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1 Rnays

A g s 4 Soucbue WA naows ef addition,
suworactvon. aumol kubuphcab.on ket o fletd woa
Ao ap well . The  oddicion  readars Vo o
wip ot S alwayp cowdidered. W a 'poiwie’
asion, The wwlcigllcoion  wauy awvse (i) pobwie,
u\.) bg cowposibion  or (W) froww an  wnderlying stwcawe,

w o Umoxr souchure  wpon wwich som
o\wma&am wWon  sdf s eauigped Wi vaulor
- plicatron .

ormallyy & rag & o seb R wihh elamenss O,
b Operalbioms  *X  owmd. U UMawy operokion - s udh

Aok
OleR; +x:RXR=>R; -:R>R;
(ArB)+c= arlorl);  a¥PK)=(aX¥Db)*C;
at+t0= =0+, axl=a= 1*().) foc adl
at-a)= Fa)ra =0, x,0,ceR,

aro=o+ta;
ax(o+) = (u\.«*b) rax0); (bropxa=lbradtcxn)

Nor dhar 0,4 ned. wot e Jkinck . dave s o WWUQME
(up b0 Tomopuiaw) Kng i O0=1, nouwury ¥2 zew oc
> nglebon vimg, . bomamdm( AAL vingd wiout 4,
bul M cowention . guodoaal ol OXUNAL- .

There aue  Wavee piacupall OUD€s of xamplen of
g oWy WMo e ons o 2,4,W, exc., navely

@ Fwnddons X—=>R SOUCL-RWW) LA, pmmeb
sugivas  Covdwly or difgrencaobiy , wiwere X L
(opdogiud) spae and R a nay suon s R or &

() endonmorpwewms V=2V o o vedsc spuce kmw
WAA oM Sbbure suoh as oM DUar produucs) w

composithion o vwulbipliciion

(i) lingar combinosions o) damens o o stvdawe
PLsing WS ownvt wulbiluakion, with (2; A‘al)*LZJp,b)
degned. oo Zij }\wz(atxb where A f" Gy
s o Z?NO( ), and a«,,‘OG(}(* Wn:beRXj‘o(’(m
Exompies: i X =(IN, O (Wheee ¥ csmxaﬂtﬁa.ddwow
WGLW) en RIN © e vivg I WWoni«&nb
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Cusuoly cokled. RIE)D)

= gowe Lir T wloth e growp vy ok
Gox/f«f and v hudied w Rt T Represcataion oy

A vy & omwdmiive T arbabra for A
a,eR - e exoump W Q) owe commukarive TERL,
MO T W) ot iy commmkasive  cwnde Moz Tnai)
ave 1 R ot X botin _ue. An davinks acR s
wero o or o andff uxb = oxax =1 for ome eR ; b w
ot e oMl calad e Lwerse § o, wden of
T wertible Saminis o§ a ring P L growp, cadked
e growe pol wwuks . A fReld s commudiacive v
vy novideno elumuno Of wWiun L. ertloe C?l:%.
aMd.  SoWmL SO uKMOVE Ao ot vRRUIY  Lomvainuavity
but e s skew field  or Jivislow vng  owe vormally,
wadl Xlan |

2. Howomor pWwuans, swonngp, ideads  omd pratucks.

Naxosaily, emough, A homomoprsm o) Yings
L. @ uncklon presarvinigy O,1,+, ¥ amd -. Hene
Ao Mo Ry emuio MOV PV, WMOMOMOr pUEM  GUAGL OWMRIBRLY,
SomMe  care sSwowdd e axercard wWn e tevw
Splvorpuiet  stice e dwes vt wom WML woni
U swigddve homomorpik m. Comalden e bclsion
L= Q" LW & pladnlyy YWt swijeckive ;, neverinelass
Tk £,9:02R Lur owup o rung heawmomorpWewis Win
f=ig (maxits, Flz=9lz) Mmen f=g , wwivnprpety
s colled ‘weing, epild.

A suword W oas swall g YNNG  WNAmdiNg,
o:i wwnd, A C GVYAYS U3V N gk, B TWL [ . W

Noweworphdsm. . v >ubrwg  whike e bnowswn
of w subrivg s o howorphism ool Tmage e e
gven sworg . An wtersecbdnt  of sulongd W A
swoving,, S0 we Speade of e sworngy Qunaated
W o SWosel ;) as wu qrowds Mo combd o§ Ane
words A O+ - ond e daments of M suloRl .

Me prdut ef te of W YWgd s e
coxteornoon pmdusk o e undovliping seb equipped
with M8 compovenkwise Opevakiond. As widh ks
ond Qrowes the bradink MNougtauwm, RxSMR =

wrS
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Wwawemal A XL semse ok iy £ TR, 4 T-2-

owe oWy oo howo WS AN A L UMAGME
Wowmsmorguiom  Ccallod ,33 ToRx3)  (uh Anax
5
T----> Rx:;/r'

ﬁr\’b
9
comnkes. Of cowse  (B)(f,9) = (B, ). The Produut
of lowgec colions ok VW\QQ B cadullarede
Mo dovious wany, owmd Mk o e ewpty colledtdon
Cle e RS vnal owjew) s M Zevo Wng.

ser of demens wapeed o Zewo. This s Jdeaxly
Aok uwndar O, +* cwnd = awnd  alo
u—.]: reR = xx»¢, V‘*'&-'v:T

A sWosel wm&ygvxg Aese wndibovs  » wlled @
(bo-swdod) tedd &% R, TI2 we werly Wowe
oce 1 s wled  w vigwe Weak  (Likewse legr),
bubt swe we s\allh W LS cowne beJ.QuJ.u\g
WU comwmtukive viage bse Rewe  Jdo Mot corem
Uus here. Wik I4AR amd IR s wih grouwps.

Oeve ks 1€l Ywf LT=R, =0 wn
Weak > ot R o gpeiah a,smvw\.q),unmcﬁ
e case wW gvoups. AS  wth growps and veuRr
Sspues, we hWwawe & guoent  ving R/AI AHor ocwwy
weat I4R, aoeuex\_),\d.aal.u @ kewel. R/Rs
e Zero ving, whilst R/Ox2R.

If xeR, where K s oo commmbatie ring

e
®Ee {xr. reRi= <x7=x1§2 s o deak, m'mu_\_x.
Mwm\o x. Ta vingo swidn an Z omd K
eveny Waak L PG So wmmwm
Domans  (PIDs).

3. Prme & Mowdwal, Wdoals and.  Pamed Iwesluio\e eluments.

Cowsidor M2 _ving LIVE] whoe eloments ane
(7% me yorwa a+ \/‘Eb wwin v\,\ocz W\@*Tb}\.&*ﬂ)
= (’ =5bb’) + V-5 (wo' + o’b). Thewt

A+N=FA)NI-N-51)= 6 = 2.3
$o .,w\ique fotaisorion fodds, AW founr Aoekers axe
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breducde , ik X= Qb 2 elher «w orb L wwerthe,
buwb ey 4l o be pruwme, e pluwo = pla orplb
(Of couwse xly meums FzeR: XE=Y, sine yrom

WoW ON LWRFZ  assuming  coMmaukltivity  damougiout).

Ueoulyy  prmvg = neduio\ buc not  cowversely .

The wouon of prvuvevass edendn to deals.
wWe sy P4AR L pave & #yeP D (ePoryeP

-

Then i:u—:R v oprime o <p?dR & pime.

M otieca M wandmal. o M#ER  buk
MAIIR = T =R Than woxmal = pime , for W
dyeM but . N¢EM  cowsidr I2CN,y> , M Tdeak
Of e formi WM+ yr it wmeM ol reR ownd
since MAIdAR e hawe I=R ; o L€l suy l=wmtyir
Them  £= xwm+ xyr € N

In secion 5 we shwadl Adscuss Gueblemt vingp.
Than for o Comwmkotve ving R, R/M 1y o fiekd
g M s wwodanadl, stwe . L commadobive W
e A ek T It Wwoe VW nowbiviol wWeads  wolidst
e Tdaals ©f R/I oue exakw ok te form JI/T
widh  I9J9R (ao (R/IVWAI/I) X RT).

Also, R/P & om wieged Jsowaivy LA
coMmmubbuloive vivyy whae xy=0 = x=0 of y=0) C‘H
P s piwme.

. Zoows Lewmwar uwnd e exiene of  Movdwol Toeals .

DRscuaston &f wuaudwal  dleads affords ar waegul
opporunity to Mbroduee Foms lewma, bubt douk e
fooed by YMBE o Badking Yab wo previous course
g Tpes o uaed  Choie. The eguivalence of ZoMs
v, Mo Adomdy Uwole omd Me  well-ordoring
W&CM,% Woo o ool oviden s ot
evevy vovampy swoset hae A least <lovene) s domen-
-sooeh v e Bt T ebeow Blapc cowse, The
reoull d s seclionn  © WA dows wakker W e senve Kok
were oxe wwedelsd of b neowy WA WA euew) ving
hos & vwaosiaaol WWaadl  bue ol Houds , deere owe
oo wodds of TF W WO His vaws  fads,
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Recalk tat o povdally ovdoved st or poset
s seb X togper Wi ol binowy veladaon (€)e XX
WWidh Is  refodve (xsx), bramsibve (xsyszD xsz) amol
ombsymmednc ( xsysx =» v=x). A total emer or ciain
L\LWW ordexr wWuh, w bAobowue (XEY or X2
or x2y) Zorws lewwnwa dores Wb L paet n

A umion B o oMo Bf daads s aun Wl
beconl of We flakowy couy n Wi Ay cure
dded. For 1§ o are n e uwion.  aayve wn
soMR  krws, saiy a6l bel. Tuan eimer Ted or Tl
(>uPpese. e fowmer) s0  w,b, atb, arel  (uwwse reR)
%upp‘«en X0 suWoyroups B v group, b»w«tw_gounw\@
oenrion dow vot. The uion of o oo 8%
propor  Weals  coumot be e wwole rng sl wone
o} fo Weals cowaa 1 Gecalt 1eld < 1=R).

Th oo Cowntoide ving (so we hawe @:ivzEr
A bledton g S2tS) we WMay pove e reowlks witeuk
MouE . For- pur I,=0, e 2evo idaal, amd M=U1n

where I _{\'Iw,cp(v\)) so lwop s is <R
Nt =

In g 1edln,Pinyy
Thom o o=@ eR\UTn, it wust be becowse (Twa)=R
whence <M, >=R, 50 M is ndeed waimal .

. Quuddens vw.q&amd £ exenmsions .

) ler R e o cowwmubative vingy wwmd I an
Waak 3§ . s W groups ond  Vedne -SPoed, we
conpbrick (e guwobients, R/L, an R sor & cowets
WU A2 oOVOUWD ORNOIOWS , SO

@+D+(btl) = (atb)+1

@a+1) = (ptl) = oab+T,

To & easy vewfied Mor R/TI s ndeed o ring,
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and. the propkin wap, TER2R/T by arrarl,
= & ving Mevovwor pam cowda ML uowmivesol
proverd al , uf £:RD2S G owwy howmomarpmsw
w\W\ xf =0 J,ouux xel | e T w wiuue
TR/L -5 wmoucding  Ane :fowow% AAAUAL COWMULR ;

R ‘_i“",,f’

T Na1 4

e waa b Joumdaar examigle o) oo quotiemnt

s ombvvedc oo v, Recall wax e
u\?kn‘z keZi= nl © Wme pAndpal Wdaal , <v\7<ll

prove  (Wndeed  vaoudwal)  Thg \
("WW% WMZ) Thenw ZME (s e vy of
U\b&gex.:yvmdw; WS o feld e w & oprime.

The second ok mgertumk mpe
where K= KLel, the g ¢f polyvonvamals . ong
wwdakernmanake w\mgoa&«mm\nwfaem K.We
shadh  aWow  Loder ok Z omad KLkl e PIDs
oMtk e AOL TMRe conepd of praw wWwlal ; wvaowdwal
WGk, prime elamant amd  wediabe clwenic uav\u&
Thaon T $(E) e KLE] & um Lrvedmadle polyrowiol
of dagwee r then L= Kkl /44 & o fadt,
a2 Me  extemoon 8% K oy o voob of ¢

Cowswdr e cowmpase K AKLEI—L ) of whin
de tst fackor takes ke o e qutDMb“ polrgmomial,
K+00b+0.tr... cKIE] This, Wke amy Hield howoniorpgiism,
s nyectve, so we waw) tdentiy K with it Lmage un a
subfied. o L. The vedoAckion 0 LXK of e vaulkipaainon
x ¥l =>L vewdars L a veuwoc-space over W. Iwvi Wi
cane s dimenson, s . Now let a be Y i
o TEKLE]l in L and cowsder tme polynownal F(b)
“mudbplied. oue" T L by swasttubing o fov © aund
cowsdaing Mo coeficents o elawents of L. Thewm
ALan iy Fl)=0, whewe W say o s vook of
£ W L. Sine ' gonovabes Lover W we wé3e coll & K(O«D

Cowensly (&8 M be o Rad  Conoining K
wWhion o an  clawmens B sun ok {3 =0 nthe
abbove semee, There is a. umigue gy Wowo wor phism
KLEl—2M  whidh dantifies K CKE] wih KoM
ond sendd b ko 3, nomelsy by Kotkb it Frkovk StiS%
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TWis deorly waps F, cnd Wn@ fhe whole § A
wWeal <§2, o zero, so Mendh a wwaigue Wowmoworphusm

L—=M wmakwg e folouwing  Jiogyow  comwute
L -——=—=- > N

/fl
K(t] L, /
K

omdh s bakr  a—B. Twuws L (s (MMA( Wic o) a
subfAd o M namey ot guuroked. by Koawmd R. Hewe L=K(5),

Thre & @ g e wih
KR oel¥ o oS Sty e B4
and denm L= 6= RA).

Bl K fracoons of an wegrd  Jowiali.

The cowsbukion of @ Avuwe Z  shwoudd be
Jommiiour. We shodl  perfom  das n Ave geneval

LD ofF o Wkeyrad  Jowoun. Note gt e
Abdwpbon. 8  commmmbniviny s Vol

Fﬁfm'u\tﬂqval Jomant R, e K be
e quotient of RXRY  (whare R¥=R\10%) by
W (2owwalnie)  velunow

()~ w,s) o vs’= s’ i R

va,ax\buw\on g ML veads  wE Svouk wAte (r/s)
for ne cguboiince  owns o (6 3) wadar Vv, and
adso 1—(1/1) 0=(0/1).

| Now (B (r)rie/s) = (rs'vor’ )Oes) o
(r/3) %2 r’rs”)= (o0’ /557 ). SowmeoWol adoudy &

Mo B Vevuigd bk v B o equly UUKe rRlunon
Wi veopu,k: Lo Wvuiin, + o X e Loddd- waﬁl

owmh  hal (K, +, % 1>v’ =) Wow fels, JJVM&:J&.
LOIN L /=) - ( S /). /\Amwven | S K VJUX (/1)

This comtmckdon sadiskies a (resbricked) uminversal
prepechy. 1f RL s a  mowowmorpWlam  ingo o.feld,
nen. enrds oo uwmmugue  extemtion K<L such dhox

R":_‘f:' commutes. The exouwp\e € Z—Z/2Z swows
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Yrnodr e Wopotieons o) Dyecbiviy  comwot ke dvopped.

) for wauc & o beMer or stondoud vwobakion,
wive  fof (R) focKine field of Avackons of R.

1. Chasadenstlc, piwme suwovingy _omd.  finake felds.

For omm A R, WMers is o umiyue ving
Novwaowaor pWism Z“SR, se Z w A wibtwal ovjat
e wegow o ViNgp. Of counse s \an
Ow>0, {51, L 1+l 3> 14144, -1—-1 e,
I Wi wop s injeddve we sy Rohap onovovcknisiic
2ex0 | some  amdoc. Wl bt peswade  Yow Ak
WG WOoKES  sence (W stead &) wianky) ,  buk Ck"srealkg
JUWE o (stmdandd cowventien . On e oter hond,
oL e kemeh s P92 we sy R oo o n.

Yo ze0 ving has oo 1, omde e oo 3
an  wkegral domain s prime, For s reacont AWe
LMAoE O Z w R s calded e priwne  sworivg :
T cowingd tn guewy odher subving. In 4 coul
o a Hed of wonzen dnowocRASRC MR pive  subing
e cwhkeid, bux o fled oy cmowoAstIC a0
concains (. swofpehd wowmorpWic B0 ) @ amdl W s Aan
A whidh we, call e prve supiidd .

We wow wave o7 s \Wwawe i bols
AdeOLNe KR  Anke drelds , alkiouan s Wil be dove
propery n Pavt T Gradsis Teowy. A Rvidke flad =
o (fnibe—ddmensional) vedne space  over s (rinke
pAme Subkiad, .o Wae owmer PN Thee s o uwnioue
(wp ©0 LomorpWism) el of ecwam suUn  ovdar , devoted
GF(PY)  afrer Tts AMscover.t ), or else just Fp-.

Since K¥=(K\$0},*) s a group of ovdew~ p“-i,
eweny demen of e Retd saxisfies  XP-x=0 and Yhevt
S wo palynowial  equation of sbicdy  lower ddgree for
cion dus  hoprers (Bevcise: wwyt]. Ik folows bmmedd
Mok K* is cyic [wig?] buds we con oloo we Xds
polygronmial  to comsbt e feld .

Gien amy Red k  amd a pouwowmial fO)€R(E]
wWe oy extend. ko k) by adyoung a vook o @
noubial dwedicie  focktor & f (f e s ove) an
n 85 Dolvg s wvomatadly we evewtuolly oo a




AL D, Wl F spliss e Mo fackors Mis ©
collld 4e spldivg feld Sor § over K. As ™ 85 we
Wow, Mow Aab £ s (omorpuicto) a . wefeld o)

any el cowtonivy ko T wwidn f spldis, o 1es
WAMQME Wp D0 lsomorpWisw . Appiying dls wih Kk
We  fomMow p-element gk  omd  fB) =tP-b

we deduce Me addrue and. waiguetss. of GF(P).

8. e Bukidoon  aloovimwn

L and KlE]  ave equppal win WMP‘-R‘" N
(nawely adute Value and e vespecliveldy) such thok
) i %yeR* e exlit g.reR wih x=gy+r omd e
re0 or  MOR) <SpY) , omd (D) T xyeRF ten xyeR* amdl o) guoy)
Any  Wkegral dowain with suin @ fumnedon  we shall call
a Bugiudoam Dowman swwe & admits Bududs algovidhvm..

Given %,yeR¥ e wow apply e division
ande  SWME  Mme  degress  Ming) Sk ML vemandars  fovwm
w skl dewreosing  semquan Sk okl numaeses  we
wmue evewbuay hawe =0, and we way suppose Kois
Gone for wwWin Yals Whoppens:

X = %ﬂ * Yo MCV‘Q) <MCS)
y=q,% + ' lr)) < pulrg)
o= qar, + L) < )
rl&"L: Qk.-t rkv-l.* (‘K-. f“" (rk'_;) < N(’rk. _2_)

2= Qv 1

Rocceding Arom e Lot eguabion 4o e 4ot we

see o \ry (osisk-) omd Wnee 1 |%,y. Cowversly
W Cle,y  Men clre omd Wkewwe clvyg (OSi:k-D;
W pubicdor Cl Vi, - Hewce we call My e Wighest
common_Fame of x amd y, Wby N, = (%,Y)  so lwg
an Mis womakion s Jeow. Note Mral  (e,y) s degned
owly Wp B wubipicanon vy a wnik  (Twdertdulg) o
R: both 5 cund -5 oure s of (15,35) w Z. AMso
oerne Mok we hWawe doged Wef beforr swowwmg that
we hae pame foetonsation e R,

Now obseve diak e revwandess, (f¢), were
dggned by odding anmd. swbtacking wwlbples e X,Y
and so e ave a.lb €R (wwich way  wihout
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diglioulty o expvened oo polymomiols in e (9:)) sucia
Aok

kot = 2% &by | TS Wams Mok <n 750y
bur ¥he cowvevae Mcaom Ffollows frowm f‘k—\"x,g , So Aok
%,y ® oo pWacueal vdeaol .

In fock evewy Wal W pincdpal . ™Me- zewo tdoad s
So cwmoose xeIMO} wih (%) waitmal awnd

lee yeINi0). By Wypolhasis on R e ore g reR wivh

Y=g Xtr omd =0 or M), Stace I2R we e vel,
but I r#O we howe o combvadicklm o she cholte Qf = |
Mewce (1Y e y€dxd>, amd  1=4xY s poncipol | Thus

Bwcidoom =2 PLID.

. Ungque Fockoruso Lo

e shoul wow pwue wmigue Losctorsalion for
priuival Adeol drxwadws (eg Z, K1) and ypolynowmuod
gy, So PIDDUED bur Z(E) or Klc,ul ave counenrexamples
o e cowuerse. A uwque fackonsabow dowiin is om
wggral dowat e whid  edeny nouzevo dament s eyrediale
an o pvoduck of primaes, Wnwiouely W o pevmutation aned
mulllplicobion. oy wmits ; A pawbleudar the wotlows f
weducole and. pme comcde . e \odec fack s
eosw Rem o ve suflidenk W pve  wuguengsy, S ukl
need 40 swow s amd o divistdldby T well - founded
(\e dLoOWMpasStoN WML - tavannode) .

Recall ot i gevanal o wusudmal, el s pvime,
omd. o prme elawank s iwedichole . Swee v oo PID
e vorows of  elamnt amde deal  comcide, Ue suffian
to show  Mak Wwedmcible & Mmool . Buk deowly
davQl4R ww a iweducel®, I1=<b> wwh bla so <>
1 ‘mdeat ool .

Nous swpposl  &o,0,...€R wimn a,.;.,.\la-;: we wmsk
Swow Mok Mhe quence T evembually  cowstomk up to
WU pULOR N Yy WLES . Cowsdinr e Wdeads T;=4ai>:
wenome JToel,S... so pub I=VI,; Mis s a pvdaciypal
Yool  so 324 and aeln for Some w. Hemr <a;d=<a,>
v izn, waldhk, S e oW AT £0n Jor Sowme el €.

Now e R e a UFD and cowadid IR polywmowiol
vng RIE) @ s koo s o UFD. By wdudion e palymomiod
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;\':3 W %Me noeey € Vouiladales s ahooal WD,
S\ Wg oudovwma owe  fulowy  (nfdnde swun
owe ok allowed) me vk extends 0 AkwiXely wadumy
ARNINOSTOVS .
Let K= fof(R), so Mok Kitd \sa PID  omd
hWone oo UFD., (Wel-foumdadnens Of diMision i RLE]
\sws M Mok n K(E), so a v Lo, €extists

&Mom Wowe owly B0 swow Mok for ) eRx),
4 & reducoote (resp. pvime) o KlE) thewn so & s

e
OQOC*MQ,W}- Twis s Gouwss’ lewwna, and. & © an eany
col.cudokion [ Bxevtse].

10. Cwwnaese Rewaaindor Theovrowm

It = o pwmidionr fack Mok o we kwow o
mmyv\loé( W@S ond wodk §  Mhen we kwow W owud 1S
re  gemex L I,J9R ave cowavdaol i

1,3 =T+J = iij 361, 9eT3=R, then RANTHR/I)¥(R/T)
There S a. waawp a+rINI> (a+tl ax3) wwdh's ew-w'\ﬁ
KRen to\e well- ddfined . we st swow Mat &S o Isomonphism .
Tnjectity s eovy and  dossuk uose e condition TI=R.
S ek (a*I BrS)e®T)*(R/T). Them aeR=I+I so
a=a'ri W a'ed, iel § swalwly bab' +) wihb€l )T
Them '+’ +INnJ s wogped © (A'+1, b’t3) =(a+l, bt])
on requived

We waowy express Mis i e fovm Mo

R/@Tny) —> R/T

} |

RIS — R/E+3)

S bdon pullock  amdh o pushout. Thue W R/Te SR/
oure. B N Weemorp Mswms  wwote Oowpalices wuwia
R/I-> L+ /T owe equol v Wnes oo waague
S- R/ENT) moding e triomgl s cowwmdbe (pullloock) .
Pso R/ = T R/I gwe R/(LtT) DT (pushouk)
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1L, Modules .

A wodile is W o g  WWOE a vedtdv Space 18
w o Hd, S0 o wedule over a g R s ou Odeelow,
gvowp (M ¥) WM o acbiown RXM = M sucn Aot
Im=m, rmam’)=rm tvm’ , (Fr+v’ )m = vmtrm , Om=0,
(rv'dm= vle'Wm) and CrIm= ~rm). Several veaues whici
wold, Jor fields (eq evemy Veckdr Space s £rel, & Waa
A \eonss, amd a tewsor produck &f o wowero Vector
SpOeS 1S wonzevo)  Hfauil , Wewewer, For wuodudes, IE s
mergore Aemupting to  believe Mot wodules awe “inderior
Ao veckor Spaces, buk IS § wok e cose v Applitaliend
Me - vi R & wually omn algelora, ie it Contnlnd
a feld K oally), so mar an R-wmcdule is o K-vedmr
sk Wi additonal  soucbure .

A weodule  wowoworpuiswe &: M= M’ is oo funmctlion
Presening e saucbwe |, Te o (adseliom) group Nswomorphisw
such Mok Olem) = vBUM) [ngt &NBIWMY, wWhich,
doenvk wake semsell Thus o wwodule howmowmorphismi
PeONEIN  Veckdv Spaces 1S suMigly oo veckor Space  Wswo motplism.

Besides veckor spoces, Me ofer wmoyor exommple 3
modules  is  Aeeliom gvouwps. A Z- mwodase is precsely
Me somR fwing ao owr odacliom. @owp (amd e
wowmowwy pWwsws odoo  comade) .

™e Hfiost port of twe Adgebva TM couwse wan
Concerned With Mg pvopevties o a veckor Space €equipped
wwh oo portewdonr  endowovpusm . WS s Ahe uwme an
a KLt]-wodue:hence e releuance Of polgomials in ok couwse,

A Lineox vepvesewSakiom of o geuwp G on a
veckor space Vs om ocwdignweat  Qf om  endowor plusm
(or mad) of V t e elewment f e gwuwp W
SUWOA G- wou ok dankiby, compasiion amd. Lwerse
are preswed, e a grown emowavpism @ G—>GLLV),
As vemowked. tn 81, e growp ving K& Cowsists of
K-Uniour combomnoions & elavumts ©f G. A vepresenwokion
(V)p) of G s fvon preckly o KG-wodude.

As rovauked Wiore, oL Vingp In KW cownse awne
Comumikntive . Tn e AoA-communive (o dwere awe  Ledt -
ound.  vight -vodAmes .
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12. Swomaduwlet amd  Quobent Moadudes etc.

A waual we wmoy leok at e magre om wevineh
o a module hewomevpusm . Mese are sulowadules; e
Suksebs closed under O, %, . anel wulbdpicotion by
elewments of Xhe ving. A ving wow be vepwdled an a
module over ¢self 5 e subweodides of fls owre precisdy
Mme deals .

As uWWh vecborspaces omd adadhan qrouks, edemy
swowodumle s oo conguuewe (Kewel ef oo Wowmowoviphism),
amd. Me guotient wwodude. IS coustvucked v Yk Coviown
wWo oy wazana of conets, amd. Whow Ahe wwivesal propect).
Moreour wnope fouovisobion Wolds: e K ke Me
Kemih & a wwodule WowomorpWism B :M—N; Mem O
fockoises o M dM/K N anmdl the guotient MIK s
isomovpWic o e waage (MY,

AN ‘mbersection. & swowodules  is agein o
sWomcdull , SO we wmauwy Speak Of e Sulomcdule

WRA. \§ A suloseb. This conosts of  fwvike swas 8}
-wulklples of  elewianb of Ahe set Gncluding O) .

Products of wacddes opdst: Mey oure countvucted.
W Xhe dovlous wany omdl oSy the wniversod pvoperty for
producks . As wiW weckor spaces e maducets of buo
wodulos Isauomwww,somzsisuumw&
colled tme  direct sum. I8 o wwodule s gemaroled
by & pade of - disgonts suomedules  dhen e Ts el
direc sum, bub  Gudike vectovspewes) a Subswodule
need wot \ioue o Covwplament.

The aloove properties wmau be fHrwmalised to give 4he
notonol am  Adsellom Categow , LWida Mqiu%
chowactedses  costegovgs wodules amd Wsmowieypiiswms
ouer rgy; hese owe . howslogicol algpiova. .

I€ Mis oo mude over o wng S amd @RS s a
g wsmansvpWism hen M wmouy 08 vwegarded an an
R-vwodudt oy v = plrIm; Ukewise an S-wmodule Womew.
wes rise 1o o R-wodbdl  Vsmomer pWasSm,  peesacui \deewtity
?wvct cowmpatiron . This s oo Jumckor  Jrom Mak-S o Mm%d-R,
colled Mod-cf; woreover HWs assignment is- sel functoviad,
except, Mok Maod-(pp) =(Mda-p J(Mod-cp).
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13. Free wuadules.

.

lee R e a (commwdntive) naoy, amd X o set. Dewote
by RX e set of (finike) R-Wwor Comdomakions of lomemts
of X. Tme obvious (set) wopnX — RX sabisfien Mhe
uninersal voperty thak T £X M s oy (se6) woup
Woe o R-wwadude M Men Maaven A umague
R-wwodule Wowowmey phismt £:RX— M extending §.

RX is Men e Free R-woduwde on X . The zevwo
madude S e on B whilse R(XWY) = RX@RY.
R consudered oo o modude for sk & Grel on one geuavator.
Of cownse. O vechor space S 4 on any baols
omd  (wiw Choice) evemy vector space has oo kaels. However
not edevy wodude s free . TMere oy W pourticudor lee
rovson elomants : meM ,reR - with rme . = O with m*0,v+0;
foc exomple oy ke Z-wuadude C Maiioun gvo up).

e vaule of a fee walule is e cardinality
o oo opMpabing seb. We kwow ok Madls s unigue
¢ o veckoy Space, buk ol YWs s wesay o prove,
coovdi to pove & for a vg we vwust fond a
woy of ng e vealt to Me  kwouww coae . We
do WS v & vionzero ving  (aiia Cneice) oy covsidedng
a wmaxival ek TAR “go that R/T is a field.
IM s oo subwmodule and wesmow okt M/IM s a
free  R/T -wcdle on X. (Bremise)

Billnveax WAOYS .

A B\waor sy S o funcbon MNP
low 'mu easin Vo.m N
R-winduden). There were mouwmy acuaupled o as for
vecktor spaces i Algdlova. TIL , buk ML soml ologtrock
WWeo. ocouvs dgeavere, Cowaldd Mae  Commmbokor waoup
Ge Y Lx,y)= x"y'xy  on e qguakeion gvoup Q.
This s wa-dejiud. an a  Sumdion /L x /2 = 2
whre /2 s Al quoenk Ly e @ubre 2=2(Q)
cungh 2= § 213 is e cucic qrowe &) evdew 2. B/2 s
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OWM QJaRUOMN. qoulp o ovaar 4 omdl so mouy Jee
comadaved an o wadud for Z (or Z,); wmoreovers
(-1 QA/2>G/2 > 2 s o (sywwmekic) bilintowr waodp-

for R-wumues N,P et [N-=>P1 daoncte
ML so T R-wmodute wewmowmerpWiems  fom N 0 P Ax in
e cone T vedmv-spaces MUs  wowy ke opven o
R-wodule stvuckuxe by powbwise adduion omd
Scodoxr MlkcUplicakdon. .  Novs O:MxN >0 s
bilaow, Mae s a Wwow wop ©:M-> IN->P]
by M= (Me> Olmn) ;  wdeed WL kb dindax
MXN-SP omd e Wngow vt M- (N=P] owre
Cnadawed) bijecdon  (with  addinlon.  amd Scodow viudiaplc .
oo praeniad). The 4emsor peduck MAN s a
ModL  SuchM Mgle  Mest Woups owe alas a byeckoy
wWiAn e Wndoxr mops MEON > .

Theve s a buneur wawp QiMﬂN** NN wwmon
s dunoted oy (0 ) 3 MW, 50 (M+,M 0N = P (M @N) + 1,004, D)
. (In porticdor 0@wn=0). “Ms \Won e waoessal
Propavy Mok cmy  bUnZon wavpe D: MxN) @ P fockos
B
N XN y P

R

rasellomy bwo wodaulen Wit Mds popesty Cie
Mok sokshied by MON ound v\) owe mowworphic.
() MON ¥ NOM ~ (D) MaN @) ¥ (MON )oP

GV ROM A M2 MR (V) OBML2 0N M®O.

(V) M@ (N®P) 2 (MON)O(MaP)

15. Temsoc producks of  vecdkoc’ Sipoces .

Anemsional  veckoy s ovex o Lkl K=(R .
CMomng A bowls, we viouw) represemt oo veckosr an
A vow ev colummm veddty By ws Co nonks, ().

A bwwveowr vagp & e o WO vt\z:"‘ WiOA

s walaked as (%), (gD > Z atxiyy W s o
Urgoss  funcion oy Mo wwobox  (xiy3)

lec MN, P aloowe ke veal vecker spaces
e} AMameion v, p  vesbeckively . (N=>PF] Wwow dimension
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e fom Alggoall amd (M- (NPl hoe cbmension
oanp so  MEN wunt hawe Abmemston wan., 1§
(L‘)ei,)-'— (5i3) 1s e M vans dlwmenk pf M omad
smiowy C(B4.) et N Mon ((epPey ) Tsa oasd
omutt of MON 1 WS me wakix wi a1 i e
(1)) positont amd O eamhare .

I x=(x), y=U3) we dundte 4Alhe wolnx
(x.;\)g) oy, x@Y - Not evew, wouoix o Ais Aovwa
(s woddx 6 stngrlor, 4fov wstowma), bukx by taXw,
SWWML T) SWOA WoXien  we gprmarodR o adl, \n
OMax Lovd {x®y: xeM,yeN] sSpom Aae spoe MON.
Nence W suias +o deiine o Adneour wioop on s
Sulasek .

The cowemdon adepted alove (Wi

ond Uswen ufes) s waed i (RutT] Mmﬁmm_
A dewsor wih  k wpper and L Alouer s ts an
Aomenk of e vedss space (V@ --@VH)®(VO---@V)
WA R Jocoes V¥ and L fodos V, wave Vs e
fowr - dmemsondl  Spoce  “Upraserting lowd  spoce - tume
ound. V¥ is s duol. Accoding 1o fwe  swmwakton
Cowdenoon , & S\%: OCCUN VY . OWR W Coun &

Xe  wiper owndh ex positiows  dow  lanplied  suwvohion,
acoording to e  guosinev  Waip V¥V — R (gdewise
kaswa 0o Mo Scolox ‘prodmck) .

16 Tensor prodmcts of wvodulos .

Howing seem e stwmchure T Ale ‘ewdor produckc
of e finite dimensionold vector sipowes, we shall vow
Amevatrare e erdstemce § e tensor produck  n
geuuo&.‘ﬂus cowsovselton s , Weuevesr, guite
WWWW@&«MM;E%’Ssl“‘ X
is sugy Wok W oensts, and ont shiewdd wok b2 fiigidened
hﬁ\‘h .

As vemoxked \mfore, M temsss producke MEN
s Seouned (gemevated) by Sywmbols e} dorma wm®n
wwn wmeM, neN. Take Mese as Frmad genevals oF
a Feefwmodule F. We womt ceboin equanows to ol
W MEN so fek R ke e submoduie § F quervoked
by all the anidhions § Ahe formi
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(RMALMON — v, (M @n) - n,On)

MO (o0, +10,) =1 (MWD — 1 (WBWL)
for reR, mmom, eM nn,neN. Now MON=F/R
ond . (MW men = mentR . The uwnivevsoll propevty
Mewdd viow e Uavifted (exertise] .

1l s vmportomb b wddce Mok e tensor
product dopenols ow e ring R. For exoumple et
M=z {ptqN2: p,0€e B, whh Was dimendion 2 over
B omd I over @A(NY), In MM Aeve owe
eements ANZ®1 omd LON2  winch ave not e§ual
since “we comk poss N2 favough e &, MepM
hWos dimenson U4 over @, hwoning bowis @1, N201,
1ON2L omd AN2@NZ (it cumnot ke wadl Wb o BWZ)
wuoduie ). MQ@.(ML)N\ has Aimeaniown A over @QCN2)
oond  hewce 2L over @, svxce fbvs  isoworphic to M .

- Tn ogpaaral Lot M N ve S-wodides amd
0:R9S e \ howowmorpuism. M,N  wouwy dawefore
be. WMO—;\;A “é\?mnd.uku an in B12 ) e rm= girim
exc. Me  S-vilweoxr wap MxXN - N 1S em R-otineour,
e Mudd an R-Unzar M8 N—Mg, Gn e aoove
eXomple  Mas dokes e ois awmens to §,N2,N2.2
revpeckively Bmaes e uwique kosls elamenk 1el of Mg M,
Tws wovp s ooy swjeckive [wwyfl. If 6 s anm wawswm
of felds of dimemdon N Mem s quobient wap
reduces e dimendion Wy a foctor of .

Raolly we swall cowsicer e exewple o dwo
Abaou gqrovps  (Z- wodules), for sdagplicity two cypcic
quups  (Yhe gamerod. cone will becowme apparent in oue
Cowsd. Lot e ovdars e wi,n amoh W M hed of
Mase e c. MW is gemaraved. by 181 [wuy?l amd
s s oyoMe. 14 c=pmrgn et c(iph)= pmI8+qno1)
= p ML) +qUIBN) =0, bur en M2 ofur woamd Hueres
o limeow wap wrn —C¢ o ¢ Qe L) 15 indaed
Me temoor praduct. In poricudon £ wiow owe opriwme
ey tevwov-produck s buAadl .

Sywwebie amd.  Skew- sywwmeoic  blmear wmapX .

Fom wow on Me 4o wodulds Wk cotnadde. e
wowy M covdder  sypwmecic and  ouddsgmmetne inear
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s MXM—=N, je suc at  O(wm,,my)= 28(ma,m,),
In e symmebic case (Mg ambisymwebic ase is
Sl gplee) WM @M, omd WM, @wm, owve woypd to e
sowmme oot of N, S0 g Wwor vaoup MOM — N
Jockoes Awough e guohemke by e suwowadudL
%Wﬁ\m& \Ol& {V\A‘@MZ“W\L@"A‘ T WL\ Wy €M§. 'W\X-S
s colled  Awe §W~veekx‘\oc§_quaxgo£/\/\. o 1S
dnoted by S*M); i soxisgles ML Somie umsenal
popety ad MOM buk  for symmebic budeow wapl,
In Me omkbis L conl we Wue e altewalong
SQUOoNe ANZCMY |

S omd  A(M) % also loe seem ao
swowmodudes e MOM, gemr Oy i IW, + M, O M)
omd. 1, Om, —w.2wm,) vespectwely, So  Lowy os 3

(e me wudbuplicakiye WWievse 2=1+1) axdsts W R.
I wis cowe MOMZ STM) ® N=(MY. Por o veckey
spoc over oo fldd ¢f  chowackemstic ofhas Mo 2,
e dvvemoions RAOM , STUM) amd AU awe
refecively W, fnnsd) awnd zun-1) wwve M s
A nsLon . [exevcase)

e waw 8% Counst YoakKe meove Moon o
SJoors, ok INE the  Producds aue apsooctve
WE o ISOMAOTPWLSW  we VAL tmowmnlosgounliy
wete @M, "M and AMMT Jor Mese, whene
for v=04 oll Mdwee ove token W e R, M VW@CE\»JQLS
I M s o ved®( Spae 3 ddwmuswn wi, Me
dimenaions owve v, nnd) . (DA amdl ()

‘ . In porBanlax  sme PMERPM,
AEM M ond MM 2R (Exevase]. The second
af M (§ w=3) gveo Vise o Xhe vecor erodiuck
fomn.  Fourt JA Veuoos ’ > WWAst Xhe laot gives
vse 4o Ahe  dutexmanans.

{38 Dexexwinomts

The Joregoing defivitiows axe  fumdoorial
Wi, waams  Hhak YV\EE:_,_\ Opely, tv Wowo mev puiswo
ol well an Ooyaks (wmoduled). Givew o lntanr
vape O: M =N “we tom cowstvuck 098 :-Mam N 9N
by @My T IO (M) [Brevose : Ly s XWis
well -olghiviad 2] ond Lxewse &B, S"8 amd A0 . In povtodor,
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¥ M=N omd r=wnzdA M, e s a wayp
A"O: A™"M > MMM, Howewer Mis S a o
endowmevphwism gy a1 -dimeneional vector spa,
i s sy vimdkiplitaion by o S .
s scadow s callid Me ddevwinamt , dec B,
Me wwost doviews g adoout daek  gvowm
Mis definicion s Mok b presovses  prodicks. This
Aolouws wwediarely) Hrowmr e fumctoviolihy @ Q&
wackor  preaevves  denoky ouad.  cowmposiiion s SO
o dek 1=4 omd deb (aB) =(dut «)(dee R). An
wwertule  emdo swm Merelore oo nownzevo

/
soud Mok MWe diermanomt &f oo wwauoix is a (he)
adkevnabng wubdiveon”  function of fMe vows
suon Mok dek 1=1. ele  vwglicidy choten o
basis, so M=K e wus axe n,%,...,m €M so
we Wwowe om aldBmakivg mulidlveowr Mx..- xM = K,
e oo UvQor MAMA... AM OK. Bux oo vemowked,
N*M s ona-cimmemdiongd, so fWs s waue  up o
scodox wudipicotion , omd. dak (=4  fixes . Mus
X8 oinwidions  cotnaadl cumd owe  welM~dokined. .

It vemaing to SMew fak an endovesvphusw,
s e davsonal. ooy Sonca
e rolaswa O~ YR AVVUADNO Jeckev 3
[ 'w.»mm WL o W fudl vowds . Swppose 8:NM
Ao X Wowe U vowk, So WS wvwaage NSM
ran dimenston Rgs Mo v, ~Then we
rowe  AYD C AYM - AN bkt AW =0 So s S
e Tano waowpomdl dgere D=0

There ouwe sowe | wesSows dwdmg’
e4plik  callculation S :qw wil fRnd Mok
s s gm%m as e uauol coleulainon
of dur 8.



oyt , . -
A AR B . v
. W VMY Ty A
v
A o & - R VAP S P
{ ” s
P e A . Il s : ] o 5 s ERNY :
i : 4 " b Y <
A B [ 4 Yy \ L Vooia Lo Uy
5 A ’ . % ot e L .
A - - } - M Bl N s -
PR [T O SRS i v [N EN X - LW
P . 4 \
1o ’ [N . [N (R N o h
- . PO . i JORRY v, N ¥ KUY
= - oo . - L S ¥
R [ i+ i - . - AR v N
f Al R - . . RN .
i ‘ LN L A
i ; . , _
i, - i g o L [ , y £
' . T . e . SN y N [ . . o3

1 .A. *
\ .
~ R v L7 .
LA A LT o . RSN LN Vo \,.,g',\
PR ‘e X
Vi i - Ah s Uy b . 1A N N Vo
. . N . '
R el bl RS

Lo N . R e
v
- 3 . Lo - .
§ -y it \ e o - AN LI RS Voo Yy “ - i g
ty 1 .
AN SN EN . N by F%s .
N 1 -~ .
f - N L Y [SRYRY \ \ N 3 . .
N .

i i

Oy D A
\\_ R OUVa . \\, A~ Vot AN A A b Loy ICE RN

y oo i PN
Wlie, o, e S VLN LE PR

Yy ey &W\X‘f) SLX 1%)\

A ASW\V\QO&"\NWW """3““60‘

A
el

¥ P xf“\r RTINS .

~

“ A

hog"

NS

A ek

\*\;\& LN \\




e

~ T‘ (

P LUrUvuuas by

L\’(' PRV

( K /grfy &/x ‘;.,\ AT A \-(_..) ‘(’7

koo Ly

Avg .
T s

S R v e Mt

(WA 1 R (Rt i;\}?«"‘t" st I

B\S k"“'\“s !‘/\"J( NIV s K:tv'\;Llf i}g) Ay WL, Y Ly V"L‘\;m ks, - koo,
Cub it AV ey A Gty G “ L Gy el
‘f| P J \% G GE WK WL Nosaw (g P L'\ﬁ'n,l,;\muz .
WU D Cauve ko CAGRE vRLL CRY Rl ) - Aiisay covudounain s n
C& AL i T, 'fvvu e G RNV VN ‘\"’{"5“" bovbue w3 Cy
ey el Ay e vl v Caves el viewe A e 3 A
Clvn s AW 1y G SN VENY VA VO SV WY B ”“(”‘S’X AL ’\ Y 'AL% "'k’“‘w;\,)&'\
o T - }) eore o Lus 1k e W L UV U A R TE U SNRE .
S & Wik k,Lk‘) N RN S X W Ly My ‘\’\Wﬁ-h - J‘\W" - AR
Q.\’x}: LM q',;\ L kD \\& \g\:“-‘fj\vb\‘w"“'“*\” ‘{wn - vaf 'J}S
A T L il B~_3 N Ay ‘;“‘ff'?“:""‘”'““)i
[N ljv VWAL 4 A STCINS N waleon ?"k;u.’a/ T (K vies Tk nwo .
Vet Lo UL AW Che \;\ N O T O S S SRR A S\M\A\@‘
et (‘./\ ¢ 3& VRNV VERS /SL\

Now W A w0 fuateny Gy D) gk
Q»; L‘J"""\U‘”‘( U wew b (28 \“\JL“\\M;/U«/\. N A VIS EVIVERY PTG (renid :\vx»"ci Lx
2L =, R SRV P N NSE A C SV RNV N oo et

C :.\" v \g \
LRI

(ANG NN A RN

.Z. .
S

(,"\' I L\/ SN)

Coxc o navie \,\ \\ I

CroviX

‘\\, '} Lo v 7\,(3"\;‘/\, FL v
Al ey g K;w N

l/\,s.‘\,\,k;,, 'L i \%

o
O v A LD

S

CAev

‘/‘ \_ \ S e N M, Chey s A\ AN
AV v busewu ) 'Q-; l ey N, \ ST Wt w I SRV S AV S NV PN EVIVE
NS e AN :J ; IR $ v -uhu T S - N W SRR IV A V) O W )
[EEDSTE VRV YU \\ MV (U Urad

I\lf_‘\lk\{_/\, vilvl vilvlc \N Ay S S TSP SN r’\kka\n LYRCTHVY

;u'( Lk C\\ﬁ ; (,wll\i,x\z,, AL v\/\L» w\c,}.‘x,‘\‘ 15 i »‘:,’,\.,v’u;/;\ PG SRR (4} WV S 7

VLl t\,u (NN L\.% [ SR ST O \~ N
. (\:}L\J: AL x...\/\:\,lt\, \\"\M\) 2\ k.'% A\/\/dri-&\_\.kb
./1‘\ ~ >, N ) .
’\k' '(”\,v’\(k&, VEMULE WL AV oy Gy A VIGC e %k

\WW\,‘\L‘\ \ C \&.‘l\‘L\l . U»( \. LVUQ(\M&)\L (RgAa e Plb L:\.) (‘L 'L\—‘/\t’/LL S Ul VAL
S - o . el . . g) N
“’& A vty L auavad@n by o (Ui NTANEY
Vi R K\»L\,\.\ f*bx LWL S SR I VAVAY VELTTY L e € L-x«ﬂ),)((“\

Wit o N BCWOW B e i, T AR Sy e 8 (e

-’t bg(,'\{\\l\l\, C d/\/\mu\\ \«.; [ » /.")\JWg x P NEWTAVAN ( k “J\J‘(\»/\,\L o 5 WO \v\-\'\& ol V\-‘\\
(R €A \[\\,\:’\1\1\/“. f\x/\/(-)\w\ (/x A V& o thut LWUS (0 AUV Ly X
Sewe M) CoMALWM EL A cAel e Oy s AC WC vV e ,“\33 VWA



22
e Abecix g)& To -’S?;"v'\”v‘\,
VI iy - /

10 U NN \ [ /‘\ \/
o Y PEARE A

~ . N . s S - . t . " A~
LG T e e CCuy'e .\\»k’x ~X i (et P(qu;' UL L Lkl ‘"j AYEEIRY A 2N
-

:.x YL‘\: [ \'C, ARAN (‘ ‘) «“D\Aa( L% .\v,\‘\fu & LY S arl (VR BY ) (7 '-\),ﬁ\ G \‘\\_ Vo Lo Wit '\,l

Sywe v VO LK AN rLk) i WEE A VIV EVIE RSV VAN PR VNS RIAU ICAAN
J

f( WL &- ! LAYAVER'W W T U A

Let VRV Y PN Ll L’)\) s R UAVEN .o lj’k{\\\.

Ve AV et dy vl ATV Ty aay tE S TR o C R O S U
I e {)f,) f'ju SN e A2 , Lo el © caddller AL (\xj@_&g:‘ ('}‘ %

(8'\’ AVIN \ FL)'\’ “P\ 1, A iS G S - el o AV x,\,\\ o XU (%» (VIR an G AN §
oy O i Vo, ke e O Gaves AV ekt ¢ S Ly Z )
fovy R= K Lt } , JAVIGEENEN PNV W T Ly e VR 4 U 575 R CHNa , Cud h ;t?"“ .
Clvgh T s Ak vetavavuas freveqres s €A X Ay o W N
AL v (L&'L VAN T SR N e Ao ew \.L“L\JC‘\_L,;) - \ V= L’t - )”
/S 2VE SRR TAVE W RPN Ty A JJURER TR Frv ot S oew Lyosis
Ivk X LA Lk ,»i:g\/«k' (AN e Juoeve, 4V NESTUEN 1 (VR TE S S
A= e eee e 0, T L, \ R fL* sl Coolem v ¢ Av o
-'SL'% Yl v WL A b‘\/\‘s (')\-L’- Vil Avul ‘:7 Wi RSN ey

The

Xy g b 1 AT, 4 "2V EN o ﬁtwt“v [vavs F\ > AV 5 >\y\ - \'\.';Q.fv’}ik
{..A, ;‘\V\ y p'~(. A \/\L « ﬁ\;\,\y SIS S 4 Y \_;\ { Ve \‘\\ ) 1NV - (_ 'jil’-‘i - \.‘\\ \w‘n'{ \/\, i

T AVRCE Gy [ (Y Pt A vae VL v lovbucs i
X\/ Wa Tl : LIV W VR & S 4208 SV NV VS A C"&; LANURUAE WY 'S (;Q:J
PV VN SRR SRV | ( L\{v\_ ol (leuy A v v\r) B 1 A S W P VA AN TV
‘\ S < *\,\)“L;&,\:‘c S U s SR (ViVe RSRUVIVRR VRV A PREVAY A G ~ W\ :) \n ) .}—\'\/w\" <
‘,38‘«\&‘ ’\.’(,‘.L,L"\'.A/\ . Al IT')\‘U Y v \,.\M,;;:\ ‘f € v oven LA C "ﬂ»\c’— < &/\_,;, £ C}g

AN VLT TS b vt (UG e Lurg M»u\k | Y Abie X ¢ RUCET g

‘\_‘_\F \_‘Y( '(_\u’-(", ( WL (".\,t o %‘L '((I (ORI ‘f (SRS ) E oA \/Lf;.‘-»,{\/\.‘

=D

22 Torswon ouad  Tovslon —free  Moadudon .

A torsion elammt of o wadde & one WML BN Ee<o
ordar; a wadude o oesion or pevodil U eveny elemamt s
torslon ool is bovslon-fves U 2o is e only 1orsim elomend
The torsion elwanls =f A wadle  form a. swomadude re
quotient by WA 15 torsion-fince [ensy exendise 1. Uk shall
sow Mok (for a finitely generoed wodude swer o PID) s botia
£ ol A etk Sumwmomd ; adwo, a suomodule § o
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flaly-gempvoted. £ree wodude over o PID s free S "o klager
ok . Recoll Mak XML vouc S o fnee wwadwdl Over a. nonzro
ag s well-dofwad, (813)

Stwpld lou  CMOOsDAG MG Tmagrs Of HUe genssalow
ot frer wwodwde s A quodewt Sk a modade taem TE
a dect suwmmomd. Move gemevolly, A woduwle P pregedine
I whevever we nawe  M—» NP v Aeres sovwe PM
(WOt VLeAsOwiAY uwagque)  sE. Mg omghe commutes. A vetrouk
af ov wodude 5 e Wwage & om  Wdawpotrul  endlomeripiswm
O WoWAL  ts projeckyre I i s avetrade of a free wodwde
Cexersel.

Ler R be o PID, F o pree R-wodude T vomk v awndl
S o swoumduie 8y F. For n=1, FEXR ocmd 54R so S= {0 amsk
1S 400 oA XWis OAQ QEAINALY, So suppose X vesut for swalles values g w .
Tham FER" so lox R 0:F IR e e projection on e £rst
COMPOVME 5 s kevnal s frer on vi-L guuerodors. The image S, 8 S
waliy 8 s fe on ax wmnb sne genevobor, amde dS kerel S, baing
A Submodude § R™™, is frew on ok woat n genicators. By Yae
pravouws veaudt  SES@S, amdlis e ot ok wwost N gamavoasers

Ller R e a PID qua F o toswon-dree R-waccde Wi is
Slndbdu-garsrated. . Lex K=fof (R) amd V=K8F (eq for R=Z omd &
a @ = {g. teson-free Zrwoouds, k=@ amd V cownso § rokiaval
Lot powks) o Vis oo fnide-diamenslonal Vet Sud widn  loasis
Ui Y. BROA T Maae & o vanonad (e K-) wawdblple § om elamant
& F,s0 whog Voo, 0n6 T Ty gemevode al free swomodulebof F
WO S S ok for eac ae B omaned sowe ce® witn vael Heue
weres sowe veR¥ suon Mar racEr for euemg ong Ty M origimol QRMINaID:
owmd e edemy edment) aef. Mubiplicakion oy © emisedo F as
A SwWomodde of G WWEM Is free by e prenious veaults , YWas

wdbplcokon & injedive  swe £ 1S tovalon-fred |

™e vouk & e Aree  componamt & o Ay
gaoded.  AoeMom group B calded s Belbl viumdoer 5\ R
growp oWl as e Wt Howwogy growp ek a topelogi:
sprceX Mo Mis  counks e “W-dimewsionad Wolea” & X.
¢ o 2284’ Wi\, e prolam Of( C)O»M\UM tovsion M@i}g&
gowiald il ovee o PID, 1n Wi cane Me  esponemt
w well-dsfwad. omd.  vionzero,
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lek M pe o maduwde  of eponemt MIOfor o PID R .
(e Wowe o swsw tWak M Was an elewent o of ovoler M
ameh Moe Cla? is o didreer swmwmond. of M .

et M—'-mp?‘p:’.-.ptk Whave Pu--,Pr o Nov-assouate
Cie wot W, wwltpten ) pvmes, w is duevblele omd .- X EN.
This Arcowvporiion oMl &S WQUeNss Liere PhBwm \n 33 By
Agantion 3 (1 (ap e lom & M2 odass of vionzero Somedhs )
Mere cue  elamins  Ay,.--, Aw of  odws P, pltwg, oo,
P 5 taKIng swibokll Walbuples, Viz. WG, - MOy, Wk
M‘r-_..;mK:-i. Tvean. A=A A ---Ax oo ovdoa P?“P{‘?-.P&“, ie
M (Mg ovden s Afinid owly Wp to vl picaion Vo Wwedtiates) .

Ia oot 1o pwe At C s oo drecs swmmand § M amd
hewe cowplett Mo proof o e dlecovupodition , Wt suffen 1o prove
tar C b wiekve WAhe catigoy § (Kinctely gomavated) R/1um)
Modih, e T T AP B s o incunion & g} R-madides T wdion
pb =0 foc ald beB (amd so po=0 jo(auaéﬂ)mw A—>C
excenld  to aove B—‘9C, Jor LM & .su.%u/s’cow Max for
B= (AbY; for  oupplyng ks succedawelyto  Soo<m ) =1 L mpn
we dokoin  M—=>C wwhwose kemat & A compmank for Cin M,

lec  C<FAZ<ADIBs avowe, S0 BrA B ayhic wita
guuaiokor ot A O3 order Y AORg M, souy M= DAL T b €A
outoh  @(op) s am ot & Cel ovdenr diiding A, whewe it
A R Laittem : ) on cv for sowme ce(C (b versowiy (e
queogov. ek P ABRTC by AP @P(D omd rr rc, so fhak

e diogroun R-2>ABRZ>B whker ji)=rby e -ve
Vo

C
RABR® omd > AIQSC owe ot 20, A@R—B s swirecive
Qi 20 \f e cam Sww ek Ris e kevvel, & ASRPR Tt uAW follm
Mok Mme lader factovses fwovgh ADR—C, giving e vequived
akenson of A2C . I 8(a+g)=0, e atgb=0 Mum gbeA,so
vig by dofidiron 8 P, Soy  s2vY; Mem A*$= rbu v = ()
So R-ABQ-HB w ok ok ASC. j:\QC—DAGR swe R is oun
WVRQYOA  dOMAIA, S0 wBiodnon by 2 Van  zew kewdd

. Twis compleres e poof o 1o Adstene B Yhe QoMo
—umquenes s owksde the  couvse.



