Ll
LINEAR SNSTENMNS
ML 'Exg\or (TV-“WBE‘" 5)

We've coveemed wAWW  Lunow opeoders, L, on A vecter
spoce af Lfwmckioms ow an  Wndevvold (a, b) widh cevtoin
MWMCW@ ok \’O\M/d-ai/\‘s Condukions . For exomp\e
L =D=%x n Queor e (Af+ 9)’=Af’+;ug’. In a

LAk -AMAENS v, Spoce weve o wikh N

gl Sumwmoktow  over Ave coordlimaies @ heve cevtoun Wneon
opapdtors wih e given by Howmster fudnons, K(x,x’),
so (KFI= JERCXIFNAK . Qfem we 'nowe am
e praduct,  <£,92= L F(0 gx)dx  (Someimes wika a
welgWe _fwrckkn) . hemce  also leugdn, LN = Lf, £,
Mg\ omd  perpanddculioviey : Filg T <£,92=0.

A ortuovorwal  lbowe (or loowis) WS one Wwose vedkos

howe uwwike Eevgtn ok owe vmmwtl% pevpesndionion,
Bomple: LR vespense @ am  oILEKRY  To A VOWYing

cawenc W) & glem by g e TEP T o’ T where

1/ee & e ducoy cowstonc . TWis s an ex "

q,’ a covwolubowvi, where K(xx’)= g(x-—x’) c:wu‘)tg(x-—x’)ﬂ
x5 X Here 0= e Lfor x>0 . We witte

(Gof) by = Logle-/)F (L )ot’

s oo e G

Auothgr Useful ol is dee FIO £,00) o fal) |
Wronskiant (wote spellivg), L7060 $700 . fal0 |
gtiven by P , . §

W, o ooy fudin) = o

—

‘(-V""’ l, ) ;v\—n
LA 00 £, 0. f . 00

If S a0 ove Lineonly depertowds , Wix) =0,

buk wet  COWveEAY.

A YTy baportowb Lo opevotoe s the Fouwrier trans form,
bogekher wikh s wWwexe for swhkoble {  (diferenciodie
wAa *300),' poce Ane .;i,«:;\)a«% Sgws .

| -k | A0 e v
f(K’)’,\,;‘f:e’ *fooox foo=g0J e * fi<dk

Tve  dwinckions & /N2x o0 vomous vodugs of e owre
ordaonovimold, omol wmoveover we wone Famevals eovem,
(F,g7=Xf,g7, ot 4w wer product s preserved . Tn
Povciowon for Touwrter serles, F(0) =1a,*2az,(Qac0s Nt + b, Sinwt)
Lue Wga/‘v s e w'l \ -

WF0 = UL feras) = [ 22 +ed]* = I
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given by e swm o twe power cowtewts of each

compenenk frequemey. Faadly we haue twe Qpuveuakien
Xvgovew, f g =4°g, ie

\ KX . L Y et 4 Y R £ ikx halesy w
[Ma[: eb‘}(x)atx}{,‘/zﬂ[@e k"g('x )M}w’m;_&e dx,{m f(x-x')g(x)o\x
Noke Maak i§ {00 s vead, fiw)=f%K), Yok o F(0 s
veol omd eNem, sc adso is  flk) , amd tas of $(x)
s real ow odd, fCK) s imaginowy amd odd. The
bemowiowr of (k) for lange K (froquency) relates
bo re swmoothmess of F(%); Of fix) s ony precentse
Covpowambus, the wersion HJomula gives the awvenagl
Hfx-) + fix+)) ab the discowcimuity . We hawe the
fouowivg veswiks, bub wete phob e . last .
ove s provedt v W 1B Madenewsicadl Metdiods.

guI= f(x-a) : JIK)=€ 400 gea=e“Fod)  G(K)=flkria)

~

goa= §100 : Glk)= ikfco 9= xf&0 : Gles=-if (k)

-ax -
.f(rx):{eo (('X?O) . fzws .._...--- QC(X)""'{ \ aNX Q) ;)Z"(K): 25“\&2(

cigerviz) a+ik 0 (otharwid K
= "
o malxl o~ aNi/m | - fn -alki
Flxj=< - flk)= 2 {6x21+kz “Hk)=g e
A gARx? o~ N2n -ik¥A
;C()C)—Mzn f(K)—“i"‘ €

Qrokixguny Aellerenaal sguabons  wrike Ly= D)y for
Stm_‘,vlw.‘ :j;«-u)-h__ +Q,y/+ aey where D"d/dx and G-, Qo
ore cowstomts. We aivwe o sowe e howogergous
equaclon, | y=7 cud YaC Comespondling  iaowmogencous
@uotiion L= g(x). The sowbiows af e former form,
an  h-dimenslovan veckor Space V) ine kernel of L,
worsor Y Yo IS any soluklon. to the latter, tre
geneal Sowklon s Qf e fover Lyoty: yeVi= yoty.
go W2 portoulax Waegral avdl y O complemen By
Fuw ISuors

If A s o ot o e polygvowiol eguation £(&)=0,
y=2" & a Eow of Ly=0. In the odegomente
cuse wWhele A S a vepeoteol veot, so (E-A)M, sy,
ALLAEE €D, thnem  x€* a2, . x™'e™ ave adoo
coluove, givivg e full set of Vi Lineawly  onolepenclout
Carntiors (s e Whowskcaun doesuk vowusih) For ot
i ate Sepves ok X AT Constomlb (or evom
Qj/ﬂaﬁj/"’z;@/ cw ol ‘yzy’;,--:yu\v‘);o at x=Xxo %U@V\
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Ly=0 hos ouly e lution y=o0. AS sucy , ths
(s am exanmple of a weld-pased probleva .

In the secong ordor awe lee Ly=y'+2py+qy =g).
For g=0 the geweral soltdbn 1S

f ae T sin(wox+8) § wy'=q-p >0 [umdecdamped ]
yox= (a+bx)e"’: ¥ q-p'=0 [c&m@wl
l ae et Y q-p<O [overaampe_d_ ]

whoe  a,b amd & are awbier conmstouts cuol
A,m= —pt Ng-p* in the t coane. I g=c,
constomb, a particudar thegraﬂ IS y(x)=c/q,.
F\W‘ﬂllg it goe) = rsinwx ik s Rson(Wwx-£) of
wHwe o p#0  amol -irxcos wx i w=w, omd p=0.
Mme ampitude, R= r/VI(p*+w-uD) capws), s
greciest QS fesononmce | w= Wy . e  puar sWiyt is
£ = tan l2pw /N (g -woW)].  If, a0 usual, p>0 we
howe dowmpivg, m whicn cose the (decaying)
SOV lemmensony fomcelon s sak to be trowmsvent.

Ewl@ of Ms com WCMOE  Shrivgs widn ficave
Ov Viscous tewms @ my’+ 2ny’+ ky = gk , wheve

WL S the vass, ¥ the Africkion , k the Spring coustoumk
owal g(€) ene oapplied force ; aldso LCR-cirouts

Viz LI I=Q Vc=@rc Ve=IR
%ﬂ'v(hf) So Q-!-R/LQ*"/LQO.-‘-’- v{x)
' ondk e  cricical  (vesowowmk) frequemen

s w= (L/c — R /.

Ecae (,<-u‘,,< -
@ﬁ
o

I

Fenabil systewt e Linear OBEs voy aduaye be
veduged, to oo system Q W first ovdlar Wnsawr ODEs
wheve W s Me tobal order . For instance puk y.=y™,
2 Dy = Y =0 (x=00,...n-2) anmo

Dyn+ t QniYua + AnaYuat-- -t A +as Yo = 9(X) |

Twes wowy thewe ke axpressed as o YMAbAX !
Dy; =3 @;y; + bi@- The voors A, awe e agenalus
A WiEs wviaodx, A= (.acj). I{ , by chavgdng tWe
ko ts 4o cowoist of epprectavs, e cown Aagenoduse
e wialoAK, so acj;-.);d‘;j, we cam SoWe v easlng
by yr= e™* . In e degeneroxe  pse ddagonalisaton
s veoT possiele amd we wieed e Jordom cevovacad,
forve  fowm Adgebn T In 4@ secondl  order cowe
alcie ,  wWr= deb A, the odeterminomt qf AL wOoSRX
e gionts

>




Ly
This (s M8  wWRAkod  for Wug oouplad  Sustews of
QquUOONS 1 redmR  Amema ‘o the wmoa  fevum

omd  duogonolise bY O chowmge of bosis. The solukiow
oebtouned Auus owe Mme vorwmd wkadas af thwe sHsewm,

OTES | sewe maove ONCKs |

|0 Redmcxion of ovdor waay be oachieved Jf we kvaw
one Dukon, sany U, AU Xhe eguadiion L_y——O. For
exomple I Ly=y"+2py +Qy=0, pukr y=Uv . Thwen
(uW'+ 2pw + gulv + Zu'v/+uv’+2puv’/=0 , so  omowmes
(WaowW  indupevdount) Soluden is ufute ™ ax

2: Apel's gquatbn. Lee w60 be e v ovder Wrowskiom
QC A SUstew O SOwmtbws 4 y‘“’+ Qg X) y“'“_ *... 1Ay =0
e we Ml Mok W) + a, )Iwix) =0, S5
poveewdow f  aw X)) S comstome so s wix) | T
g we WMowe -l Sowbevs Weway I e ok by
soWwg Wis cquakion for & .

3 Ewuec gﬂve,wg,tw_g.b\bvte_ To solwe Zarxrymr-o whwee
Qe = oVt ., vy = xT Yy a (Y- )Y to gex

& goywowdod gguaktion fov k. BEg x*y"+2pxy’+ qy=0,
Xogn  Kle-1) +2pk+g=0, o k= -p+it Nl(p-i)*-q] . If
eql),am VOOS e eidher (1) or (V) odgave . HYUs ool
gevenal Soudmow s (AtBuugx)x PM ™,

it Fust oder. y'+py=q. Mudkipwy) by € to give
'perfece  oigferemclol”, so Le’™y17= 27PTg and
g = e P e gax. There s umfor no

owologue  for  shwullbomSouws Syotems,

I fowder romsformt  with - Cowstomk coetficients . Take
foumer trowvdfoim of ot SWls , remevnloeng

vy = Gk)T§ . This veduces to a lUmeow algebvoic
equaion. for §. eg y't2py'tqy=g becomes

(- k"-l—flt'pki-q,)y;gw. Get- Y by wwerse brausformoion
onn G/F(ikK): vote zevoes cowelpouol to Mormal wwoolk
wbtons, x e, found before. Us veed
Contoun Cn,cegrwtt’bn (I8 Mathematioal thacls)  for
ald but enial go).

b: FPounier tromsfoorm vwih nonad.  Coeffciests
dogree s (n-) in x. Here szbg Foumer ttamsform (egfscs
o another Lneow ODE, for §, of lower dagree
sowe  xy = ~iy, Which wmoay be éaskr to sole




ko WMOL does e dembiny operator covrespnol? IS
called Mg S-funckion, S(xx’) = K(xX'), but since
S(x-x') =0 for alh xFEx’ amch yek L2 8(x-xdox’ =1 it
'S wWoU o Ammcxion, Yub o geverolsed. fimckion ov
disboucioy . Tk oy vias a  weaning wWwenm \t5
Wiggroded  With Ov fumckion WWth 8§ sswkwuous ok
s ‘spiwe’ , Maus
L7 S0 = F(x)
The forwmed defiviktm of Such fumcblows S ot umeler-
e N AMAS cowrse, but ey wany de ed o
tevs of e duad spoce (See Algebma I) of “te
§_‘g{\/ev\. Spoce of Luamcxilowns, e W oo as Uinea opemtovs,
Whew & approvs on dhe mguwt of am Lwowogeneous
equotion , L~y=.é(5§), e vepvesents phwystaally  om
Wmstomtoumeous  upwsive ke o the JyStemn of
wwie soangth. Thus o vupulsive fovce  Ls wnitten
I8, a poing chawrge qb"(;&)= q/é(x)&y)d(z), where
$(X) s e veckor & Own.

X

The Amcoonn HG) = L SXXx” s called Yne

o, . H®&)=0 for x<O owmd H(x)=1 for x>0.
¥sS Wom «x is Flx) { so F(0)=0, F(»)=1 oma
F is oreasing ) then  f0O=F/(0) (s dwe  prolaodiiky
Msbrlouien . W FOO=WHEI , f‘:’f;)-’é(ﬂ) omch theve
s o0 fone bobiltty  (corteamiy) tok the vomdom
voumlolete mxcespmme, \:ﬁw exacdy) zero.

1{ &) represenks o chowge , &(%) veenks a
Qé?g__i_e, we hare §OO=0 fov x#0 QM\:P DT

/'.:’,,ch’)éi?x—x’)dx’ = f/(x)
X s oliffevenialole ok x. The Hfouwrier
hﬁp\éﬁfw\s of S0, HOO amd ) owe 1/Nor,
S ik/ART amdl i/ kVZT vespecively -

5 o be Mhoughs & as o "lwik” of o squence
e fNKlous, €9 Lty (Ua<x<m)
(0 faX={0 (cmeie)

” oo
@A, “(x)'u(tfw‘x‘)
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() fult)= g e

(iv) Mx)a-—,«/?c e " (¢f diffusion equokion)

(v) )(“( x)= .Si;:\x\mc

me%wemng e §-fumckion. as giving

A Coovdimote = basis’ Tfor owl spoce ef fumctions,
becouuse owwdl@ou.s to y= v,x +Vv, Y + V3E wWe am
WWAE F)= Lo £ S(x- ~x" Yo/ , aav\%t t— Qas
We wight sslve  Ax=b fise Lo¢ b =(1,0,0), (0,1,0)
oamd (6,0,1), M Muis case we Sowe Ly ——9(%) for
Ly=&(x- x)  ounoh get Yne genevol sowkion By Unkegranon,

To soe e  boumdawy volug proew Ly = & (x—)

W o wierval Lo, bl w\rxem ondd WS gerivalives
ove prescubar ot e end omd A<Xe<b, we
golve v o Stead $§nf w La, %o J Ow\a[%o,b]

Now W y is o solubion whioh, together WA ks
»C’ws'c n-1 den,vadcwes s bouwnded ~neor xo,wehuwe

f (Ly)(oc)alx ={ w (Ly)('x)-=y (oc)+amy"‘*) L +ay&)
(n+)

aw\a f y (oc)« Ay(“) )= g..o Yy &re)- i_,o y cx.,——e)

Buk lf"""" A1y iad < \a, ;| 28 sup |y Vo |- o G21)

as £20, 5 we Wwwe Ay*ee)=! o Ay“)%) =0
(i=01,.-,n-2). Twis gives dre reguivad n extva
bouwdowy Conditlons o sowe the equakown.

The solubbw, y(x) , of cowse depemds adso on x,,
oML So we wnvite Y0 = Glx, %), which s coled
we Greens funcoown — for Ye pvob&em. Since e
ovigial  WMamcgeneous euatiton wos  lveasr,

yix) = f_: G(x X' Ig(x)Ax’ (s a sowkion of o
Ly = 900 = S g Sx-x")g(a)dx’= [ 5 1GH %) g (VA .
Thus vewmenwdeervy Yaok Sex’) woas owr "Coimb’&y
o, I, we wave LG=1, se we way vegowd
uasomwaseowabor L7, w0 L. TWA_SL3-9
s lwed by y=L'g = Grg Note Mot Greens
OF  ofowmMEfer Lfumckons MOy somebwmes alo be called
kermel  fuacklons | ouk dbowk coMfuse s wi dhe
agelsraic meamkmg I e  ncependomt veviodole s
bwe , &, oma tne eoeGQMammmm,G s
aw.sul Glx,x)=0 Sfor x<x’', ile 4e output eof




Ly

e sysiem emols owlyy on Ahe  upub ak eowlier
Kuwes | m{zﬁ Glx X') = (x-x") , xJPCOV\.VowW,

If Xne subevw s om  eledoncod Clieudt  wida cowstounk
cooaktors, resistos ol WolMtoors, v \ao A govevud
cqquosion  RL=V, where R (or LorX) & o di
oA  COMED  vedistomee oF  reowckDuke V) s
e opphed  potemtial oo I(E) s Ane owlgpul
cuvenrc. I I & sdhwusoidod , T= T stn wb, where
W s o fxad Aeguency, X becowmes e Hfomdiioe
covapex recctowe X= R+ il -1/wC. This s e
sowme s taucing The Foumer omsforwm , g iving
X(W) Tl = V(w). The veciprocal , Y(w) = 1/Xw), s
of Mme Graens fumckion of Ave equokown . The
oauUE S a VQ‘ W- or low-pass filtker f VYiw) hos
s peode o Wigh ov low  valuesaf o9, vespeckively.

L 3

Tre Difusiown egpantion , e =2 T/gx*, goverms
Keg conmperabure , Tlx,B), tin a- wetaal o, 4
Girsxe C>O s o Cowstomt. To solve Als we oy »
sepoution @f vomoltes , e puk Tlxk) = wx)vib) |
T cwW/u = Vv, whae L 1S

t axndh e RHS of x, o both sles owe Gowstomk,
-, sy . Them if ar=dle, Tiopb)mAe M sin ax-%).
Subpoe wow Tix,0)=glx) is glven, omd auso
T(xa, £)=0 . Thenn we howve ockdh omd even sowkiows

A —Arn
T, (x,8=e s X2 T,.(0=¢e "cos gl

L\
W Aa =(ma 1) ilc/uod oamd ot timt1)/2a 0 10 we
adess  gx) as o Fownier seves, also w terms of Sinop
oumch Cas g, X, Y Sowme Coeffiienks Qive ‘e coellclemks
o Tualx,®) W e Qemerol solukiown

Ie we viow put k=2ntl/a vl R a0, cuoesing
9(%)—-:8(90, e corfficients becowe Wty omd we
howe. oo soluakden . 2
o -kTCt+ikx — = XTace x
EMeE = [ e dix =N e = 2merf —

We coms also geb't\&bs by ‘brak.hc:g/\% e, Fi:uxi%rtxnm,s&‘ovm
e equokion, 8T/t =—cktT,” so Tk, 0=Th0e™®.
ote ‘Me  kelhouwiowr of Elx,t) Aor Vowrous values of

t70: & s A S-HJunckon "spike’ ax +=0, Wwith

AMLLuses (o W ol (V) of the fumctlons “Cowerging

o o)) as £t ncreowes . As WW@WO\PV\S

Souwkbiowvi s ctoovneeh by 'i‘v*»t@(hﬁbﬂ:




Li8
Tlho,e) = [ EGE) gl I’

Heve Elx’,k) (s e bomsfer funcrion g
Krne Tempperokbe custioutlon axr dwme O to Ahor
ak twwe €.

. \ g‘l¢/ '/ 92¢/ 2=
Wil e wiowe egudoown , oxt — ‘c? 2> =0,
We WA\ Use

1. sepouoklonn of voamebles 1 S(0qE)= wl)vik), whence
W= Smkx vix)= stnn wt ,eEC; , wm,\ Jo= 00/0

2: Towner vamsforws, - ki@ -Vt 28/pr=0, so
¢s. <, E) = sin ket.

31 chomge af Cavolnoudes : d (x,&)=P(x-ck,x+ck) = (u,v),
o 9EB/IUIv =0, Whewe P(u,V) ——f(,w)-(-g(,w) T onck
e vwob Pessinie  Un e almens ons .

The £ist owe welivadls vedue o ook for ypovwmald
wooes ¢ Flx, 0= D) et (w cowot’) . get
e,\q@m&hke Q)cg,g._gg_w W9 Wz =0 The Lo umnclomy
covelixouws usuolly resbicke A= —wR/c? o o dowtonL
sef of elgewvadues, A, ,A,;,... I Mwese are ocustnet it
solkbon Spoce (for YD) Vo am ortonomod basis’
of eigenmvectors (or eAgerbunckedons ) Ya, when o
SUBUble  wWepWt  funckon (ugwlig comesp:ma,bvg
p\mf\ca,uﬂto a ) oF canscty ef sovne

N HEEWVN QYo O U eommw anNe ¢'(¢,o) .__t9( ),
Wd—g SOWV\ s ¢ (ox EV\.—.—\<\"V\19>¢V‘ ‘w*
Where  <¥a,g>= [ \On(x)géx)okx

Take o going_with fixed emds, so g7¢é+ T @hx = £Txb),

wher p omd T owe tWe daumsity temston, &

K e dsplocewmens amd F Ane ouppued focce (put F=0).

@(£a,£)=0 s e bouwdomy condidon, SO Pulx) awe
MWL funcklows as before  wWih  wWn=NwW.

If We Sbing s puucked ct‘ i givem om ivikiolL

Usplocements @xd= 5(x), so * pxt)

121 \‘E S SW\ACK - S QbJQJV\.M\. LMM-!- ve,\mW,
(x,0)= (%), so @lxk)=

Note MMab here the second Bwe darwosoive 1S WioNed |

So W wast Speoify ot e Wibod alisposemenk amel




