorew) amd L7'geN @)
so G =LN(E) = KANG (R = KN (Q), We swall  show
Mot KNAN@)=1 <o INGD1=lG7/kl=m an vequired .

A D= NglB) ANGR), sdue K9G ; adno DEAK siwe
K Aellom, so D4 KNGO =&, Bue K4G s wbnimal
so waas K= Ng(Q)  (wnene Ne)=G omd Q4G
& 4o Wypotuss ef e (), D=1,

let H,H £G wn H=lHl=m. Than G=HL=RH'L
s ML WL 2w advo G/LE HARNL) Z R7/rnL),
so ALl =1R/0L) = gB Bur Maem HAL,RAL owe
cowy w Ll b & W\(LWWW&W@WM.
Now HALAH =0 H< NHAL) | whonee H=Nelktnl)
whidh IS Cowjugate. 4o Ng(B) ant e o NglH AL H,

Now Lkt S<& wCW\,m"-'lSl‘M, sah w'<wm . “Then
ISKKl 2w’ p* <&l amd we Wbl apply de Iductive
hgporens bo e soldle grup SK. For (IG: HI, 1 G skl)=1
so |G HASKI=1G&HMWGESKl = win/Am’ amd so S, HNSK
are Hall subgwues of SK amd hewe conjuaate. Then S
Uiee i o compgote &  Hae Modl swogwup H= N,
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That Mo edstence of all Holl swsgrowges
oQo»«S’{/\Ab?«Q)Nw eMLls s solwbiUily reles ow
Buvsidds p¥qt theorem, ot o goup of such oo
TS sollde; a proof of Ais LWL \ee fowad, W Qe&mﬂa&m
heory. “TWs  cAaWL  ovides Me founmdoion of an
wluckon  on de s of pviwme divsos  of \GA,
W we  way Arecgore omauwnwe 0 e o awt 3,
So \kt G\ = P.u‘qu"---Pd“ amak 9\,52,.-.,>\<$Gv

wim W& Sil= pi%F s s o sydtemr &k Sylow cowdlements .

Ousesye ek SinS;: i#)% aMdorda o
Hor Si, so Mol Yy induckbon eacm Sp & Soldole .
et NS wve vvimimol |, p—-p\,ot u\, 3 =ota, @=qa, INI=g®.
CQwaldar 5,053 © & S‘nS;\- e o 3 QS$S, 054
wim &= g4. Then N<@Q swa ’,\3\5 coneMd. in
some (omd e, beng novwmal., eveny) Sylow g -sulogroup el S,
C\aim 1<N\~<N‘3 ge&)«& . whewe G isSdublk,

-Grcomxo\ox\mg ovdas, &S o Mok &G =5,Sz
Then f g=s,5: Witk 365‘,::3653) N3 =(N>)>== NSB
since N4 S, Bk N<EQ<€ S nS3< so N>3s5S,
ond. M =S3  Gna ot M4ES3) .



