PRoEABILLTY . |
ol Tow\oce (Tv{vﬁx\\‘) .

T e dowsicad Wew af prololoidiby o xfpeviment
hot o finice seb..of oukcowmes, w (&g N= §,2,3,4.,5,63
Hor a Fadr Ale) , wwith ave equally Wkely. M events s
a swaset, A, o} e uuple space (eg A=§1,3,53, the
event ot e volk ,w, is odd) . A.cxauss U weA.
Sz omd ® ave e &tain amd  impossiule  @leaks , amd
DA\A is Mme evemt WOLA . As0 il A,8 owe eveuxs, ANB
amol  AUR owe Ae evernss A omd B ol Ao B. The
prolololiyy of A i PAY= FA/F#NL, so

@ o=PR)< PA) s pesu)=1

(8) AnB=8 = PAUB)= P(M+P(R) .
I AnB=8, A owmd R oue (mutyolly) RKClusive ; o set sf
events Ay, Ag,--sAn Suda Mo ASNR; =R i k), owel
AUAQU...UAL= SL s a pavion & JL . T{ AcB, we
sod A Luplhes B , ama Hanw PCA) S PR).

I¢, Wwowever, We wsw 4o woclod  wrasional  perdaco L Lcwes
or an Wdivire smumgle spose , the oot View loreaks .
down. Jn steadd we adept an axowatic View . We. hawve
R 1 spoce, 5L, omd, & collachion of swhsets ,{A} called
wems,ﬁ')bo WA we awdign probakouiines Sokisiuivg @)
amck (p). :

() 2=IN, wefl st number Lo-poredes fion o
C llgneRYe, e ;-4;44\‘,“‘*'.,;’1\03 A C:DQ}SQJ Aue WA ore waaaude |
oL evevk s A= 11,2,...1, Mhob ok \eost owe pr, it (s
Seteckad A wenad

() 1=K, wen is e helghdio) on
Ao ek V\Alag'ﬁ\k e A= fw: \,s<wc<l.b},

(W) s=2"= § ws(@ay,00,---) ~ az€e{H T ,Whee eIl (g
am WAk equenmce tefses & oo Lo wodn . A eveur
vaigwt s A= W a,=H }, thok heota S tossedl (st Rwe |

In e st exownplt e prwbaoilky & om euens s Oae
5%9&, e yrobodol Lngiea .% AL \pom‘ LUt XMLS s WoY So A
L o AWe ond : Wmoleedl AMe polald owe  uweolliscdoly
el LVave  prokodoiMiby zem (Hrey are  alumost Taaposslole)
In @ueral we cownoides Ow\g ewenkd, pot [pownLs .,

o v w&opm we oQ;Qduce» PCSENA) = | =AY and
PLAUR) = PA) vP(R) —P(ANR)., Meve Wo\ﬁh! wie.
howe e  Wchusion - excluston  prncdple, -

for edewnks p“,;ﬁz_;.--, An,
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P(A VAU VAN = ZRA) — 2 PANA) + ZkP(A;nA;\nkk . . A=) RANA 008
] \<J ;‘k
T2 B 1s om eienk win P(R) >0, e covditlonal prolaadovUity
o A glem 8 s PCANR)
) = ) = ,___.._._..D'—-—-
P(A[R) = Pg (A e

If B,B,..,B, is o pouticlon & 5N, A = 2, PR IR) PRy

Y

rice, o weocem ), peAlR:) PRY)
ece: lA) = <, PAIR;D P(B))

A vomdom vauiodste on a sgace SLois Just a fuwchon,
X: SL—=>M. e Y B s o suwsser of R,
P(XeR) = Pluo: wesSl and Xw)eB)

Bxoumpres: wumboer f sixes in n Todls o o die ), e squore
FANL WAMMNVRN ] oX-ponbided oy T eve. walmute | Ahe
uppes denotyy 6} ANl frequavcy o tostes o heads n
aun  Wanite sequena ( m sup M as n200, whare Ha s
e oot 94 s Aown in e st v xwrows ) |
read. - valugd «B.u,\ck{ov\ c&o«- Yoaungolowa VQN\.QM s also a
vomdloma  VouwoJoRe . Evoloalo i Gioy
I,éﬂ.?s Akt o coumdoble , XWhas o disbibukion

(x}) = P(X=x;)= P(iwel: Xw)=x;3%).
L 5i=R, Xwan . on . JlSodbukion !t

F(x) = PCXS %)= P({oen: Xw)sx i),
Nob@ ek F &S puowowone vaieasng |, so i x5,

0 F(x) S FWs!. FO»20 an x=~0 oamd Feo-1
as x=d% . Fis adso vighk-cowwuouwn , So if x—2%gt , Flx)—>fx).
A disuwete vomdom vasable how step-funckaon distibwrin,
a. conldpuuous ene how covbiimoua  SASorbution |
If{ f:R-2R sa Luwnmohdon sum hok Fx)= SX At
b s coled Me domoity _funckion af X . A dusorete
omdom  yoradale  may ke sodd 4o hane  S-Afuncon
AiskAbudion [s@e Lia@w Systews J.
I£ A s om eemt, 1e wdkaroe fumckion, La,is
o exomap\e o vomdowm vomodole ,  where Tp(w)=|
of we A Ialn)=0 c& w¢/\. We \owe

Tane = Ials , - Inwa=1-1In ona IAue'—']“(i-IAXi-IB),
MpsS  providing @ WOk preef B) Ahe  duston- -exclusiow

The edoeckaddion or meam o) a rowdem voawioble on
a OMsre spoce s
EMX) = Z X(w) PCw)

oamd. ovv v combvuuous sipoee, E(X)= J:: X(2) F(x)d x,
S0 Aovg on A Sum o tnbgval. connengts Gdmluiely .
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omenise X has  whinite expectanion - The expectoinew
v Wnear, o Y XY oxe ramdowm wavodoles amat A pmeR
axe counotounsts,

EC?\X-r/uL‘/) = AEW) + MELY).
If X=a wwh preakility 1, EX)=a oo, owd
if X220, EMXXN)2 0. EWX) oo oa e vaoﬂ:m
propevoy Aok s Alhe costomk |, a, WWlda  vAnmaaases
E (X-a ).
The expeckonon Q(,am‘nd&p\bormon “S{\«e,\)mba)ml@
o Xre euvevkt, E(Ind)=FA), so B ool provde o
alinoxdVe  definiien  of prolocloiLity -

Twe v mowent g X s EXT) if xis erdsts. The
nda oMo Wke _ wiowents is EUXIY). The second mowment
NoowE e wweon, EYX- EOO)Y = EOX) EO)Y*  is called
Ane. Vowmome | VX). If AeR, V(AX)=A*VK) omd
UX+2) =V . Raodly VOOZ 0 wikth aqvality iff X
(s covoboms  wia prooabiidiy 1. ™e positive  squoure
vook of VX) s colded Ane stamdoud deviokiown .

Xp X,V owe vramdom vavodles on oo dusorete spowe , ther
Jowmd msmbwm {S AAL set e} proldoiitien P(X=x; ,V=1y; )=p;
PX= %)= 3 pij = pi. 1S colled e woidnad olistriubsion o)
X (S&AMW Y). ,Q we fix y; , e conditonad
Msoridowslon  of X given V=y; s PX=xlY=y;) =pi5/p;
oma. fhe  Condnbvial expeckolqon S

E(XIY=y;) = 2 Xi p._,
P:5

TWis s itselg o ramdowm voralole  wu E(E(XIY)) =ECIX) .
EXY) is ok fumodon a(\l) oA W&msea E(X-aMY.
Moweawdss ove dojared n e obviows wWarny , E(XTYS)
The covaviowge of XY s

cov (X, ¥) = E((X-EOO(  Y-EN = EXY) - ECOELY),
Tb safsfRes . VX+Y)= VOO+V(Y) +2cov (X,Y) .
Nodce dos  VIX) = cov (X,X) ; e waouadk (a;;)=(cov(X:,X;))
1S coMedd e  (Vomowce - )coVQmmme Mok © Tl V=T 3G X,
V” Yy o= 2,‘5 <t Q5 C5.
Tre  Corel adion coe.!;(kolm is

core (X,¥) = V(X y)/z‘_vcchm”-»
it AL A - eAween =-1 SN 4 .

Two  voundow Va,v\cdolfé are LA o be vadmp_@yg&u__g
for oy - . Sebs of veol, vuaamaboess |, \g
P( XeA ,Ve‘e) = P(Xek) Pcve%)

Tr. Kuks cone Yrode covomomee 1S mevo, So E(XY) =E)=lY)
conh VY = WX) +V(V) bukt MMe conlesse ooes NIT MDLOL
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A Sequemnce 9& vondowm vemalen  X,,X%,--,Xn S
dotody _Wependont  if, for amy Ay, Ay,oass An SR,

PIX, €A, Kbl Xn€A )= POREAIPOLEA,) - .. P(Xn€AN)
TWs ey Aok Ay ave  priirwise  tadepemolenk,
buk  NOT cownvessely (voaie X,,Xp, Xz=X\+X ).

I‘c‘ g\1Qz)--~,QV\ M MLWW\A /?UUV\-O"\\OV\.S, Q.C)(n\, QLéXZ))
cevy Gn(Xn) owe oo  otally WRependounk .

Wo frequemidy  oiscuss  Wdgpendent, dewktolly -disbibuted
vomclomn Vomodales (ILDs) : these cowesponal to Xwe
Yo 108 31 o vepeated ok . T X,,Xz,---, X owe IID
Anen CXy Xt AXn ) = v VIX,) amok Xue  stomdanrat  devtanion
Wnuetases oo ANn .

e—————ay——

I (e on,.-- ) is & squene o raal vumikers, the
funerion  fE) [ foc such voumes o t oo Hie swm converges]
s called e  gevavoxing fumckien ©of (an).

f (k) = k™

n=o
I &b adsts, SLE) unmiguely detemunvas Awe seguence |
I¢ (an),Cond owve Seguences, Haedr conolubon is (cn),

e n= S akb“‘k
k=o

I (@), lba) WhWowe geravoking Aumcklons fled, glB),
e oemar axing fomamon  of (ca) s flEglt).

It =N, & commsmale seomple spoace, omar ag=P(1),
&) oy axsts for lblgl owmd s called e
pro\aboiliby__generating_ fimickion, wvitien  p(&). Ik s

e wm Wl<i ama

EWX) = p’d) )

Vi) = p”) + p'(D) - [p'(1)]
U tese exist ;) oter woments are stmOlwly Cadewloted |

If XY ove indogpendent, ke prdoabity dksovowkian o
X+Y s xhe cowdukion Q(fkhose of X.\\'l‘)c;‘J SO e probab\lly
gonasakwng -fumdv\‘ov\(ygﬂss e roduet . Hewce T Xi,.--,Xn
owe 1ID, e pof <% X\t..+Xn (s b(l’:)".

My () = E(e™) e ests,  is callod dhe owiewts gensvabhyg
funciionmlTt o umiguely deteimwines the prolaiotiky distriaunvs,
and e ndh womens of X is fue coelficient of € /W) in
My(&). Owe agod)/\ L XY owre EV\O(RWM,.MX.,,\,’M)(M\,.
Obseve  M(b)= p(eb),
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exoumple ov M‘mhoe\ prooaioly  mewdws
nawe ¥ Vhiew preAnov or  MEOUN  VOMOWME pMualg  Genavoling
dondixy faumtoon  Fuoncinion
. , z-p =0 &
Porreudli  “Toss of ovassad {p rel P M qtpz q+pe
(p) cow (p:pm’b?) 0 r32
Binowuwal Heads (n n 4osses ) a np neq (4/+p%)n Cq:e pea)n
8 (n ?) oS
Groowmetic Tesses €0 Rt {OM =0 s a [ P
P head. (wawsve) tg p ™ P P> i-gz g (1-q€>
Neaajave Tosses to w™ r.n)P (—q) n nq ( P >
Blaowmiad hapah (indwmsive) ('f:") P p* n-q;t) Q6l~qe9
,p) n
H Al i No. of wwte auls - )an') nW, M. (n-w) not  kKnown
(M, Wy, N) kol v SWami from ("‘ a2 o mtwm, M m-l) e cluasedt foem
W, white &wm, blovk 0SS w, (M=t
witkouls veplomens; -AE-Y) o))
Rolson ) No.of o-ceanys. € A4l A A eV e
bo o
Uniform  Umcfoim ia f «Hu a9 Joto) Lo} — e -e
Wla ) La,b) b& —ad
S/’
Nowmod  Nowal o e -r*f m s — e @m+§d's*)

N(p,o“‘) Groussscom., oAow

-E:)qaowkblu(le&ch(l a Ae” A% l/A ‘/a‘ _ x
(3) Tpe s B reld oWV Md_e ('X?«O) P

We WitR X~ B(n,0) for X (S0 romdem vosiolde Wit binomiod distibukion
WA pourownelevs n,p'.erc.

Some. Wuportant analupbical vesulds:
Soring$ formua,  Yog n! =leghan + (nezllagn —w + O(K') as n—sao
Conmvergence of Buowdod +0 Poiscon np=3, fixed, for K=0,L2,0.u

-~ e -~
(v&)pk(i-—p)“ —> ea;\k/kf oD W->00

Cngoyshev's _inequaley X is & vandou vamaoe wita fnice. mean uFH)
anth vomome  ¢*=V(K). For ¢>O

Pl IX-ml2e) € /€2
note EX3) < D E(XI<D® an EGF) -EX)*= V(X) >0 |
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Weou< lawgf lovge vuuwmlsers for Beraowldi tneds. Let S,
pe e vuumbr o headls dwoum Ta A tosses of a buiassed,
coln (prold p). Then for £>0

P(IZ-pl>e)—0 an 00

Irdged. for amy DD X,,X,,... wWikrweam poomd vamonce S
pur Sw = 2 X; . Twew for €70
P((‘?‘,{-‘-/M.>2>~">O ap AT

Note dhe nobwral Litrprerotion & ¥ine expecikmbiow .

WWJ of lowge. vimdR(s, dowaspondag [Yf omyming dees! i
toXe  wmouwibe Saw of-cuevnges”. Lec X, Xz ... e IID
Baroulll ({e codtusses) omde put Sa=2TXy . Thew
P(Sr>p) =1
iR t & alwmusk certain . More gener oy et X, X2,-.. o=
1ID with weom M omd ECX*)<oo. PueSFETX,, , dhen
P(Sn »p) =1
["a)
De Movre - Laplace Méoram . Leb X X, ,- .. be 11D Eewmoulll ,
Sn=2%%q - L&t a,veR be fixecd. Thewm

PlagSatt cv) — L fb e " dx X0 A>aa,
NApq. N2t Ja

Nowal opprosimadkion o Foisson Lek  X(A) we Powsson,
PIAY, 2>0. Themn Hor o,0€eR, fixat,

XA =) S b -4x* ans A P00

e (ag s S b) — Tt [2e ™ ax

Note tar YA =(X(A)—A)/NA (s X(X) novwmalised @ Whoe
waom O omd vowiamee 1|
Lemma. Lek Xy, Xp,... ke IID wwo wgf exists. Lek Mo, Sa
be oo ekere. e f Za= (Sa-np)/Wags), & wg#,
Ma (8), Couvarpes powkwise *o daok o) Ahe nowmal distloutdow

- 2
M@= E(e®) > e s e forall OeR.
Cenxrad Limiks theorem, L6 a,be R bebﬁxe?, Ao
'- L (b - V>
Plas Zas b) = = [7e ™ ax & -

‘Tb\emw\o\hf\dofo_(,m cowde s alounk vandow WOAKS ,
MNoxipy_cinoins , locunoning  presses  omo. Fhiseon _procesess,
WAOA owe RO WA oF e begwing of e IR Mowkov
S W Sumwomy, by lowm White,  Sowme  wotes  on
o\ lnaw recuwence  relakions Wil e foumd  oppendled
£0 Porers 0L Twony.




