REPRESENTATION THEORY, Pl Tauylow:
Ty Collage
Septomberti 983,

1. Maknx v:q_:vzsmkah‘aé O—Q__G"_‘O._“Pé-

The prek of akstrachion , i wwWich the essentiod
feobuwres of & pwblem are dmpifed amd studied wihoudk
reforvce to Mo oplicolion, is am wprtomt  ove W Pk
Modmomolics. Howener auother powerfud techvirque s qften
to0 look: for e ways aA whidh  ove wolimgieal dleject
Moy ke veolistd wside  owmodur, beder undlarstoxd | owe .
Twis™ usuolly  wioles  saudyig M2 Mowmovmonghisms fow
e ooject waler  Wesbigrioon” to  Swwe  stowdowd doject

e TA Qgrowp Aweow cowrse  nclides  ene elumunmony
Meorem  for vepvesomiing oW alosroel QWp ad o
permutotiow growp, Given omy (finked gowp G, dhere s
o Sgrnwmeoic Qqowp Sw (for ssme n) amd on njeckive
homoworpuisva, G S, ITn Wis Cowrse owr stowmadowe
ogjeckts awxe Mot {S.:w =23,..% bub {GLn,K):im=2,.3
whee K is wsually €.

By a vepresewmklon af ou (flte) gowp G on
a (fiure dmensional cowyplek) Veckor Space V.  we weom
a 0 addignuing o Gadn dumenkt geG a
linear wap  0g:V>V  suckh that es=1, Mme idanbiey on V,
Pan= C3Pn . ound. QS"-:'QQ < Thas w.e,w o QN:A)P
howmowovphism  o: G—+GLCV). T dimemson of V is

0 oo e dggres, of e vepreatmizaion

Grm biviok vepraauborion has V=K' omd p4=1 forall

e,
J The vegulor repvesemkation is obtodred By taking
V an e vector space over K wih  loanis Ave elawents
of e Quowp, G (ue sholl rodoe Mar wulbiplication ot
vendorgy V. oow  algplora,, e Group aloplots ) omol @
an dae Wgowe wop  deteruaned. by e permutonon
of the Lowls elowvenws wWwiok s gen by okt wulbpud
by eamentss of G. Thus C o

93: 27&9& A,‘"‘x" —> 2 Ax xg

pwhere "x" ST o elumaur & Vo cowespeonding e xeGr
Swdorwy I G atks loy perwmiokion on MR fonixe seb
X, %eve s o peownnlion  Rpvesemkokion  definad in
AL Soume WO »

Theve & o vatuad wawy, o dogune o wwdkiplicadion
operodion oM Ary represmtodaion , vowm "

.. (Sx_ee \Ax % (235@, My ‘3“)*'.’ 2",36& Ax}&y 'X}) ‘
Tl s asiuakive , bur  commubodnve L G s Maeliow,
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It's wuwolly wwuken KG  and 5 cleor Mok KsKG
0o o sworing; w fock K s a e cedwbre Of
KG and So we colk K& a K-adgelova .
We wioue alreody reloked o as a s
lingoxr woes o o7 howoworpuism @1 G —»GLLV).
vext seep 8 b recogwise Mar Ais 8 equivadaant
4o regowrding V as a rig¢wvuodude  for e noncowmwtotive
ring KG. for L ue regowd o S oo mog
NXG >V
Sobshying, Mo dovious rAonoMs , we way veplace G
by e  alksbowok K-Unwow cowdoinodnous of  elumomts
af &, viz KG&G. Thus
o: VXKG—>V
ok Mis saksfies e vodude osowuns, omdl cowvensely
(axercise).
At fist, however, we svioll tadic Tn wwms oL Lwaour
WMopS amd renbduce e group Algglova  laxe.

2 . Equivadgmce. of ropressmpadions ; Suovepresentolions : veduciloilify

If we owe gvem two  vopresemtobtions piGrGUW), 61 G=>GLV)
Suchh. Mot one comt e pbtaintol fowm xe other by
Means Oof o isomorpwiawm o U=V wich  Shuply
reagmes ML dluments of e wveckor spoces, we wmug,
sw%aw 0,0 are equaalmkb . Poreccein 0eG we haw
A Cormalbng Squowe Qf  ISomonpUisvAs !

Pa
U
!
VvV

— U
loz

=V

5o ok Og= 2Py X Reqouwding U,V as KG-mcduldes,
® Aran hecowmes o wwodwle isowworphiswe. Touisodance
Of WpTRUMIOUNONE  is AMav SWplg  Tsowmorplusw e AW
cakbegony of ok KG- ‘

ler  0:G>&LV) be a  repveasvkoton amd UsV
oL Jeckor swlaspese  stolollsed by e octiom of G,
s Upa U foc ol 96 &. en by vesoickng Ane
acklon pg of eluments of &G fom V. o U we uawe
A (2prestniakion Q:G~>GL(.U.). In ewms of K&, U g
a subwedwle of V amowe call & a  Subrepresensarion .

I we toe some suastt SEV amd cowsdar A
Kool spate Spommld. by ML Wao9Rs §599 -'_SGS,geG'}
{equiiateniisy tre Ko -Swowedwds o V  generated oy S),
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we a  suovepresentainon <S?<V  (exedise). Its
Me smallest  represomodnion spoce  cotuiing S ao QA
swasek. J& S cowssts & a sdngle viowzero veetor, ISP
will howe o  Suworepveseutddnons Ogpowrt fom O amd
ol omdl is said s e Welucldle |

Houwg desovoed sowmevpuiams awnd - Subobjeds
i om (Aoelion) codegovy, we wust naxt desonive dhe
Qirect sum . Givew two  representotions 91 Gr— GLLU) and
o G>GLIV), e direct sum s given by T:G—>GLUASV)
where  Tg: UtV = UQg + Voy. Owsene  Hakt WU,V owe
Sworgpvesensoddovs of UGV amd Mot My are
Complemenkony QS vecor swospoces. Covwvenely a "
FePrRMEANION  SPOCR  POSEeSSing @wkmwo::a suloSpoces
Stodole under G woay be expremed. ao e co Sum
Jts eony o see ok Ais s Me some o e diveck
sum of KG-wodades,

It & wow wobuwol 10 ook wwbier o vepreuszfion
spa. v be  expremed oo a  diet sum o
weducdle swWspaces, omd & SO W wWwak way (F
omy) W s uwvuque . It camnot e done i gemeval, o
connidar Cexencise)  Ma  represmkokion o Z— GL(2,8) by

o (L2

whidh is not breduclde  stace  <1,0)> s a (bAvied)
reaemkalon  bur t hoas o cowglement . We shall
show Mok & @m be dow for funke QGrougs.

. Cowmpleke veducibility &_fivike groups

A vepresomtiaon Spoce  wWigh cam be expreased on
a finite diveck sum ot iweducibe Subovepvesenkaions  is said
tv be Complettly wducible or sewmisimple (OMar symowyws
are swple for Tweducdole  amd  foudaful  for whenm
¢ GrGLiV) {8 am Wekive growp Womewovphiswl) . We
hadh show  Anab vy fite  dimewslonal  Cowuyplek
repreronfiicion of oo fike grouwle 1S cowptetely vedugoe;
Mis folous by on ooy Mc%u:)c\]ow Jom Mascince’s taeovem:
R \.ek o G>>GLV) ke a Covmp\ex Wont&.
@ jixe gqroup  omd  UsV a suoresantanon. Thew fhere
S o complewewtomy subrepresemtpdion WsV (s V=Uew),
| ek W’beamg veckoy sl oomm\@mu\k of U wmV and
pr Ve el Mg Cowespo pojecbon . Tham define p.V2V
by v Y ige& VPg PPg ond.  dack Mot s wmage,
WSV 8 . swde wader e adhon ol &G,
WoMorpWAC a0 o Weekor spoce to W/ amd whersects U brvially.
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We wmoy prove e samme vesuwt  under e assumption
Mot TV haw an mwer product  (-,-), i@ a sesquilingar

- Merwitean form VOV —>C wih (v,V)>0 for v#O.
Repoce (=,=) by  <=,=7 whare <xy> =461 Lgee (xpa,900)
4o gek a G-warone Wer praduct amol toke e
ordragoval  cowydement of U n V. [exercise: whok s AL
velounonswip » log ccolly, beowaen Aue two proafs 2],

Now wwak odoout unmiguengss? Tis comk juot be
" bo pexwmnokion’, for cowsider  reprervkalions of xae
Biviod  Qrowp (ie jJuat Weckov spoaces wlh wo additloved
souchue) . Here e reduciie  represembotions awe
ong-olimenaioval  Sioces but whilst G*2 € BC s
Mo dcowmpasition o wreducides [, Mo Coke Sy o
P of on-dimemolonod swlaspaces (S et wique  enem
Up ¥o  pemukanon (e gue "PGL(2, €)Y & Mo, viok
st S, ). Howeder e ruumioer  df dmes @ of 4he
(somorpism  clouyses of ) wedudloles occun i Ahe
decomposicvon. IS umaque , o we shalk see, owmd i\f
e coledt baopur ML occumences ol eoch  uveduenole,
e vesudbing  lgsS rRfwed  dgcowupoSklon s wugue W
o order.

. Schurs lomma. omd vepresaiakions af Aleliow Qroups

We snall prove on wee laasic  veoull aloouk
vepreemkbonons  before.  auning to  the ppuwerful theowy
L onosockers. TS reawdk, Stuus \lewwna ; wilk alse
Aol us fhax  Ahe WRdMcUoR  vepveaumtunows of Moelioun
growps owe odb of degrea, 1.

A Wowoworpuism  of reprenemtotion spoces &
e o KGr-wedlll howmowsvpenism, le o Uneor
U2V (where 0. GoGUW) and ¢G> GLU) owe Ava
VWNMWM) MOUNGy L =owowe  cowmmute o v

all qe G e
3 U 8 s 4
AR '0(
Voo
v —/™> V
(Wesom o s'wallor diagroam, W §L wwm ol an Is,omp‘;\/ﬁs\m)_
Schucs  Levanag ok o Womonmocpuisw  lbecmeem
vreesaapie  rep WS s ouher Zeo o Ga

SoMpWSYA [ Exercse: whak (s fhe cowesiponding  resulk
for gwu.pszil. or kerd<\WU omd wasV axe
Subrepresealakions so must ke Zer or e wole Huing .

One com s, wowe Mo A4S e cowe o:U—U |



Here o wwst ke scalor vuldbplicarion Sowe  foctot
AeK (possiy zevd), Br o:U-2U s ‘:%\ endomorPusm
of cowplex veckor spotes omd o wuwuat hawe am
ewgenodie , A Lexeccise) . Than o-A:U—>U s stll
an  eondomorpaiswm of  represenkounon spaces So, by
ML frst powk, vWUSt b Zew Or om  auLbOMOrPiism,
Rowever A S am elgpgwaiue o o« , souy wkh egenvecse
ueUl, = uekeda-2)+0. Tuus «-A=O0.

. Twis eovy veswkk s af Lunmdowentol sXQukA
Mo Meow, s & will  emouole ws bo “sort ouk’ dhe
Weducdole suwompresemkanons ) o repveseution S po. |

Now lek e G=>GLV) be an uveducidle
vepvenantaRon of  am  Aweliom Qrowp. (Je com une
Somur’s \lewwmar o sew Aok e as aegree 100
The cowrese, trot T§ ald Mme Weduclole represemsouion
have dogree 1 Mam e group & Abeliom, wilk ~olow
ean\lyy  losec,

In e second pevt of Schuw’s  lewumo put
%zpy Pt QG : Me lemmo applies S g cowmmurtes
with ~ every  heG . Then  pg=)lg Jo¢ sowme Age € amd
v s dear Mok AIGRGLLE) =C¥ (s a 1-dimuainal
epresuAndnon WG s isomovphac 4o o s Worepresmmtohon
o V. Indeed G octs Uke A on V and owm
swespoce of W Twus & V is  iwvedmable & s of
AL O :

(Exexcise: oy OoM\dQN\Nb e d@omm of e
FegWo  repressakanon , KG, nko weedusaole (e 1-
“dinenionad ) Suoreprestmiodons , prove e Conwerse
vesulls durecidy -1 ‘

[execcse: by sShowwgy ok dhe wveductole represousabion
ol o fuie Moguiom growp P o Koeliom growp of
e some ovder colled e duad grouwe , develop Ahe
aow & dowole duols, temsor producks amd ensdloworphism
spoces  Jor Moellom groups amologouws to ok for
VEUDC SpaLes. Sk?u) Mok e resudlkes node wua MKe
Ooaindd. by ViZWwuWg an Moetian group av o 2- wwodule -]

o

We shodd wow fiad that alh we wout to kwow
aoout . veprombakion.  Com e gwven by o quence
o Complex numbers . e wap ggiU> U s am endoworpiisy
omd S vas o trace , homely e sum of “he elgenvaluss,
Wabe  x(3) for s cowuplex nuumdcer, Now suce or Q)=
@) we wawe Y(%gx)= b0(PyaPg0x )= b (PgPufy- )= & Pa= X (q)
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s X©@ depends owly on e cowjug clown
2f g n G. A (sek) fumckion F:G2C wi AiE
poperyy s calledt a closs funckion; Ahe clasn
fncions on oo goup  fome o C-olgelva (weler
pointwise oddition and wumlbipucaton) of Coup\ex
dumension W, where W s the wuwumker &£ Cowj ugacy
Closses w &
Mowever a houracter s oo rodrer specod
kingl of Cowsr fumcklon, I & s oo fiAre growp,
ML eiggmualues of amy  vepvesembing wabnces wawust
be (compirx) roots af wmity, so x[g) S a Suwm
of m cowuplex WM voots of umiky wwawre wa s e
o\z@mq;m repreasabion amg N dae ordor of
g . In parbador x() & o sum of W first rooks
of iy, e xll)=wm. Rually, e eiguwelurs of pyq
e Me  cowplek conjugares of Ahose of o4, SO
X(a™) = (q) ‘ .
If 0. G2GLM) and 0:G—=>GLLV) owe representahow
Wl wowocteds  x omd. P respeckivelyy, Ahan shee fwe
MalorkesS of p®c ocue of M Jorwm

MWELPUSLY)  of Yhese of 0 and &, Mme  unowoerr
of p®c on U@V s jJwt y+¢.

6. Ordamogonoliry_ relodions

Tue chorackers of e uveduciuole cowupleX vevenewkonows
o oo five aroup Gformn om ovthonormol tasis o Me
space Of class fumckiows, umder the wner prodiuck  givem
by O, yd= Zaee x@) WY /IGL . For charradbers X ¥ we waou
replace  P(g) by wig™).

Thuws we  awe vequived, ¥ prove Mok WL X, o "
Morackeds of  NowlSowarphwic iweducdol® Cowuplex Nepresamk.
e (,X)=1 amd (x,9)=0. This follows frow Suuwr’s
urenoe by dumgnbiony vub  tedious  wAAknX calcud orion
Lledevmmnn 9P 33-40 5 Sewe Pp- 1345] e uksodt kehow.

Now siwe 4o choworter o UBV is e sium 3
fhae of U owmdl V , () gwes e vumaoer fmes
e thowodker X of oA JWedUNOWR  veprAAIRON  OCCUNS
W €A (QoMANO)) vepresakolniow (i chowoncker) P, Tlds
oMk Bnak  Awo  vepraasniionows  are equivalank CfS Aney
chowoekes  ane equod [Bdecdse]
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he wuwer product (X ,¥) hWao o dorect Wter-
~preboion Wi Aeims  of e vEpvesombanow s\paces
(of KG-weoduwl2nd> WUV bwwicm  «, W cowes povd,,

that W is fe dimension Wwevw K=G) of

e spoce of KG-woodude homoworphisms U—>V. Iks
ey bto ok direckdy Mok e woys iUV
Metking e velevomke  soprowed comwmaute (84) Foem
A veckor spose; f K& wexre o commmutrtive ¥ing,,
ME woudd ke a KG-widule , bub as it is WA just
oo veckor space [ Exercise: wwy ?).

Schurs levwuma  souyd Sty Mok Howye (U, V)
Woo dimematon zevo o one  for e Uveousible  vep's
U,V occovding an Aty differ oF cotnede (exevcise) .
OMW‘Q adoo verbky Mok Howm ., (UOU, V)T Howm (U, V)
Howmee CUZIV)  amel  HoMyg (U VBV E Howm 0 ( U, V)@ Hom (U ,V7).
Thus uaing  complete reducdoldly amal e oviwogomaldty
velanovis we. \owe (x,ﬂ)\‘diMcHOMchu,V)ao chaiwed.

It folowe aw o covollowy Mak Howm go, (UV) ZHomg CV, U)
but ihe Somorphism s ot nakuwol @ W douk o s e
dual of e oter [Exercise].

Mg to A dnowadkess, S Ay ave
ordaogonol. My wumt ke Lwarly  independenst . Cowsequentiu
Mmeve can only ke ak vwost W ddsunck Uvacluciole
represencaigons, whad W s e wumdcer of cowjugoey
closses Q@ G. I for Mmeve oxe exackly W,

Fom. e ordogonality relonons it follows Hrok
(X)) =2 m*  where x s e daowacter af e vepresuaboon
whose dicompasicion  wwoles W copies Bf Yhe tw
iweducdale . In postiodar X is  iredudde UL (x,x)=1.

7 The chaxocter too\e and groun afgebra

It veamaing to Sow Mok Me numdeer of weduaclo\R
compler veprasmtosions of A ke Qrowp & equal e
Vst af conjuaocy clowaes. Tn View o M Roregodno, seckion,
v Wil suwihice o beve ok § s o clows fumcRon ow
G wHn L 5x)=0 P emy wediclole chavackey g Yem £=0
We shad work inside Me growp algeva, KG, whidn, s
Mme spoce of alostrods K-Wmow Combinoriovng of eloments
of M group, WA the walkplicounan WheARd  frow G
WoWhoy M2 disbaloukie.  Rawd . (81).

Re "x=Zgec Fa')g e KG. Sinee f is o chows
M(\k{oﬂ' l;\x’:i f(g"} 9\.9 = 2":("\ Q.‘R‘XM.S"\“) h= (tg C“Qﬂg@ q'

vamabies) 2 FQ)gh = xh . Tums & Ts W e cenbre of  KG.
Hewie Afor omy)  KG-modude (vepresentolion spoce) V, v vx
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S o K& ~wodule wowoworpism . In posrbladonr i V is
wweoluclole, by Scuwrs lemma (€ s nmubpiicanon oy
A scadow, A, Buk (exerdsed (f,%)=0 weoms Mok A=0,
o ¥ acks Wke O on V cwmd all Me oler (weducble
rejpresembodions. Now KG cam e decovuposed ke Uvedusiides,
so X ocks Uke O o KG, wwewce x=0. Hewce f=—0.“

We wiayy wow display Me iwveducido\r vepreatnt.s
of- oo finire gvouwp o ot X cuvouy of cowup\ex
wumleats, wh o column for  each  Cowjugacy  CAOWD
anfl oo NIW  Hfor o wraluaole dnoroclker, Ik S
UWSUOL 0 put fme cious 8f Lo donkly as ke fist
ol (LWlom X cowkoing  Hae . e
reprassmtounvs) cumde e biviod  chowaeker (wwWiin
s ldembicodiy “1)  an e  frse vow, WA the othes
n ascemding order of degree.

Wrar & fhe orocter & Mg veaulow represoudoiion’
Well, § X (s Me dnowockesr of amy perwusairion vreg?,
() is eqrab to Mme vuumder of poivks (wasis elumomts)
Sxed oy g . In porticuion for me %Wm?mw,
g oo wo fixed polaks umhess g=1, so x(F\G\, amd
%()=0 dJor g#il, Twis enobks us +o Voe e
decovugrsicion af Hlr e vegulour  regpvesemSoadion, (W
‘lmkﬂe&, Vi [ v ?)/\mmﬁbef X\)- Por \M""'O(;Xﬂ"
A GA S%GG X(Q) %, (g7) = At 1A x: ) = (D) =fi= dim .
TS eoch  wedmcio\e  repreaminion  ocuas  woa
waiplicity equal to v dogree . |

Tams i o sense wosk" pf  KG cownists of
wpes of e "“wost compucosed” represmkoions. Tt aso
Luows  dhak  |Gl= T {77 Reanll fro TA qeowp Maeory
Yok Hhe size of any' cowwgaoy cows duvides e ovdur
o e grawp. Te s alee g Mok Mo dagree of oun
Wadiuchole  CovapleX  Pepracembosion  divides M ocdax d Mhe geoup.

2 Resticked omd. wnduced, vepvesowtations : Frobenius veclpnacityy

So Jor W s eabment the gwup - haa loeen
ficed, We wowe wuestigoted 4l cowuplex Uineow
represiikaldons, . other wovds essenblalMy the  cakegon
Mad ¢e of  vigk LG -wodules. We SMoll™ now tuwn
Mg velokiowsip ‘ebween dhe veprexutokions of G- amd
those of o Subgowp H and find we hawve a palr
& odyout  funmckos  Moad g, & Med ¢y called  vesblokion
g Wwoutoow ., TWE s a speclod o of a gwouwp
MMW&&SM S22 G wmere 0w 1vge<k§;ve v e Sowmue
Meowy oy Olso ke applied © genevod O.
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Given o wpvasentahon G26GLWV) (e oo KG-
module V) MaSWHS%,weWe ¥
vepresstolion QIH-.H—-»G-LCV), so Yhot V § a KH-wodule.
The chowaeker of ely s jwt ot of o resoletea o H
since eon  conjugacy  clond of H is  cowtouinedl M
wiiQue cowiugocy closd o G, More e qurowp
homowovphism 8: H—>G Wik give M vepvesentanon Op: H->GUY)
for Hano vender V a KH-wodule .

W Suppase  ur howe o wepressinrion & :H->GL)
for HSG. G acks on the right cosets {Ht:te&d of
H by permuolion ; chocse o dowmsvesal T={Ez\ ..,k
for G:H, le a asetd &G sum that HE; and Hg; oxe
disjot  for T#5  owd k= (GH) =1GI/IHI. Now “tokce
alastroct  C-veckor spaces Vo= Ue" and & G acb on
V= @V, by g Zvi— 2vihy whee  tig= hit, W G
Twern V becowmes a KG-wodwda with d'ch=(d,iMQU)(G:H)_

We can express Mais wwove cdeoudly o tenwus of
KG-woduwles. Fust observe that KG itsell, an well an
being o (vight) KG-wodule , is odso @ (left) KH-waduie.

Thus ol wow toke e  tensor Uy K&,
which is don & vkt Ke-wodwde and so oo vepreseutolvy

Spoce . his s covbmncked i dae Soume ap e
densor proclck  UR KG, buxr wa M%m&
velolons Mok u@ hx = uw®x for uel, XeKG omd Wel .

The dimension over K=& s Mo dmlh. M KG /dim KH
=AU J(GiH). Te iswow o eovy Qxercise o show

Mo U, K& X V.

Move Q‘QMQ;‘CL,ULA for O:H=>G we dujine Mo
wdiced. KGeweodule  as U @q.e)KG so thak

unex = u ® (W9)x.

(Execcise ' swow Mok  resbrickiion amel induekiow

owe. “aoumatcive’, ie ok you @t fa soume  yesult S&,

GoU Go WO an WWerwedicke Qouwp HSKSG oc HDKSG]

Now conadad Mae dNo K-vecbiw spaces
HO\MKg,(Meu ,V) ong. HOMKH(U,RQSGV)

where U s o KR-wodude , ¥ & K& -wodule owmd. & H—>G

2, gvowp hWowomorpasw (WWidh, §of Mo puxrposes of ¥he

Powe X course, is ‘wiectwe ) . Given a wap o:IwdgUh >V

e udatpice Uy ROuS) & U Bpaug (rocalliay

Ko -suWos| B auws) KOWMD) < U,

(rr onsomchwow of IMKQB&)). n w»? e)ww»m &

& juet My jacualon of Ko G Ams s Slwpwy U

owmik & o KH-wuolule so Mab o becomes |, U—V

weere, Vod wow cowadared sty o a e -naodude

e oo Resy V). Covser B: U—>ResgV  maouy e wumquely

exvendgd o B: Ind g U2V wwvweover dawsg  opexanows



Ke ©

owe Wneowr amd wubually werse. (Execise WU iq
e dabouls and @&end © geveral O:H—=>GJ.

Consequently, Mese 4we weckor sposes owe
(vosawrolly)  tsowmovpuwic. This s odwak v waows to
soy ok e funckors  Indg omd Resg owe
adgont ( Exexdise: whwakx Ao May do o howwowmorphiswms
& K- omd K- modudas) (Stae Howt o (Ind U ,V) S
(ds.g.a.u@ oWV PV to HOMKGCV,LV\deu\ ouwach
Ukewise Meodar bww, ITndg omd Resg owe aloo
odjoint  Me oter wawy voumd. ]

Toucing ddmensions amd  dewbifydag e
Wmer preducks of cMowocress, we hwowe  for
W, X mowoekers 4o H G respecktively , e
Brolcevims veacprocity  formanlo. t

(Tdgp, X)), = (¥, ReseX)\y

We Wwawe alrecny s2n Mok (Resgx Jnwy= x(h8).
The nolwced chowocker 5 Qiven loy (exewise):

{
@@= j;%’{wcm - 8= xgx §
A\bemoskwely, fov u\—\é G omd T otromnsversod,
v¢ ()= Z(, @ (6'gb:)

Whre 1 IS understood mat e tRAMs ave tevo T
Hredr oxrgumentss foll aukswle H.

9. Teree producks ;_sywwwelic amd. clbecnalind, Squoxes

Gwen  tuo vepresendafion spoces UV for &
We vwayy ke wer tensor produck AN vecdkey spaces
ond. mpose a  KG —wodude soruchuwe oy

uev)g = g)®vg

Note, oy dWis Is nob e tewsor produck A KG-wads.
In o & s MR vesbticklow % fhe  diogewal sulmyvoup
TEGXG ar a spiol e of 4dhe dewmsor
CONUIAN  for  veprecemkodons U,V of qgwups &, H
bg,\/(umf}(a,h):(ug)mtv»\) Qivingy, e KG @ KH -wodude
UV .

Ao, e K-dimeasion of UV aw o KG ~wadule
(. dam V) omo fme Sek of eigevwalues of VoY fr
eocin gelr 8 M bwiuek of e sebs of elgemioluas
of h owach of V. Thus dwe chowoerer s AL produuck
ok ¢ bW Unowonekers.

Puding U=V, UBU ‘san weduavle represeutoion




10.

Re\\

mce Woo dimemsion 1 @ W gemerst UU
M\\&%g reducale  and \oweokk.sup (@t leowt)

wdoo Symmernce  ocwd  allroatag  squowes, S ‘W)
omMdl A"CUL) Howevex e prodiuct s reledont in
Ahe Cone oy Aeohdom groups,  sine & provdes the
conyposikion for Mme dual growe (§4)

SAW) amd AHU)  owe ame +l owmd -l eigumspoces
of Me (vreprsomtianion space or €& -wwacule) emdmworpmm
T:UBU— Ul by  u@ve— vau , whh Tt
If dim U=w, dim SHW = tnnt)) omd dim S Cart)
Tae ockion of G on AR spoces s gaven oy

Uudv = v @uU +— ueg&:\rpgtvp%@ug
We oum to shaw 4hat  the chowacters oe (agcg)’*ia(c *))
ok QgeG  (wware x‘smwm«gocu

We olready kwow thot Hw chowackes of M
Sum omol  mMor pradacks By te vepresemtidhiows  oure
redpechivelyy e sum amd praiict B Ao TndMidual chavadurs
M MQM MO oWl e wove »\Ma:t(mow\ ocvvious’
notorion) X2 @D = X 4 (@) = @ TS berng Wneow
W e dnovrackrs  wwowed, (e wl su.%ue, o prove W
voowk for  uvedudiele  vepveseuttiious.

Lek us duwn First o QeG. Suxe we axe concesned wy
W a,0%eG i sulfues w0 dreve Xe frmanloe  for
Mo woie (Swiggouwe QX <G  for eotin g €6, So whg
G s Abehan omd ah fe Wreduciole rejpresemimnons
Yowe dimension L o wowy,  ve cowa\daved Sw,plﬂ
oo scodows. Ju ofad words ML repventoliew pg  owd
e chowocken  X(9) colnode . Buk cearxly i dim =1,
S’C\D-—U@\AN\A , N X0 omd X0 () =X ,p.@) =
Cusn.a = Pu,q = 0g = Xul(® ok xmgd=0
OB TequAred) . |

ieae formuwdoa modoe Wdle cowbrllousiont 1o Alag
olastrock  Areow of KG-wedulas , bub Ay oure
i ENOWMOUA pram.cal. 0 Y TNIYTN <oV ¥ S Ty

I e W seciom e suall =2
sevwa. VY bf\,d&s for Aovagdds  and g laker
Sckon somwe  Qroup -deovesicall deduckiows  wowlan,
com oo wooll \05 wopeckiovis) e chouroder talble.

Growp omd.  field ouukowo rphiswms .

Givon o Cx-vwodudz U, how dees & ot ow
Ts dual  (qud, Veckovr space), U*=V? For uell, veV, gecr
we womp  WPvVy) = UV, se & i nakuval i\*)_‘pujc vg= g v
[exeidse: whok does s weom?] Tham  viw)= gW'y k‘g“v:(vg)\n
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as wepwived . In Ak way  UF becomes & vight
Co—Wooll , or | albexnokvels,, & Bl Ce°P-wwdude,
were G i e grwe  (and €GP the ving) wuh
e some damremis ag & (of G&) bur A opposie
mutiplicabon . Ne owe GRG™® by 9Py Tew
1o Wwedualble, so w8 U*S hewce & g» x@d s aw
weduiivle  hooudee w0 s ge» x(gM) . Bur  we saww
5 Mok xe3™) = xg). Noke Mok 3 CeG& s a
Comgurty  owd G - o dam o s C=i gt geod.

This & on exoumple o two nupertomt phagnomena,
W Mowacker theony , nomely the efteck  Of curbowoep haw
of ML  fed ocmd A Yvouwp ( soladay - peotcing ‘3"')3"
s not o auboworphiam ). Les us  deal wwh e fleld
forst.

e & Gear ot for oo parbuudonr  flube youwp &
We veed. oy o weoms e whwale of € o wecure
cowplet®. reduabMly . (Noke Mok iy M fRedd T not
olgeoroucodly  Ueted e waowy il to  decowugose
refpresmiicinon spaces  cewuplekdyy  owmd so  the dheowy
WA brewke down; it © o dlvtiguishh  betweun
comp\eloe Veduciloullsy over oo partiodox  fleld K
omd.  wosolule Wvedumecalily, WMo sauys Aok Mg
VWL S The  Sowmme evem over omn eskevsion  uldy
In pourblodon, § we vequire oy twe  character
ol , wWe  vieed oy udiold o pamitinr  |GA™ voot
o wwky to &

Suppose  Mam ok K: R s o fnle normal
eems ion s Mok KG '« competdy veduaao\e,
omd kk QKoK be an curomoghiew of K
(WWLOn WSt , of cownrse, Fx &), Thenm swwe KPG is
isomovphic b Ko & wust howe e Same (NgwaEry
0 @ ool o ML daowockee  twble by perwmwtadiown,
T otver words, applygvg @ to  wn wvedmaolR dnowasser

AN

'; Now owsider growp amboworpniame. Tnver  oukomorpwions
e ok ne Wkerst s Ahay werely  pavwuce Ane
clumensts of  purtidlon congugacy  Aavses . Ouber
AMOOMOPWLWE,  on Kae ofr  homd, T Reruuke AL Aowses
At N may ydd new  veduable  Unowouckers
e & s oo growe ol B W growp of (oube)
ok movphiems of G (so WM ook as  yr>gh),
We wow P e axbension E=GCH  of & by H . Tws
how clewmumss (g,h)  omd compasinbn cq\,V\th,,M;)ﬂg‘q,‘f",h.hQ,
T {2 E=2Eo2H =1 o o el sequence . The
Mowankes on (x we  qoumd by esbAkion ab dwose
on B anmdk e ones wWie wwe  genmakied. vy ook
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& H owre Loumd added toyerer W Ahe chowoel®r
todde of €, stice axeh  cowjugoes closa of- €
i weeckts G a  dnmiow af closss  of G.

The  Ovidonalloy veladiows  jwoved .

We owe wow w a posttion <o Qive a "clean”
(le non-wmaix) poofl of Me orvhogonolixy veatious.
Coreful exoumimoksion (exexcise) of 4he fovegotug seckious
Wil reveal ok Me  argument (s vk, in fact, Cuorcwdanr.
S pR s essenbially Mok n Adowus, e w9 -so

We uish 40 show Mok Tgee Avl8) Yw(d)/ Gl =dimgHomg o CV W),
So & nobwod 1o cowsdey Me stace U =V* W, wwidh , oy
£§69,10 Whoa omoxaotee xv@)Kw(®) ox geG. Now Ahis
spoge  © wohwodly somorpwie b0 Howmg (V, W), +he
spoce o C-lmeowr woups ebwanm (e veckn( spaces) Voamd W,
of W UgrHom ¢ (VW) 3s A swospoce on wihion G
acks baviolly  (eerdse).

Pk X(2) = Avig) xw(ad) = brpg §ov ae cnowactecof U
we wank Sgee %) /1GA Now‘tr:Ev\d&(.U)—NE s liveow,
SO We WAL LW AMis as MGl B 2geq g = tr O, say .
We shall shew Mok O:U=>U s dawmpomnk (e §2=0),
so Hz U i with  Bly,=1 omda Bly,=0. Then
8= b8y = dim Y, = dim w8 _

Tws we widh o Sww  O%=8 amd. w8 =t . Avst,
B2 =558, P /161 = g Tu P/ (G1* = Ty Lo G /16 SR GNGI=0 .
Then mOcls. For lek uleim8; tmenm forges, ubgy=
U S on /1GD Pa = S4 UDnPy /161 = T upk/iGl = ub, o ubelly.
K Ug € B . Por ek Upg =u for all geG; trham
UO= U Sg0g71Gl = Zglupg)/it = SU/IG = u o ueimB.

Now thhatwe howe propery denbfed <x.P 2> with
dimg Homee (V, W), W& s  imwediodely  ospporent whane
Shuw’s o, Comes ta: & gives the orthhogonodaky
velakious  olireckly .

ket c;=lCil ke the size qf the I“"\cnwguga%
cloyy for Lsish. Them Aor [siKSh, e Omioxswalily
velkions _tetwam Ao Wedumobe  chowoots X3,k @V
2i%al X3(30) X)) = Sjic. Howewer , an s well known for
OrAONOAWMO)  Syoteoms, e Scodour pradmek ©f Ao columns,
Sk X () X (q;) . s 0dos vevzes L =) Ths provcles
R’ waelud wouy of  deteramining  Ahe lout wveducioll
crowoster whan #e odes ard Wwoww . [exerwe: whor
e ponad vale o Z Ll § ]




12. Degurcin

Recodl some @ Mo elemepny fockts odoouk viovwal
sWoguowps © dey oore aacdly Yie kewels of Uovuomorphiams
Ouk Qf ML Jvouwp; eotin NOYWAGL TUWBAYoUP & (L UMD Of
LOWUBPCY  Aades ; omd. ML nberswkion of  twe vorwal
SWogvougs 1S Aovmol . Alko vecall  frowm 38 ok, ivewm
A QYo O M0 mor pWAE WA @ D E-2H (suwonow Ae

quobont wop  @3GN gor Ne&) wwmd o
reprisamtosion  PitH-> Gl(v) Jor M, fove s o represdiolion
Oo: w3 xL(V) givenw by Mo composite ; V  (or vy ResgV))
1o M o Ka- waadad |

These tocks, Wgdder wilh e blana\e -l W
L (0w 4 wiibie space WAL wamal wiy) , e sufindent
Yo dMdmee A viovwal  culogvoup  STMCune o) v growp
from WS dnownwler wbole . Tt hwoappems  adoo de o tue
Mot o fale swple growe s deeeiaed by it drowneted
Ede, 2 o wouy albo datewing  fhe conmupasiton factods.
Unfortunaely, one usuolly Knows s gy odeout o
group lovg before ove knwows IS dnarackes twake

ek erGDallV) ke o veprsemalion with iegvee f,
haxockes  ond  kevval Nekerpda Them p i@ yoN
o WS dear Mk x()= f Jor geN. Buxr M conwexse .o
holds, for () wa -wm o § lu™wor of wamity, saen
0 whidn Wwowle wovw L1, 5o Ix(@)l= + g ey are colnsas
WOLERY, e g acks A w scddr; A porbiaddonr,
oks w0 oo 2lin o Ml Uveduable  LoMponMES.

b Thus e emel o o 1Qpreasmiation 15 4. won
U WL owMgACu AMALS OV WWith IS Jnowaeted Yo AW
oz value ap ¢ dogs ak A tdanksky, omd fs s Awe
e & e kemads o e rreducdoll Lo mipovanKs,
Wiidn oy e deraned Liveradly by  wepckion  of
ML nowackn  toudole .

Comvensoliy, Jwam iy wWoimal swlagouwp NQx,
oMUY 142 (eUGAIC VRPN Anon N) op A2 Quorieds,
U A veprismrion g G TWe hWaoe . kevak exackiy N
O ey NOMVAL SWAAPWR s i Al Wy

Cleariy x s simpe U no wonkriMol cmoxocker

takes a valne equak w Uts degree owar tfhom of e

ekl

e cawre ol G cowssts (by eluwenmmetiods)
G AL smgerkon  Cowjuaocny oo . T dedved
avouwp (gomvaked oy XTyTxy e *,YEG) s Ane
Wherseckion 8% e Wewald  of e Ungow  rejpvestuIabieus
Ceebtougd Wy A bBlotke of L's n fhe dnowoucer dodale )
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AeSe. owe e repvermSnows oy the Aloeliamisoinon, G/G7,
of G, wwih © Me grouwp obtaimd by iwpsing on G
e extra veokiows xy=NX for each Xx,yE€G;, Me vuwmnlerr

of Mam s of couwse |G/G7I.

. Ageoraic Inweoers and  Covoacker Degrees

We swall  cowcude Ae course by pvoviva Burnsides
"pYgR" Weovem, Mot A Quup of odac P gt (where
P/Q axe pime) (s wt sumple, using Representrnon Theow .
MWis vesule il be used i e fovt T Group Theowy counse
witout pvoof A Ordr 1o  prove tall’s fmecrem Mokt o
growp of order PP r... PR is sowdde UL it hoas Sulgous
oCikdex  pyy, ..., prx. |
Rt we skodl veeck to nbroduwe dae Covieept of
om  Agelsvoic Iweger, wWich 5 A voot f A vwowic
polymonmok over Z (e of e fom X™M4a X M. +ao=0),
TWs Wil gquickdy  enmaldle ws to  pove Mok the degree
o weducible v\vi,zmammh“m divdas Mme ordar of
gvorp. A vokio Wwheger (s o alQrlovall wkepen
WWiOA 18 alse (om orOlaowy D Yokwowal , 12 (exerause )
JMBE QU (ordinoawy)  waRQex.
We howe o \omwa proved. (exemise) Wy Waoue
o)L Y- dEC (ool zer0) omd el
Sosnsfies Y T2V aijy;  for 3,0 amd ayjel
for  1,32),..,m Mom sy is o cdaploraic  wWkegen; (i) for
oy  polyemnial fumckion FEZLX, Y] in e vomalden over
Mme  (rabionad) wkeogrs oumd algeloroic tniRgers o, B, Aem
f(x,B) s doo om olQRleauc  mteger; () dhe aloglorail
{ S fom GL g amd. howacdes fodkee algelomuc
wreger volues.
Ie s ceanr Mok an  extension Q  gemanoied
by veks of waity (R bycharokes Voluer) hao  Acellom

Gadrs Qrowp. The conterse s aho tue (buk wore diioulk):
amy odgelovaic nkeenr with  Aoellom Golas @rup s A
sum af  vooks o umiky.

ket & be Ae dhoxocter aof o wreduakte
vepresamkadion @1 G—2GLLV) of dugree f |, where
G= C,uQu...vC,, isde decowmposition of & W CoAUQAn
dosses. Tt wilk be ceox Mox £ IG O we om prove
wmox  1C 1 x(g) A is o olgeloraic Wseppr foe ?:ec-‘,
swe |H/f = (1GI/£)<x,%) = Z'0Cil x(g; )/£)x(g]") s also
vakonod .
Pur ci= 2(geCi) € CG; wdeed ¢ is WA cenre
of €G. Them (fixing 1) CiCw=ZawCe Wik a6l [why?]




&
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Now 01G = Aub(V) axtends wiquely to o ving, Uewioworphism
p: €& S End (V) oamd Crp Commutes wih eacdn g (= Qq)
So Cp & oackuolly a €6 -wduie wevdloworplusm of Yha
MM AME ke V. Hewee by Sdww, cep=By, €€,
TWUS  ¥iYw = Z‘:‘ Qe Yr  WAWRIn wob all e Yy owe

zeww (for 4,=1), So by e lowwmo (W p=g; aud Yy =4k
k=1,...,W) 4 is am adgibrauc kel . Toking broces,
fyi= brlcip) = Zgec; rpg= 2o X@) = 1Clx(g:) s©

IGL X(ad/ F s om olgtbvoll  iateQr.

Burnsides g Mheoewm .

o We oim to prove Mok o qowp G of ovdor
pqs (cohxe  p,g e pAme omal  ,R=1) is wot
stwmge. RecaL Mot o howonmarpuswe  fom oo Stgp\e
growp 1S eirer  injeckive  or bl , Aot Hhe cankre
B} & wnonAbelMowm  Siuple group S tAaval, tmax a
Qroup of oder gP (g pAme omd RZ1D how newbiviol
cembre o Uk e size of the comimoocoy ond
oy o eumemt & o Quuwp s equok to e Wndex of
S CRUWODUASES.

We need t© use  Sylows theovewn , Yok G han
o swogqeow@ @  of ower gf (omd Wwdax ¥ ). This
s e Ot pove & At Gt T Growps cowrse; e
preamk  veawdls 1S uRd widnue proof lodRe W Mok cowrse

Recoll g m&mm oc D Golas Aheoy
Mak o poymoniol. 4 We ovel Z S wduside over @
omd. MoF Tts voos  awe  pervmubed  emeldc tromoitively oy
e Golss quoup &f He  peliyamiold .

Suppdse o= 2, Wi IS oM aleplovouk KRQEL, LR
e w; ore voos of waky 5 Mon eier =0 of G =uhs ---=Wn< .
for MR (S oL Vv 0 &) WMLy 6} wlion fhe iy owe  poukss;
(e § ke Ahe winalnol vwowe pgnaniod o ewr Z, s
aloo ks il plyonial oves O 5 e ool £ are tae
WOG 8 o WO the OCKIon & AWe Godms qrewp of B(W):G.
Mew eocwn a; s o owrage™ oy Mok & umity  owmd
0 llgl, Wi eaualky L W=wa=--.= Wy ; ofwvunie [TT o<l
buk tTTa; s Hhe cowstowd cfficemr % in £ So om wiRnex, ’
S0 TMu; =0 ouwnd § hos ov veovr  o; =0,

CoWARR XX o e weducide  dnowoetess of G
(Wil %, o Givod chowoken) QM Q... @y o0 Naeic
repreatokiova 8% ddgeess  fis--o fu j aloo les Qv o-s g be
reprapanltokiies £y e Cowwaoes chaoxa  Ci.-., Cy, .

If fi omd Gyl are mpAme Men aitwmer x:(a3)=0
or g;0;= WEL owmd xi(9))=fiw foc Wk Aoel with



(AR

on;, +01C51 = 4 amd v .. e e elganuadies of
Q; i ‘(u“ com e diogovadsed) . Thes ol

7 Lok = &%) = a(xilg3) * b %‘,—x«;‘%))

S o odebvaic raer, wwewce eker x:(g3)=C or
(A)‘:OAQ_:---:OJ;‘.:UJ iV\- Wi cone QJ?",:U)

I¢ IC5\l=¢ 4or sowme 4#1 thwem G is vwb now
-Moeliom. siwple . For suppase ™ were, Mrewm i #l ana ping
Men erer  X;(B;)=0 or G pi=wW omd g;pq € 2(Gp:).

Buk 4he lokter cone s wwoasslole  singe w1 ¢ for i31)
Se ;G ¥ Ggi wwita hon bWl cambre. - Thaus  for 1|
we Wawe eiMwer  plui or X;(g;)=0. Them by oriuegonality
R e colwmmns 1 amad 4, .

0= 3 xitIgglay) = 1+ 3 fiXlg)
so -Yp= 2;‘({‘/\9) xi(33;), W wWua ead swwmonmd
S eitner O (Xf pAni) or om alaglormic iateges G blini)
S Y s om adg@etodc wERR:, WMAUA 1S viewsewR |

Now we com pnve e tHieovom . [k G e o
v Wp odov P9 omd Wk A ke o swogreuy of
ovder gf . QL \Wwow veweiia) et 1 Mooz in 1t,
so 231 andGz2Ce(2)zQ . Then lG:C\:p“ for Ev <R
A k8 Covingacy Jos of E oo ovdar B, So
G is ot wowMoeliom Sunaple .



